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Radiation from a Horizontal Dipole in a Semi-Infinite Dissipative Medium* 


Roy HArRop LIEN 
U.S. Navy Electronics Laboratory, San Diego, California 


(Received September 2, 1952) 


Expressions for the electric field due to an oscillating horizontal dipole placed in a semi-infinite dissipative 
medium have been derived for the case when the frequency is low. The main work involves the evaluation of 
some complex integrals which have been reduced to forms suitable for numerical computation. 





INTRODUCTION 


HE purpose of this investigation is to present a 
theoretical analysis of the problem of a horizontal 
electrical dipole (Hertzian) placed in a semi-infinite 
dissipative medium. Except for the location of the dipole 
the formulation of the problem is the same as the one 
described by von Hoerschelmann.':* The complex inte- 
grals which represent the formal solution for various 
field components will be reviewed briefly. It will be 
shown that at low frequencies all the integrals can be 
evaluated in closed form. The formulas thus obtained 
can be used to determine the field strength inside the 
semi-infinite medium, particularly, the near zone field 
and the far zone field. 


FORMULATION 


Let a horizontal electrical dipole of moment p be 
placed at (0, 0, h) parallel to the x axis as shown in Fig. 1. 
The medium underneath the x-y plane (Region I) is 
considered to be dissipative, while that above (Region 
II) is supposed to be air. It is well known that for this 
problem the electromagnetic field in Regions I and II 
can be derived from two Hertzian potential functions 


* This work of Mr. Lien was originally issued by the U. S. Navy 
Electronics Laboratory, San Diego, California, as an informal re- 
port dated April 19, 1951. After Mr. Lien’s untimely death, Dr. 
Frank Abbott of that Laboratory requested that Dr. C. T. Tai of 
Stanford Research Institute edit the work. The latter is, therefore, 
responsible for the changes that have been made to put the report 
in the present form. There is, however, no alteration of the essential 
material which is contained in the original report. The service of 
Dr. Tai was provided by Stanford Research Institute. 

1H. von Hoerschelmann, Jahr. Drahtl. Tel. Tel. 5, pp. 14-34, 
188-211 (1911). 

2A. Sommerfeld, Partial Differential Equations (Academic 
Press Inc., New York, 1949), pp. 257-265. 





which satisfy, respectively, the following two equations 
p 
VN +7R11, = ——8(x)5(y)5(2— 2), 220 (1) 
n¢ 


V*II.+ #711,=0, z<0 (2) 
where k=w(pe)'=27/Aair, and 6 denotes the Dirac 
delta-function. In Eq. (1), the complex index of refrac- 
tion n is related to x, ¢, and w as follows: 


n=(x—jo/we)}, (3) 


where x=relative dielectric constant of medium I, 
o=conductivity of medium I, and w=angular fre- 
quency. If the real and imaginary parts of m are denoted 
by 6 and a, i.e., n= B— ja, then 


B Kv o \273 " 
FG LG) J} © 
a 2 WKE 
For the case when ¢/wxe>>1, which will receive particu- 
lar attention in this work, 8 and a are given to a good 


approximation by 
B=am(a/2we)}!. (5) 


It is assumed that the time dependence is of the form 
e7*t which is omitted in Eqs. (1) and (2). Once II; and 
II, are known the electromagnetic field in the two re- 
gions can be obtained by using the following equations: 


E,=V(V-1,) +7721, ; (6) 
Hi= joen’*VXTh; (7) 
E,=V(V-M2) +l; (8) 
H.= jweV XT. 
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Fic. 1. A horizontal dipole placed in a dissipative medium. 


To find I, and Mz, one can apply either the method of 
Fourier transform or that of Hankel transform to Eqs. 
(1) and (2) and impose the boundary condition that the 
tangential components of E and H should be continuous 
across the boundary z=0. Since the treatment is dis- 
cussed in many texts,’ no details will be given here. The 
result is summarized in the following set of expressions: 











MI, =2'Tl,.+2'1;,, (10)4 
—jnkri e inkrs 
Ilh.= : j— 
deel Ye 
© Jo(Epye—™(et®) 
+2 eae (11) 
0 ™m™ 
—o(1—n? oy —m(2+h) 
Tf i(Eo)e eat cose; (12) 
2ren? o (l+m)(n’l+m) 


where 1,=[p?+(z—A)*}!,  re=[p?+(2+h)7}}, 


m= (#—n?k*)}, and l= (#—k?)!. The cylindrical coordi- 
nate system (p, ¢, 2) is illustrated in Fig. 1. 





WI,= x’ Tly.+2’ Ile, (13) 
rr) B lz—mh 
gett ge (14) 
2nre 0 l+m 
—o(1—n? oe 7 lz—mh 
af i(Ge)e ea cos@. (15) 
2re o (l+m)(n’l+m) 


In Eqs. (11), (12), (14), and (15), Jo and J, denote the 
Bessel functions of first kind of order zero and unity. 
For the forthcoming discussion, it is convenient to use 


*See, for example, J. A. Stratton, Electromagnetic Theory 
(McGraw-Hill Book Company, Inc., New York, 1941), pp. 573- 
587. 


‘ The prime is used here to denote the sign for a unit vector. 


the abbreviations 
G,=e7i"*r1/7,, (16) 
G2=e7intr2/y., (17) 


U =2 





o JolEpje~™et”) 
f édé, (18) 
0 


l+m 





rs Ji(Ep)e~m e+) 
W=—2(1—n? ad 


a oo Jo(Epje—™ (e+) 
=2(1—n?)— tdé 
OxJq (1+-m)(n*l+m) 


(19) 





To simplify the writing, the factor p/4en? will be 
omitted from now on. The potential function IM, is then 
given by 


11, = (G,—G2+ U)x’+ W2’. (20) 


ELECTRIC FIELDS IN THE DISSIPATIVE MEDIUM 


To discuss various components of the electric field in 
Region I, it is convenient to express them in cylindrical 
coordinates. This can be accomplished by following a 
method used by Norton. Consider the function W 
defined by Eq. (19). Since 








1—n? -( 1 n? ) 
(l-+-m)(n?l-+-m) m\l+m nl+m/’ 
one finds 


T-8f (do-at) 
Oz ro n7l+m 


XJolEp)em**EdE. (21) 





If V is defined as. 





re) Jo(Ep)e~™ (e+ 
V= ant f tdé, (22) 
0 n7lt+-m 

then 

ow 0U aV 

SED eevee onan (23) 

Oz dx ax 
The divergence of II, based upon Eq. (20) is, therefore, 
given by 


] 
V-Mi=—(Gi—G:+ V). (24) 
Ox 


The various components of the electric field in Region I 
can be obtained by making use of Eqs. (6), (20), and 


5K. A. Norton, Proc. Inst. Radio Engrs. 24, 1367 (1936); 25, 
1203 (1937). 
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(24). That gives 








3? . 
E,.=n?k?(Gy:—G2+ Ore Gat V), (25) 
x 
fag 
Eyy= (G:—G:+ V), (26) 
Oxdy . 
2 
E,.=vkwW+ (Gi—G2+ V). (27) 
x Oz 


The expression for £,, can be further simplified if one . 


substitutes the integral forms of W and V as defined by 
Eqs. (19) and (22) into Eq. (27) and writes 


3 0 fr” m 
Ex=| G.-G:)-2— f (:- ) 
020 p 0 po n7l+-m 


XJoléo emer eat| cos. (28) 








According to Sommerfeld’s integral representation of 
the spherical wave function 




















e inkre oo Jo(Ep) 
Gye fates, 09 
T2 0 m 
the integral appearing in Eq. (28) becomes 
0 fr” m 
—2— (:- )Jutgodeneeeede 
Op 0 n?l+-m 
0G, 1 8V 
=2——— ; (30) 
dzdp n? dzdp 
hence, 
3? 
E,,.= (G,:+G.—V/n’) cos¢. (31) 
020 p 


Using the identities 
E,=E,cos¢+E£, sing, 
E,=—E, sin¢+E, cos¢, 
and applying the operations 


) re) 
—{ J=cos¢ [ 1; 
Ox Op 


0 0 
—{ J=sin¢—L J, 
oy Op 





Fa a sin’d a 
<f J= (costs —+=*— J 3 
0x? 0p 





p ap 

re oe 10 
[ J+sing cose(—--—)r J 

Oxdy Op? pap 


one finally obtains the components E, and Ey, in terms 
of G1, G2, U, and V. They are 


r 0? 
E,=| k(G:—Got+ OG ”)| cosp, (32) 
L. p 


- 


1 0 
Es=| nk? (G,—G2+ U)+- — v)] sing. (33) 
L pap 





THE EVALUATION OF V AND U FOR LOW 
FREQUENCIES 


The exact evaluation of the integrals V and U for 
unrestricted values of n, k, h, and z is very difficult. 
Approximate expressions for these two functions, how- 
ever, can be obtained when the frequency is low. This 
happens to be the range which is of interest from a prac- 
tical point of view. The method used was originally 
employed by Foster.* Consider the function V first. 
When the following changes of variables are made: 


t= kt, and k(z+h)=2, 
one can write 
© Jo(ut) exp—v(?—n?)! 
V=2nrk f td 
0 n(P—1)!+(#—n?*)! 
At low frequencies, | 2?|>>1, whence 
n* 1 
n(f—1)8+(P—n?)) (P—1)¥ 
Thus Eq. (34) reduces to 
© Jo(ut) exp—v(f?—n?)! 
V=2k f vn tat 
0 (f@—1)! 
od e® Jo(ut) ws lla AB hs. 
—_— J t 
dwg ([(P—1)(P—n*)}! 


kp=u, 





(34) 








(35) 





Let s=(f—n’)!, then 
(P—1)*= (s?-+-n?—1)'~(s?-+-n’)!; (36) 
hence 
8 ¢® Jol u(s?-+n?*)*Je—"* 


av jn (s?-+-n?)! 


The integral contained in Eq. (37) can be evaluated in 
closed form by making use of an existing formula des- 
cribed in the theory of Laplace transform.’ The final 
expression for V, which is valid when | n?|>>1, is 

) jn 

V= ~24—|1o( “[e+¥)'-2]) 


v 


V=—2k 





(37) 


xK(“Coe+e+01)}, (38) 


* R. Foster, Bell System Tech. J. 10, 408-419 (1931). 

7 W. Magnus and F. Oberhettinger, Formulas and Theorems for 
the Special Functions of Mathematical Physics (Chelsea Publishing 
Company, New York, 1949), p. 133. 
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where J, and Ky denote the modified Bessel functions of 
first and second kind, and of order zero. In the case that 


|4jn[(u?+v*)|<«K1, or |}jnkr2|<1, 


each Bessel function can be approximated by the leading 
term of its corresponding series, then 


V =2k/re. (39) 


When |4jnkr2|>>1, the leading terms of the asymptotic 
expression for the Bessel functions can be used, which 
give 

V=2Rp tein kleth) (40) 
The evaluation of U, for the case | n*|>>1, is similar to 
that of V. In terms of the new variables /, u, and 2, 


© Jo(ut) exp—v(f—n?)! 
u=2 f tdt. (41) 
0 (#—1)!+(¢—-n°*)! 





Under the condition that | n?|>>1, 


1 1 
~—[(P—1)!— (#—n?)'); 
(P—pia (eon! 6 )i— (P—n?*)*] 





thus, 
1 0G? 
U=—{ T- —), (42) 
n* Ov? 
where 
T= 2% f (P—1)4Jo(ut) exp—v(?—n?*) iat (43) 
0 





a p*sf-1\! | 
= -2— f ( ) J (ut) exp—v(P—n?)idt. (44) 
Ov 0 P—n? 


Using the same approximation described by Eq. (36), 
one obtains 


0 @ 
T= -2— f (s?-+-n)*J of u(s?-+-n?)' Je-**ds. (45) 
: Ov jn 


Since J [.u(s*-+-n?)*] satisfies the differential equation 


Jo 10Jo 
—+-—+(s*+n") Jo=0, (46) 
Ow u dou 


the function T defined by Eq. (45) is related to the 
function V defined by Eq. (37) through the following 


equation 
@V 10vV 
T=- —--—. (47) 
Ou? u Ou 





Substituting Eq. (47) into Eq. (42), one obtains 
1 (— 10V Ps 


(48) 
n?\ ou? u Ou Ov? 

The function U therefore can be considered as a 
known function since both V and G2 are known. 


EXPRESSIONS FOR THE ELECTRIC FIELD 


The final expressions for the electric field in Region I 
for the case ¢/we>>1 are obtained by using the explicit 
expressions for the derivatives of G; and G2 in Eqs. 
(31) and (33) and then substituting Eq. (48) into Eqs. 
(32) and (33). For completeness, the factor p/47en? is 
again restored. That gives 











p 
E,= | sl —n?k?+ j3nkr, +371] sin20,G, 
4 en? 
+3[—n?k?+ j3nkro+ 372? ] sin26.G2 
1 &#V 
n* d20p 
p 
E,= | [ nk? cos?6;+ jnk(2—3 cos?6;)ry— 
4ren? 


+ (2 —3 cos?@;)r;~? ]G,+ [ nk? — jonkrs— ~~ 372? | 





10V 
Xcos'8.G.—~—| cos; (50) 
, p Op 
E,= {Ew jn ri? |G, 
4ren? 
+[n?k?— j3nkr.—— 3r2-* ] cos262G2 
eV 
-—| sing, (51) 
0p 


where V is given by Eq. (38) or by Eqs. (39) and (40) for 
the two extreme values of 72; @, and @2 are two angles 
illustrated in Fig. 1. In regard to numerical calculations 
based upon these expressions, there are many choices 
for the values of m, k, and the ranges of h, z, and p, 
depending upon the specific nature of the problem. The 
present work is aimed to supply the essential formulas 
that are involved in this general problem. 
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Ultrasonic-Wave Study of Swollen Buna-N Rubber 


A. W. NoLte, Department of Physics, The University of Texas, Austin, Texas - 


AND 


J. F. Mirsup, Defense Research Laboratory, The University of Texas, Austin, Texas 
(Received July 18, 1952) 


The velocity and atténuation of ultrasonic waves are measured 
as a function of temperature in specimens of a Buna-N vulcanizate 
swollen to various degrees with methyl ethyl ketone. The fre- 
quencies are 2, 5, and 10 megacylces. The experimental method 
consists of determining the insertion loss and the time delay due to 
insertion of a flat sample in the liquid acoustic medium of a pulse- 
reflection apparatus; an improved technique of observation, in 
which phase delay as well as envelope delay is examined, leads to 
more precise time data than previous applications of the method. 
As solvent content of the specimen increases, the position of the 
maximum of attenuation with respect to temperature moves to 
lower temperatures, and the height of the attenuation peak is 


reduced. It is shown that the height of the attenuation peak, when 
corrections are made for temperature effects according to the 
mechanisms of rubberlike elasticity, is proportional to the mass 
of polymer per unit volume in the swollen specimen; moreover, 
the temperature of maximum attenuation is a linear function of 
the ratio, for the swollen specimen, of mass of solvent to mass of 
polymer. The latter finding indicates, if the concept of energy of 
activation is applicable, that the reduction of activation energy 
is proportional to the number of solvent molecules associated with 
each polymeric “chain segment.” The paper contains auxiliary 
data on dimensional and volumetric aspects of swelling and swell- 
ing rate. 





INTRODUCTION 


T has been established by previous ultrasonic meas- 

urements that the longitudinal-wave ultrasound 
velocity in various high polymer substances increases 
with decreasing temperature and that the attenuation 
possesses a maximum with respect to temperature. 
This has been verified in the case of high polymers in 
latex solution,! in the case of polymer liquids of rela- 
tively low molecular weight,’ and in the case of solid 
rubberlike polymers.®:* Increasing frequency produces 
effects qualitatively similar to those produced by de- 
creasing temperature. Also, with regard to polymer 
solutions in particular, work at audiofrequencies has 
shown related dispersion effects to exist in the oscillatory 
shear response of polymers in solvents of low molecular 
weight.’—° In particular, Ferry® has shown that the 
maximum shear modulus contributed by polymers in 
solution is proportional to the concentration, and a 
similar finding has been reported! with reference to the 
ultrasonic attenuation in low concentration latex 
solutions. . 

Now when the concentration of a high polymer in 
solution becomes large, it becomes experimentally diffi- 


1 Cathers, Bailey, Buchy, and Asness, Abstracts of Papers Pre- 
sented at the 120th Meeting of the American Chemical Society (1951) 
p. 8R. 

2 Mason, Baker, McSkimin, and Heiss, Phys. Rev. 73, 1074- 
1091 (1948). 

3 Mason, Baker, McSkimin, and Heiss, Phys. Rev. 74, 1873- 
1874 (1949). 

* Mason, Baker, McSkimin, and Heiss, Phys. Rev. 75, 939-946 
(1949). 

5 A. W. Nolle and S. C. Mowry, J. Acoust. Soc. Am. 20, 432-439 
(1948). 

* Ivey, Mrowca, and Guth, J. Appl. Phys. 20, 486-492 (1949). 

7W. Philippoff, Physik Z. 35, 900 (1934). 

8 J. D. Ferry, J. Am. Chem. Soc. 72, 3746-3752 (1950). 

*'W. M. Sawyer and J. D. Ferry, J. Am. Chem. Soc. 72, 5030- 
5034 (1950). 


10 Ferry, Sawyer, Browning, and Groth, J. Appl. Phys. 21, 513- 
517 (1950). 


cult to investigate the solution by the techniques which 
are convenient for liquid specimens, so that there is 
difficulty in carrying experiments on solutions of high 
molecular-weight polymers to the limiting case in which 
the concentration of the solvent is negligible. It seems 
appropriate to extend the work on high polymers in 
solution to the limit of the pure polymer through a 
study of swollen vulcanized rubber. Vulcanized rubber, 
allowed to come into equilibrium with suitable concen- 
trations of an appropriate solvent, will absorb enough 
solvent to reduce the polymer concentration to less than 
fifty percent of the value associated with the pure 
polymer. The resulting swollen specimen, although its 
volume is increased, retains its initial shape and is 
treated experimentally by the techniques appropriate 
for solids. Under these conditions it is possible to carry 
out measurements for approximately that range of 
concentrations which is unsuitable for fluid-specimen 
techniques. 

This article describes and interprets measurements of 
ultrasonic velocity and attenuation in swollen specimens 
of a Buna-N (“Hycar OR-15’’) soft vulcanizate. The 
solvent is 2-butanone (commercially listed as methyl 
ethyl ketone, and hereafter designated simply by MEK). 
The frequencies are 2, 5, and 10 megacycles. It is reason- 
able to assume that the results for this vulcanized 
specimen represent essentially the behavior of the raw 
polymer at the specified concentrations, inasmuch as the 
test frequencies are above the range in which moderate 
cross-linking has an important effect on dynamic be- 
havior. The vulcanization of the rubber used in these 
experiments is important chiefly as a means of stabiliz- 
ing the dimensions of the specimen. (Another effect of 
cross-linking is to impose an internal pressure in the 
system; we are not in a position to estimate the im- 
portance of this effect and will not consider it further.) 
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PROPERTIES AND TREATMENT OF THE SPECIMEN 


The composition of the rubber vulcanizate is as 
follows, in parts by weight: Hycar OR-15, 100; zinc 
oxide, 5; sulfur, 1.5; benzothiazyl disulfide, 1.3. The 
compound is cured under pressure for 60 minutes at 
143°C in the form of flat molded sheets, the approximate 
thickness of which is either 0.03 in. or 0.08 in. 

Prior to each ultrasonic experiment, the specimen, 
a disk of approximately 2-cm diameter, is allowed to 
swell at room temperature in a mixture of solvent and 
nonsolvent. The fraction of solvent in the mixture gov- 
erns the degree of swelling attained at equilibrium. In 
the present work, where the solvent is MEK, the 
“nonsolvent” is usually denatured alcohol, which has 
the desirable property of forming mixtures with the 
solvent which are sufficiently fluid and low in acoustic 
attenuation to meet experimental requirements at 
temperatures as low as —90°C. Alcohol (ethyl) is not, 
however, strictly a nonsolvent, but produces at a slow 
rate a relatively small swelling of the Buna-N compound. 
For this reason water, rather than alcohol, is used as 
nonsolvent in the case of the lowest two of the several 
solvent concentrations found in this study. The signifi- 
cant ultrasonic effects for these lower solvent concentra- 
tions are found at sufficiently high temperatures that 
the reduced freezing point attainable with alcohol mix- 
tures is unnecessary. The additive swelling due to 
alcohol assumes less importance at the higher MEK 
concentrations. 

The rubber sample, when placed in the ultrasonic 
apparatus, is immersed in a bath having the same 
composition as the original swelling solution. The ultra- 
sonic apparatus is filled with water for study of un- 
swollen specimens; no measurable swelling has been 
observed with water. 

For experimental simplicity, the concentration of the 
solvent in the swelling bath is stated in terms of the 
volume percent of MEK with respect to the total con- 
stituent volumes measured before mixing. The percent 
concentrations as thus defined are 0, 2, (both with 
water); 5, 15, 30, 40, 50, and 60. In each case the total 
volume of the swelling bath is made great enough that 
passage of solvent into the sample reduces the solvent 
concentration in the bath by no more than two percent 
of the nominal value. 

It is not the primary purpose of this investigation to 
add to the extensive literature concerning the dimen- 
sional aspects of swelling, but a limited study of the 
dimensional swelling aspects of the present polymer- 
solvent system has been carried out in order to ascertain 
how long the vulcanizate must be swollen for an accept- 
able approach to equilibrium, and in order to obtain 
information leading to the density of the swollen speci- 
men. Portions of this study are summarized in Appendix 
I. The essential conclusions which are pertinent to the 
ultrasonic investigation are the following: 
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(1) An acceptable approach to swelling equilibrium is obtained 
in six hours at room temperature. 

(2) The combined volume of polymer and solvent, at 25°C, 
decreases by less than 1.5 percent of the initial volume of polymer 
when swelling occurs in pure MEK. 

(3) The fractional increase in volume of the specimen, produced 
by equilibrium swelling in a given mixture, is substantially inde- 
pendent of the temperature at which swelling occurs. 

(4) The rate of swelling increases with increasing temperature. 

(5) The volumetric thermal expansion coefficient for the un- 
swollen vulcanizate is 0.0012/C°, as measured in the range 0°C to 
80°C. This value is closely equal to the expansion coefficient for 
MEK as derived from 0°C and 20°C densities." 

(6) The relative rate of approach to swelling equilibrium (or 
alternatively, the apparent time constant) is not strongly de- 
pendent upon solvent concentration in the swelling bath. 

(7) The diffusion coefficient for MEK swelling is of the order 
of 50 times that for ethyl alcohol swelling. 


The term “equilibrium” applies only in an arbitrary 
fashion to the swelling process. We observe, as have 
previous investigators in the study of other polymer- 
solvent systems, that gradual dimensional changes occur 
at least for several days, even though it would be 
predicted from the apparent diffusion coefficient for 
initial swelling that dimensional changes should be 
unobservable after 24 hours. For present purposes we 
understand by “swelling equilibrium” a state such that 
further thickness change (other than that due to thermal 
expansion) is expected to be less than one percent in an 
experimentation period of no more than four hours. 
Beyond this requirement of dimensional stability, and 
the requirement that the sample be nearly homogeneous 
we are not directly concerned with swelling equilibrium, 
for the analysis of experimental results is referred to 
solvent content actually realized in the specimen, and 
not to solvent concentration in the swelling bath. 

Since the polymer and solvent volumes are almost 
strictly additive in the swelling process (item 2 above), 
we compute the density of the swollen specimen at 
20°C from the known density of the original vulcanizate 
at this temperature (1.05 g/cm*), the known density of 
MEK at 20°C. (0.805 g/cm*), and the experimentally 
observed dimensional increase, the assumption of 
additive volumes being used in all cases. From the re- 
sults of a direct measurement of volumetric changes for 
swelling in pure MEK (Appendix I), we find that the 
error in the density calculation is less than 0.5 percent 
for swelling in the pure solvent ; presumably the error is 
still smaller for the swelling achieved in the acoustic 
experiments. Computation of the density of a swollen 
specimen at temperatures other than 20°C requires use 
of a thermal expansion coefficient. The value 0.0012/C° 
is used throughout for the volumetric coefficient, since 
this value is closely correct both for the solvent and for 
the untreated vulcanizate, and is therefore assumed to 
apply with adequate accuracy to swollen samples. No 
direct measurement of the thermal expansion coefficient 
has been made for a swollen sample. 

Experimental acoustic results are affected by the 


" R. H. Cole, J. Chem. Phys. 9, 251-257 (1941). 








de 
wi 
sig 
so 








ULTRASONIC-WAVE STUDY OF SWOLLEN BUNA-N RUBBER 7 


detailed history of the specimen, as regards total swell- 
ing time in a given experiment, and also previous ex- 
posure to solvent. Nevertheless it appears that the 
acoustic results bear a unique relation to the solvent 
content of the swollen sample at the time of measure- 
ment, except that when a specimen which has previously 
been exposed to large solvent concentration is examined 
at very small swelling, the acoustic results differ from 
those for a previously untreated specimen. (It is possible 
that a portion of this discrepancy disappears over a 
period of several weeks ; dimensional changes are notice- 
able for at least 30 days as a sample is allowed to de- 
swell in air.) Because of the sensitive dependence of 
acoustic results on treatment of the sample, we include 
a complete account of procedure in Appendix II. In 
order to avoid the discrepancy noted above, we have 
avoided (except in one instance) performing measure- 
ments for a given degree of swelling with a sample which 
has previously been exposed to a larger solvent concen- 
tration. 

The swelling time was in general 24 hours, except that 
a few initial measurements were made with three hours 
of treatment. Large variations in the swelling period 
were incurred in some cases when equipment adjustments 
were necessary. The maximum swelling time was 72 
hours. 


EXPERIMENTAL METHOD 


Basically the experimental method is one previously 
described,® in which the flat specimen is introduced at 
will into the liquid path traversed by pulsed ultrasonic 
signals between a single quartz crystal, which acts as 
source and receiver, and a plane reflector. The changes 
which occur in the amplitude and the arrival time of the 
reflected signal, as a result of insertion of the sample, 
are observed. The apparatus is similar to that described 
in reference 5, except that the liquid medium and the 
specimen are contained in a tank of modified design, 
having an opening only at the reflector end. This tank is 
almost completely immersed in alcohol in a Dewar 
flask. Electric stirring motors are provided for both the 
specimen tank and the surrounding bath. This arrange- 
ment allows satisfactory control of temperatures as low 
as —100°C. Heating and cooling of the bath may be 
adjusted through control of the rate of flow of liquid 
nitrogen into a heat exchanger located in the bath, and 
through control of the power applied to an electric im- 
mersion heater. 

The sample thickness is measured with a micrometer 
caliper (AppendixII). The velocity of sound in the liquid 
transmission medium is computed from the echo arrival 
time for the liquid alone, the effective path length re- 
quired in this computation being evaluated when the 
tank is later filled with water at a known temperature. 
When the sample thickness, the sound velocity in the 
liquid, and the echo time delay due to the sample are all 
known for a particular temperature, a straightforward 
calculation® leads to the velocity of sound in the speci- 


men at that temperature. Values of the specimen thick- 
ness, and of the decibel reduction of echo amplitude 
occurring when the specimen is inserted in the signal 
path, lead to the acoustic attenuation (in db/cm) of the 
specimen at a particular temperature, when a correction 
is made for reflection losses at the boundaries of the 
specimen.* The reflection correction involves the ratio 
of the sound velocities of specimen and liquid, and the 
ratio of the densities. The room-temperature density 
ratio is used in the correction, for the thermal expansion 
coefficients of the specimen and the liquid are nearly 
equal, and high precision is not required in the reflection 
correction. The sound velocities are available from the 
preceding calculations. 

Greatest accuracy in attenuation values is obtained 
when the specimen thickness is so chosen that the signal 
loss observed at the temperature of maximum attenua- 
tion has the largest conveniently measurable value. In 
general we follow this criterion and obtain maximum 
insertion losses of 35 to 40 decibels, although it was not 
feasible to obtain losses exceeding 20 decibels for the 
two largest solvent concentrations. Reliable attenuation 
measurements can be made only in that range of tem- 
peratures in which the total loss in the specimen is 
great enough to prevent objectionable errors arising 
from standing waves within its boundaries. Therefore 
we make no attenuation calculations where the total 
loss is less than 15 decibels, except that values as small 
as 10 decibels were tolerated at the two greatest solvent 
concentrations. The vulcanizate is available in two 
values of thickness, as already stated; further adjust- 
ment is obtained by clamping multiple layers in close 
contact. 

In previous applications of the method, the operator 
has measured arrival times for the reflected signal by 
bringing the leading edge of the pulse envelope (as 
displayed on a cathode-ray screen) to the beginning of a 
delayed oscilloscope sweep. The oscilloscope (a Du- 
Mont Type 256-D in the present case) is provided with 
a calibrated delay control which is used in making this 
adjustment, and from which the delay time is read. The 
measurement method just described, which will be 
called the “envelope method,” is open to two objections, 
as follows: (1) Theoretically the method is inexact, since 
the shape of the leading edge (and the trailing edge) of a 
pulsed signal is altered upon passage through a disper- 
sive medium such as rubber. (2) The time-difference 
values obtained by this method often have an experi- 
mental uncertainty as large as 0.05 to 0.1 microsecond, 
according to the envelope shape, whereas the delay dial 
graduations should allow small time differences to be 
estimated to 0.01 microsecond. 

In order to realize more nearly the attainable precision 
of the equipment, we have added in the present work an 
additional set of time-difference measurements, ob- 
tained by the “‘differential phase method.” In this meth- 


* Reference 5, Eq. (6). Note that in this equation the factor 
“4” should read “40.” 
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Fic. 1. Velocity (upper three charts) and attenuation (lower 
three charts) of ultrasonic signals in a swollen vulcanizate of 
Buna-N rubber, as.a function of temperature. Each chart is 
identified according to frequency (2, 5, or 10 mc). Numbers by 
individual curves indicate percent of solvent (MEK) in swelling 


solution, with reference to total constituent volumes measured 
before mixing. 


od, the operator uses the delayed sweep adjustment to 
determine the time shift of a particular sinusoidal maxi- 
mum occurring near the middle of the pulsed signal 
train, where steady-state conditions are approximated. 
This is inherently a phase-change measurement rather 


MIFSUD 


than an envelope or group measurement. While the time 
delay can be read to the precision of the equipment when 
the differential phase method is used, the time delay 
value is uncertain by integral multiples of the signal- 
frequency period, since the operator may unknowingly 
select different individual sinusoidal maxima in the wave 
train for the sample-in and sample-out measurements. 

In the present experiments, several time-delay meas- 
urements by each method are obtained at each tempera- 
ture at which a given specimen is investigated. Then for 
this specimen a plot is made of time delay, measured by 
the envelope method, as a function of temperature. A 
smooth curve is drawn through the points. This curve, 
if determined to sufficient accuracy, indicates what 
values must be chosen for the quantized corrections to 
the differential-phase-method data. The corrected 
values obtained by the differential phase method are 
used in the final computation of velocity in the speci- 
men. That part of the uncertainty in the final sound 
velocity values which is due to error in the time-delay 
measurement is less than one percent when the above 
method is followed (with a specimen of 0.080-in. 
thickness). 

Temperature is read from a thermometer immersed 
directly in the specimen tank. The thermometers used 
for this purpose have been calibrated at standard 
freezing and boiling points. In general the uncertainty 
in the specimen temperature results from changes occur- 
ring during a series of observations, and does not exceed 
+0.25°C. 


LIMITS OF ERROR IN THE RESULTS 


The preceding discussion indicates that under the best 
conditions attainable with the present method, random 
errors in sound velocity resulting from time-measure- 
ment uncertainty should be less than one percent for a 
sample 0.080 in. thick. This expectation is confirmed by 
the narrow spread of the individual points about the 
velocity-temperature curves obtained for a number of 
specimens of suitable thickness; moreover, in one in- 
stance an entire velocity-temperature curve (taken at 
5 megacycles, with a specimen of 0.12-in. final thickness 
swollen in a 50 percent solution) was repeated on a 
different sample with agreement almost everywhere 
within one to two percent. In general the rms random 
error is of the order of two to three percent. The 
additional error can be attributed in part to. the effects 
of sudden changes of power line voltage when a regulator 
was not used, to slight interfacial separation in the case 
of multiple-layer specimens, to the use of a specimen of 
0.030-in. thickness for the lower degrees of swelling at 
10 megacycles, and to standing-wave phenomena occur- 
ring when the loss in the specimen is relatively small 
(the latter is in some senses a systematic error). The 
principal systematic error in the velocity measurements 
arises from uncertainty in the micrometer measurement 
of the thickness of the sample. This uncertainty ranges 
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from less than one percent, for an unswollen sample of 
0.080 in. thickness, to some three percent for an un- 
swollen sample 0.030 in. thick or for any highly swollen 
sample (the latter shrinks rapidly when exposed for 
measurement). Finally, it is estimated that the absolute 
errors associated with the smoothed velocity-tempera- 
ture curves lie usually in the range of two to five percent. 
The precision of attenuation measurements depends 
largely upon the limits within which the insertion loss 
due to the rubber is determined ; normally the probable 
error is 0.4 db. (In a few cases, errors of 1.0 db were intro- 
duced by defective contacts in attenuator switches.) 
Since the total insertion loss ranges from 12 to 40 db, 
the random measurement error for attenuation, with 
the equipment in optimum condition, ranges approxi- 
mately from one to four percent, being least in the re- 
gions of maximum attenuation. It is estimated that the 
random error in final calculated values of attenuation is 
at most about three-halves the variation cited above, 
the additional uncertainty arising in the reflection 
correction when there is an appreciable acoustic-im- 
pedance difference between the specimen and the liquid. 
Systematic attenuation errors arise through values of 
sample thickness, as in the case of the velocity results. 
Finally, with all sources of error considered, it is 
estimated that absolute values indicated by smoothed 
attenuation-temperature curves may be in error by 5 
percent at attenuation peaks and by 10 percent at the 
extremes of each curve. Five percent should be added to 
these tolerances for the two largest degrees of swelling 
since a reduced total loss is obtained for highly swollen 
samples even with maximum useable thickness. 


EXPERIMENTAL RESULTS 


The velocity and attenuation data derived from the 
acoustic measurements are shown graphically in Fig. 1, 
in which the upper three charts contain the velocity- 
temperature curves for the three individual frequencies 
(2, 5, and 10 mc) and the attenuation-temperature 
curves are similarly presented in the lower three charts. 
Within each chart, the various curves are identified by 
the “percent concentration” of the swelling bath in 
which the sample was processed, according to the con- 
vention already stated. The data in Fig. 1 are computed 
with reference to room-temperature values of the speci- 
men thicknesses; the thermal expansion correction is 
applied, however, to data taken from Fig. 1 and used in 
numerical calculations later in this paper. Comments on 
the results are enumerated below. 


(1) In all cases the magnitude of the attenuation maximum is 
reduced, and its temperature is lowered, with increasing solvent 
concentration. 

(2) The velocity-temperature curves shift along with the at- 
tenuation-temperature curves, with increasing solvent concen- 
tration, in sugh fashion that the sound velocity at the attenuation 
peak is rugonstat 

(3) At consf™nt solvent concentration and constant temperature, 
the acoustic attenuation is roughly proportional to the frequency. 

(4) A slight increase of sound velocity with increasing frequency 









TABLE I. Attenuaion-peak data. L, value in db/cm of maximum 
attenuation; 7, centigrade temperature of attenuation peak; W, 
peak width in centigrade degrees; mc, frequency in megacycles/sec. 
See text for concentration convention. 








Percent MEK concentration 
0 28 5 15 30 40 50 





2 L 50.6 47.8 35.1 33.2 25.0 24.1 19.5 13.5 
me F 45 310 -O5 -7.5 -—29.5 —42.5 -—52.0 -—78.5 
Ww S50 52 34 35 39 52 58 — 
5 L118 107 91 86 65 59 42.8 32.3 
me T 43.5 26.0 15 -9.0 -29.0 -—-365 -54.5 -—78.0 
w §1 45 42 42 46 50 55 >56 
10 L 232 212 175 170 136 120 86 74 
me T 44.0 36.0 40 -65 -30.5 -—35.0 -530 -—74.5 
W Si! 50 39 40 43 $1 58 >S58 
Av. T 44.0 31.0 1.7 -—7.7 —29.7 -—38.0 -—53.2 -—77.0 
W Si 50 39 40 43 $1 58 >58 








s With water as nonsolvent. 


is indicated at the lesser solvent concentrations, for temperatures 
above the attenuation peak, although there is reason to believe 
this effect is exaggerated by fortuituous combination of errors in 
the 10-megacycle results. 

(5) For the four larger values of solvent concentration, the 
velocity is independent of frequency within the experimental 
error. 

(6) The width of the attenuation peaks (the temperature inter- 
val between points of half-maximum attenuation) is not highly 
sensitive to solvent concentration, but first decreases with in- 
creasing solvent concentration and then increases to values some- 
what in excess of the original. 

(7) The width of the attenuation peaks has no significant 
frequency dependence. 

(8) The temperature of the attenuation peak shows no sys- 
tematic dependence on frequency for a specimen swollen in a bath 
of given concentration. (For the unswollen specimen, the tempera- 
ture of maximum attenuation is constant within experimental 
error for the three frequencies investigated; for the swollen speci- 
mens, such variations in the temperature of maximum attenuation 
as are observed are not systematic and are easily explained by 
minor differences in the initial swelling treatment.) 


The upper limit to the explored range of solvent con- 
centration is set by disappearance of the attenuation 
peak into the temperature range below — 100°C, where 
no useful information can be obtained with present 
procedures. One investigation was performed with a 
sample swollen in undiluted methyl] ethyl ketone; this 
specimen showed no significant insertion loss at any 
temperature within the operable range. 

Numerical data concerning the attenuation maxima 
are given in Table I. These values have been corrected 
for thermal expansion of the specimen. Since the varia- 
tions with frequency of the temperature of maximum 
attenuation seem to result from random differences in 
initial swelling treatment, the average values for the 
three frequencies may be taken as representative for 
each solvent concentration. A similar remark applies to 
peak widths. 

In order to demonstrate the presence of irrecoverable 
changes in the specimen after swelling and de-swelling, 
we examined at 5 megacycles, in the unswollen condition 
a specimen which previously had been studied in suc- 
cession at all the indicated solvent concentrations and 
then allowed to recover in air for more than 30 days. 
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The temperature of maximum attenuation was 34°C, 
approximately 10 degrees lower than the corresponding 
temperature for an untreated specimen. 

A sample swollen to near equilibrium in denatured 
alcohol showed maximum attenuation at 8°C (10 mc). 
‘ Thus the effect of alcohol swelling, on the loss peak, at 
least equals the effect of the MEK absorbed from 5 
percent solution. 


ANALYSIS OF RESULTS 


The analysis of results will consist of (1) examination 
of the magnitude of the attenuation peak and (2) 
examination of the concentration dependence of the 
temperature of maximum attenuation. The former can 
be done in the more satisfactory fashion. In order to 
establish a theoretical basis for examination of the mag- 
nitude of the attenuation peak, we present an analysis 
which is suggested by the work of Ferry. 

Also basic to this analysis is a finding reported in a 
previous paper,” which presents the ultrasonic proper- 
ties of the present vulcanizate (unswollen) for both 
longitudinal and transverse waves, over a wide temper- 
ature range. In that paper it was shown (within a rather 
wide latitude of uncertainty) that the longitudinal-wave 


ultrasonic losses observed in this compound are sub- ' 


stantially explained by shear losses. We shall assume 
that this is also true for swollen specimens; this assump- 
tion is reasonable at least from the point of view that 
the ultrasonic losses in the solvent alone are exceedingly 
small in comparison to the losses in the unswollen 
polymer. 

We shall write the viscoelastic shear behavior of the 
specimen as the sum of the shear contributions of a 
group of relaxation mechanisms. (This specific notion is 
not necessary, but represents a convenient and com- 
monly stated viewpoint.) The real and imaginary parts 
of the contribution of the ith mechanism in the unswol- 
len polymer to the shear modulus at the temperature 
T» will be expressed by the relations 


ui’ (To) = fi (rw), (1) 
ui’(To) = fi" (7), (2) 


where w is radian frequency and 7; is the relaxation time 
of the mechanism at the temperature To. Following 
Ferry,® we now introduce the following assumptions: 


- (1) The contribution of each relaxation mechanism 
is proportional to the absolute temperature (kinetic 
theory of rubberlike elasticity). 

(2) There exists a single factor arc by which each 
relaxation time is multiplied when the temperature is 
changed from 7» to T and when the polymer concentra- 
tion is changed from the value associated with the un- 
swollen material to the value C. It will be assumed that 
this is true at least for those mechanisms which con- 
tribute to the complex modulus at the attenuation 
peak. 

8 A. W. Nolle and P. W. Sieck, J. Appl. Phys. 23, 888 (1952). 


MIFSUD 


(3) The contribution to the shear modulus by the 
mechanisms associated with any particular relaxation 
time is proportional to the mass of polymer per unit 
volume of specimen. 


The mass of polymer per unit volume, referred to in 
assumption (3), is proportional to [(1+47)(1+4¢)]}“, 
where 67 is the thermal dilatation of the specimen 
associated with temperature change from 7» to 7, and 
5c is the dilatation of the specimen due to swelling. 
According to the assumptions, the real and imaginary 
parts of the shear modulus can be expressed function- 
ally by the relations 








"(T,C, w)= i(arctw), (3 
aoe 
u"(T, C, w)= Dd fi (aretw). (4) 


~ To(1+57)(1+8¢) 


The experimental data are insufficient in general to 
evaluate arc, but we shall assume that the condition of 
a maximum of the imaginary part of the shear modulus 
always results from the same specific value of the 
summed terms in (4). This amounts to the assumption 
that the loss peak always represents the same relative 
contributions by the various relaxation mechanisms. 
Also, in view of our assumption that the observed ultra- 
sonic losses arise in shear, we find from the usual equa- 
tions for attenuation of ultrasonic waves the approxi- 
mate relation 

u"'~3 pac /2w, (5) 


where a@ is the neperian amplitude attenuation coeffi- 
cient and c is the wave velocity (both for bulk waves), 
and p is the density of the specimen. 

Combination of Eqs. (4) and (5) gives, for the case 
of maximum attenuation, 


3ppapcp®/2w=yT p/((1+6rp)(1+écp)To], (6) 


where the subscript “P” indicates values associated 
with the attenuation peak, and y is the value of the sum 
in Eq. (4) under this condition. A similar relation may 
be written with the subscript Po, which refers to con- 
ditions associated with maximum attenuation in the 
unswollen specimen. When Eq. (6) is divided by the 
similar relation just mentioned, and when the reference 
temperature 7» is made equal to Tpo, the result for 
constant frequency is 


T poppapcp*/T pppoapocpe=1/[(1+67p)(i+édcp) ]. (7) 


This relation is readily checked by plotting of the 
experimental data. The method for computing density 
has already been explained. Data for the temperatures 
and heights of the attenuation peaks are shown in Table 
I (the quantity a is approximately 0.115 times the at- 
tenuation in db/cm.) Velocity data are available from 
Fig. 1. The dilatation rp may be computed to sufficient 
accuracy from the thermal expansion coefficient and the 
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average loss-peak temperatures, while the swelling 
dilatation cp may be computed from the smoothed- 
curve swelling data of Fig. 5, Appendix I. 

Figure 2 shows a graphical comparison of experi- 
mental results with Eq. (7). For each point, the abscissa 
is the experimental value of the right-hand member of 
Eq. (7), and the ordinate is the experimental value of 
the left-hand member. All acoustic data have been 
corrected for thermal expansion of the specimen. The 
solid line represents the theoretical linear relationship. 
The sets of points derived from the three different 
frequencies of measurement are included in this single 
graph. 

The fact that the experimentally determined points 
of Fig. 2 are grouped about the predicted line may be 
taken as a reasonable justification for the primary 
assumptions used in the derivation of Eq. (7), which 
were that the maximum shear modulus is proportional 
to the concentration of polymer in mass per unit 
volume, and that the temperature dependence of all 
viscoelastic mechanisms contributing to the loss peak is 
affected in the same way by addition of solvent. The 
verification of Eq. (7) does not either support or refute 
the assumption that losses arise only in shear; while 
this assumption is supported , for this particular com- 
pound, by other work, Eq. (7) would hold in any case 
where both bulk and shear losses have similar depend- 
ence on concentration and temperature. 

Data on relaxation processes are often interpreted in 
terms of an energy of activation (or a distribution of 
energies), under the supposition that a relation similar 
to the Arrhenius equation describes properly the tem- 
perature dependence of each relaxation time, or, in 
other words, of arc of Eqs. (3) and (4). If such a relation 
is applicable, arc is proportional to exp(—AU/RT), 
where AU is an energy of activation, R is the gas con- 
stant, and T is absolute temperature. If we take 30 
kcal/mole for AU, an approximate value” from data 
below 100 kc for a compound similar to the present one, 
we find that arc will change by a factor of two for a 
temperature change of about 4 C°. Since the complex 
modulus is a function of (warc), it would be expected 
therefore that the temperature of maximum attenuation 
would increase by about 4 degrees with a doubling of the 
frequency, in the case of the unswollen polymer. But 
experimentally we find, in the unswollen case, that the 
temperature of maximum attenuation is independent of 
frequency within the limit of error (Table I), and that 
no systematic variation is observed with swollen speci- 
mens. Either the ultrasonic behavior of the unswollen 
compound is governed by activation energies as large 
as approximately 100 kcal/mole, or the relation of the 
Arrhenius form is inapplicable. 

While the results do not allow us to calculate energies 
of activation, it is possible to calculate from the data 
the fractional change in the activation energy resulting 


13 A. W. Nolle, J. Polymer Sci. 5, 1-54 (1950). 
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Fic. 2. Plot of experimental values of a dimensionless attenua- 
tion parameter, derived from attenuation-peak data, against 
relative values of polymer mass per unit volume. The solid line 
indicates the relation expected on the basis that the maximum 
loss contribution of viscoelastic mechanisms is proportional to 
polymer mass per unit volume. Arrows on the abcissa identify 
percent MEK concentrations in the swelling bath. 


from each solvent concentration. Even if the activation 
energy concept is not applicable, the analysis used for 
this purpose at least provides a convenient framework 
for relating the temperature of peak attenuation with 
the concentration of solvent in the specimen. We again 
assume that the loss peak always results from the opera- 
tion of the same group of mechanisms. Accordingly, at 
constant frequency, the value of arc at the attenuation 
peak is independent of solvent concentration, or 


exp(—AU/RT po) = exp(—AU/RT p) (8) 


where subscripts “‘0” refer to the unswollen state. From 
Eq. (8) we obtain 


—8(4U)/AU0= (T po— 


where 5(AU) denotes (AU—AU,). 

One explanation which has been advanced" for the 
large energy of activation for the deformation of long- 
molecule substances is that large segments of the mole- 
cule must progress as units over the cumulative poten- 
tial barrier characteristic of a long segment. Since this 
requirement of coordinated motion would not be ex- 
pected to apply to a group of small solvent molecules, it 
is reasonable to suppose that the reduction in activation 
energy, due to the intrusion of solvent molecules into 
the polymeric aggregate, is proportional to the number 
of solvent molecules per polymer segment, or finally to 
the ratio of mass of solvent to mass of polymer in a given 
volume of the swollen specimen. By virtue of the addi- 
tive-volume property of the swelling process, this ratio 
is easily shown to be equal to the density of pure solvent 
divided by the density of unswollen polymer, the quo- 
tient to be multiplied by 6c, the swelling dilatation. The 
result is independent of temperature. Numerical values 


4 ; Eyring and W. Kauzmann, J. Am. Chem. Soc. 62, 3113 
(1940). 


T p)/T po (9) 
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for present purposes are derived by use of smoothed- 
curve swelling data, Fig. 5, in Appendix I. 

In view of the reasoning above, we plot in Fig. 3 the 
quantity [(T7po—Tp)/T po] as a function of the mass 
ratio (Miv/Mpoiy). The average values of Tp from 
Table I have been used. Note that points other than 
“unswollen,” “2 percent,” and “alcohol only” represent 
combined effects of alcohol and MEK. It is noteworthy 
that the point for alcohol alone falls in well with the 
trend of the points representing combined effects. The 
points for samples swollen at bath concentrations 
greater than two percent lie close to a single straight 
line as shown, but the line does not pass through the 
origin; hence the result is a linear relation (for high 
concentrations) but not the proportional relation which 
was suggested. In other words, an initial quantity of 
solvent is required for a pretreatment, or “biasing,” of 
the specimen; for higher solvent concentrations the 
specimen may be regarded as a new compound which 
displays the expected proportional relation between 
5(AU), as defined by Eq. (9), and solvent-polymer mass 
ratio. From this point of view, the swelling produced in 
two-percent solution is insufficient for the initial 
biasing. A portion of this initial swelling effect is ob- 
servable in the form of the irrecoverable change in the 
acoustic properties of the specimen, already described. 
In part the initial swelling effect certainly consists of 
removal of unbonded material from the specimen, for 
the mass is permanently reduced after a swelling and 
de-swelling sequence (Appendix I). Presumably the 
material removed consists largely of polymer segments 
of low molecular weight and of accelerator. A further 
initial effect may be the releasing of local strains and 
entanglements which are produced in pressure molding. 
If this is the case, the initial effect of swelling upon 
acoustic properties of a specimen cast in solvent and 
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Fic. 3. Relative lowering of the temperature of maximum atten- 
uation, as a function of the solvent-polymer mass ratio in the swol- 
len rubber (averaged values for 2-, 5-, and 10-mc data). The solid 
line is drawn to fit the data. Numerical values beside certain 
points give percent MEK in the swelling bath. 
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cold-cured should differ from that observed for pressure- 
molded specimens. This point has not been investigated. 

By extrapolating the line of Fig. 3 to the value of 
(msoiv/Mpoiy) Which corresponds to swelling in undiluted 
MEK, for which é¢ is 2.21, we find that the attenuation 
peak for maximum swelling should occur at — 149°C; 
from Fig. 2, we estimate that the maximum attenuation 
should be about one-tenth the value for the case of no 
swelling. It is therefore to be expected that little 
attenuation will be observed above —100°C when the 
polymer is processed with undiluted MEK, in agreement 
with experiment. 

No quantitative conclusions concerning the bulk 
modulus or the real part of the shear modulus can be 
drawn from the temperature dependence of the sound 
velocity, since it is known” that both modulus quanti- 
ties for the polymer increase with decreasing tempera- 
ture. (Moreover, the bulk modulus of the solvent has a 
temperature dependence of the same sort.) The previ- 
ous measurements for the unswollen condition” show, 
however, that for temperatures below the attenuation 
maximum the real part of the shear modulus is nearly 
constant, so that the velocity variations in this region 
are due largely to variations of bulk modulus and of 
density. While the velocity value at the attenuation 
peak is approximately independent of the degree of 
swelling, this observation seems to have no fundamental 
significance and is regarded as a fortuitous interplay of 
the several variables involved. The sound velocity in the 
cases of large swelling shows no significant frequency 
dependence. This is to be expected, since the polymer 
shows no appreciable bulk-modulus dispersion,” and in 
the highly diluted samples the contributions of shear 
modulus dispersion are too small to bring about an 
easily observable dispersion of the sound velocity. 


CONCLUSIONS 


(1) The addition of solvent to a Buna-N vulcanizate 
causes the temperature of maximum ultrasonic attenua- 
tion to be lowered by an amount which, in the case of 
large solvent concentration, is proportional to the num- 
ber of solvent molecules per monomer unit. 

(2) The total relaxation strength of the specimen (as 
measured by the peak value of ultrasonic attenuation) 
is proportional to the mass of polymer per unit volume, 
in agreement with the findings of previous investigators 
who have studied unvulcanized polymers in more dilute 
solution. 
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APPENDIX I: MECHANICAL MEASUREMENTS OF 
SWELLING PROPERTIES OF THE VULCANIZATE 


Swelling Rate and Apparent Diffusion 
Coefficient, MEK 


Specimens of initial thickness approximately 2 mm (0.080 in.), 
area 2 cm?, were allowed to swell in a thermostated apparatus in 
which a dial gauge indicated thickness directly. The specimen was 
located between thin metal plates in which numerous perforations 
allowed access of the solvent. A first series of tests yielded plots of 
linear strain as a function of time, for swelling in undiluted MEK 
at centigrade temperatures of —25°, 0°, 25°, and 50°. A second 
series gave similar plots, but at 50°C only, for MEK concentra- 
tions of 20, 40, 60, 80, and 100 percent (by the convention stated 
previously). 

If the smaller terms of higher order in the equation for diffusion 
into an infinite flat slab are neglected, and if the diffusion coeffi- 
cient is constant, the swelling strain should be an exponential 
function of time. Acutally, as is well known, the diffusion coeffi- 
cient in polymers is a function of solvent content, so that the 
observed functions are more complicated. Nevertheless, it is found 
that data from the latter portion of each swelling curve can be 
reasonably approximated by the relation 


Su—S:=Sm exp(—t/*,) (10) 


or by the equivalent relation 
t=, In[Su/(Su—S:)], (11) 


where 7, is a time constant, Sy is the apparent ultimate or maxi- 
mum swelling strain, and S; is the swelling strain at time ¢. The 
data are reduced to time constants by the following arbitrary 
procedure: 


(1) Trial plots are made of ¢ versus the logarithmic term of 
Eq. (11). Several estimated values of Sy are tried, since Sy is not 
directly observable on account of a swelling of substantially uni- 
form rate which is superimposed in the roughly exponential 
portion. 

(2) That value of Sy is chosen which results in a plot approxi- 
mating a straight line over the greatest range of time values. 


70 100 200 
Deswelling Time, Hours 


300 


(3) The time constant is taken from the original plot of swelling 
strain versus time as that time for which the swelling strain is 0.63 
of the maximum value derived in step (2). 


The time constant thus determined is reduced to a diffusion 
coefficient by the following relation, which is derived from the 
leading term in the solution for diffusion in an infinite flat slab: 


D=4P/r**,. (11) 


Here D is the diffusion coefficient and / is the slab thickness. Values 
of | are those corresponding to 63 percent swelling as defined in 
step (3). This arbitrary procedure gives only an order-of-magni- 
tude value for the diffusion coefficient, at an elapsed time some- 
what greater than t,, but the relative values, particularly of *,, 
are an adequate guide in experimental procedure as noted in the 
body of the article. The results are given in Table IT. 


De-Swelling, MEK 


Figure 4 shows the relative-mass versus de-swelling time, for 
specimens exposed to air after 24-hr swelling in MEK-alcohol 
baths of the indicated MEK concentrations. The latter stages of 
the de-swelling process are extremely slow and cannot be repre- 
sented by an exponential time function. There is no demonstrable 
equilibrium at 720 hr, but the mass at this time is less than the 


TABLE II. Swelling-rate data, Buna-N vulcanizate in MEK- 
alcohol solutions. 7, centigrade temperature; t,, swelling time 
constant for 0.080-in. thickness; D, effective diffusion coefficient 
(see text). 














*. D 

7 % MEK min cm?/sec 

—25 100 280 2x 10-6 
0 100 80 7 
25 100 39 15 
50 20 33 10 
50 40 27 15 
50 60 21 21 
50 80 23 24 
50 100 30 19 
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Fic. 5. Linear swelling strain (fractional increase of thickness) 
as a function of the square root of the mol fraction of MEK in the 
swelling solution. Arrows on the abcissa indicate various con- 
centrations according to the “percent MEK” convention. Swelling 
dilatation values used for interpretation of acoustic data are 
derived from the smooth curve. 


initial mass, the decrease being 1 to 2 percent when solutions of 
60 to 100 percent MEK concentration are used. The thickness 
(not plotted), which varies in similar fashion with time, decreases 
at least to the unswollen value and possibly to a value several 
tenths of one percent smaller, for the case of initial MEK concen- 
tration of 60 percent or greater. The combined effect, however, 
results in a continuous increase of density during de-swelling. At 
720 hours the density is still 1 to 2 percent below the value for no 
swelling. 


Swelling in Alcohol 


Swelling measurements, similar to those already described for 
MEK solutions, were made at approximately 26°C with ethyl 
alcohol, in order to evaluate the effect of alcohol as used in solution 
in a number of the acoustical measurements. The results can be 
described quite accurately by Eq. (9). The diffusion coefficient is 
approximately 1.0X 10-7 cm*/sec, with a time constant of approxi- 
mately 40 hr for a sample 0.080 in. thick. The equilibrium swelling 
strain is approximately 0.061 with denatured alcohol (used in the 
acoustic work) and 0.080 with 95 percent alcohol. This difference 
is unexplained. The large time constant for alcohol swelling ex- 
plains some thickness irregularities in a number of specimens, 
used in the ultrasonic measurements, which were allowed to swell 
for less than 24 hr. 


Swelling Strain Dependence on Concentration 


Figure 5 shows the swelling strain (fractional increase in thick- 
ness) as a function of the square root of the mol fraction of solvent 
in the swelling bath. The values corresponding to the various 
percent concentrations are indexed on the abscissa scale. The 
sources*of the appreciable variations in swelling at each concen- 
tration have already been discussed. Values of 5c used in the inter- 


pretation of acoustic data are taken from the smooth curve of 
Fig. 5. 


Net Volume Change in the Swelling-Process 


A specific gravity bottle of 20-ml capacity was converted to a 
dilatometer by the addition of a long capillary tube to the stopper. 
A sample of the vulcanizate was allowed to swell in undiluted 
MEK in this apparatus, at constant temperature near 25°C. The 
result is that the total volume of solvent and specimen, as deter- 
mined by the height of fluid in the capillary, decreases by less than 
1.5 percent of the initial volume of the polymer sample in 24-hr 
swelling. The result is given as a limit rather than an accurate 
value, as it is difficult to provide a grease seal in the ground-glass 
joint which absolutely prevents solvent leakage. 


APPENDIX II: PROCEDURE IN TREATMENT 
OF THE SPECIMEN 


Following initial swelling at room temperature in a bath of the 
desired MEK concentration, the specimen is affixed to a gate-like 
holder in the ultrasonic measurement tank and the tank is filled 
with a portion of the swelling bath. The apparatus is then cooled 
to a temperature somewhat below the estimated lower tempera- 
ture limit for valid ultrasonic measurements. The cooling time 
varies from less than one hour to some two hours. Ultrasonic 
measurements are taken during a period of some 2 to 3 hr while the 
temperature is in general allowed to rise gradually; during inter- 
mittent periods when groups of readings are actually made, how- 
ever, the temperature is stabilized approximately to hold the total 
variation during the set of readings to a total of less than 0.5C°. 

Ideally the thickness of the rubber should be measured as soon 
as possible after the conclusion of the acoustic measurements, but 
it is not permissible to disassemble the apparatus until the 
acoustic path length has been found from measurements with the 
tank water-filled. Therefore the standard procedure is to empty 
the tank following the swollen-sample measurements and then, 
after a period of at least several hours duration for evaporation of 
solvent, to fill the tank with water for calibration. The sample 
de-swells almost completely during the evaporation interval. 
Finally the rubber is removed and placed in a closed vessel con- 
taining a solution of the original concentration of MEK, and after 
a length of time equal to the original swelling period is taken out 
for thickness measurement. The thickness is taken as the average 
of ten readings with a micrometer caliper. The variability in these 
readings is generally less than one percent; the important source 
of error appears to be rapid initial de-swelling when rubber which 
has been swollen in concentrated solution is brought into the air 
for measurement. Ideally, the acoustic tank should be designed to 
allow thickness measurement by a method which does not require 
exposure of the specimen to air. 

The original aim was to obtain all data for a single frequency 
with a single sample in a sequence of increasing concentrations. 
In a few cases deficiencies in the data were discovered which re- 
quired repetition of measurements at certain concentrations. 
Fresh samples were used in these repetitions. In only one case was 
a sample studied at a concentration less than the largest previous 
value; this exception occurs in the 40-percent determination at 5 
mc, where the specimen had previously been used in 50-percent 
MEK solution. 
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The elastic constants of a Cu—4 atom percent Si crystal have been determined by the pulsed ultrasonic 
method to be Ci: = 1.62, Ci2= 1.20, and C4,=0.755, all in units of 10 dyne cm~*. The changes in the funda- 
mental shear constants C4, and $(Ci:—Ci2) owing to alloying have been expressed in terms of a change in 
electrostatic stiffness and a change in ionic stiffness, both of which are shown to be reasonable. The experi- 
mental ionic effect is interpretable in terms of the solute-solvent ion core interaction and the local distor- 
tions around a solute atom. The previously known results for Cu—28 Zn also conform to this picture. 





INTRODUCTION 


RECENT review article! lists the relatively few 

alloys for which the elastic constants have been 
determined. These alloys are the stoichiometric com- 
positions Cu;Au and CuZn,? the complete series of 
Ag-Au alloys in which little variation in the constants 
is observed, Al—5 weight percent Cu, and finally 
Cu—28 atom percent Zn which is of interest here. 

There has been considerable theoretical analysis of 
the elastic constants and their temperature variation 
in the case of CuZn.*~* A theoretical prediction of the 
composition variation of the constants for aluminum 
alloys has also been made recently.® Of interest here, 
however, is the older theoretical work of Fuchs’ that 
has led to an understanding of the elastic constants of 
pure copper which is reasonably good, and this work 
has been used as the starting point for an interpretation 
of the constants of a dilute copper alloy in the present 
paper. 

The fortuitous possession of a single crystal of Cu—4 
atom percent Si alloy initiated the measurements de- 
scribed here. The particular solute and the dilute com- 
position are, however, just those which would have been 
suitable for a planned experiment. Fuchs’s work indi- 
cates that there is in copper an important electrostatic 
shear stiffness due to the valence electrons, and a some- 
what larger ion core stiffness due to the exchange inter- 
action of the closed shells. Silicon has high valence and 
a relatively small ion core, and, consequently, reason- 
ably large changes in these individual stiffnesses may 
be expected. The dilute composition simplifies the 
analysis, and so does the fact that there is practically 
no change with composition of the lattice parameter 
of these alloys. 


EXPERIMENTAL PROCEDURE 


The single crystal of Cu-Si was kindly provided by 
Dr. B. L. Averbach of the Massachusetts Institute of 


* This work was supported by the U. S. Office of Naval Research. 
1R. F. S. Hearmon, Revs. Modern Phys. 18, 409 (1946). 
2 See also the more recent determination by D. Lazarus, Phys. 
Rev. 76, 545 (1949). 
3C. Zener, Phys. Rev. 71, 846 (1947). 
.*H. Jones, Phil. Mag. 43, 105 (1952). 
_ 51. Isenberg, Phys. Rev. 83, 637 (1951). 
*R. S. Leigh, Phil. Mag. 42, 139 (1951). 
7K. Fuchs, Proc. Roy. Soc. (London) A151, 585 (1935); A153, 
622 (1936) ; A157, 444 (1936). 


Technology. It had been grown from the melt and cut 
in a convenient orientation in that laboratory, which 
also furnished the chemical analysis. The melt was made 
of high purity copper and silicon; the crystal analyzed 
to 1.8 weight percent silicon or 4.0 atom percent. The 
crystal was 27 mm in diameter and 6 mm thick and was 
cut with the plane faces parallel to (110) planes. 

Back reflection Laue patterns made in this laboratory 
showed that the plane faces were normal to the [110] 
direction within less than one degree. These faces were 
given a plane parallel acoustic finish by a light surface 
grinding technique. The crystal was used in this 
condition. 

The three acoustic wave velocities were determined 
by the pulsed ultrasonic method. An X-cut quartz 
transducer cemented on the alloy crystal (with pheny] 
salicylate) generates waves traveling in the [110] 
direction with particle displacement also in that direc- 
tion. A Y-cut transducer generates shear waves travel- 
ing also in the [110] direction with particle motion in 
the [001] direction or in the [110] direction, depend- 
ing on the azimuth of the transducer. The transit 
times observed were approximately 2.7, 4.5, and 8.5 
microseconds, respectively. A transit time correction, 
apparently arising as an end effect owing to the trans- 
ducer as previously discussed,* was applied. This cor- 
rection was determined in the present work by meas- 
uring the transit time with the single transducer, then 
making a redetermination with a dummy transducer 
fastened to the far end of the specimen. The transit 
time differences of 0.025, 0.035, and 0.040 microsecond, 
respectively, were subtracted from the original measure- 
ments to obtain the true transit time. These transit 
time corrections are comparable with those previously 
found for nickel*® by a different method; they do not 
represent simply the travel time in the quartz which is 
0.1 microsecond for 10 mc transducers. 

The density of the crystal was found by hydrostatic 
weighing to be 8.610 g cm™ at 25°C. The theoretical 
density of the solid solution computed from the com- 
position and lattice parameter is 8.718 g cm™, and this 
value has been used in the present work. It was felt 
reasonable to ascribe the low measured density to 
inevitable growth pits in the solid solution, in which - 


8 Neighbours, Bratten, and Smith, J. Appl. Phys. 23, 389 (1952). 
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16 Cc. $. 


case the density which determines the acoustic wave 
velocity should be the theoretical value. 


RESULTS 


The acoustic wave velocities were combined with the 
density to give the values of pV? shown in Table I 
together with the corresponding elastic constants. An 
important advantage of the [110] propagation direc- 
tion is that the fundamental shear constants C=C4y 
and C’=4$(C;,—Ci2) are directly determined. The re- 
producibility of the pV? is approximately indicated by 
the figures shown. Experience with the method and 
correction suggests that the accuracy of these results 
is about 0.5 percent. 

The direct experimental findings listed in Table I 
may be combined to give the elastic constants C;,= 1.62, 
Ci2= 1.20, Cag=0.755, all in units of 10 dyne cm™. 
related quantities of interest are the reciprocal com- 
pressibility K-'= (Cust 2C 12) = 1.338, (Cir— Ci2— 2C 44) 
= — 1.086, -pV?=Ciut+ 2Cu=3.13, all in units of 10" 
dyne cm~, and the anisotropy factor Cau[$(C11—Ciz) J 
= 3.56. These constants are the adiabatic constants 
at 25°C. 

Of particular interest here are the fundamental shear 
constants C and C’ and the reciprocal compressibility 
K-'. These are shown separately in Table II together 
with the corresponding values for pure copper as re- 
cently determined by Lazarus? using a similar method. 
The changes caused by the addition of 4 atom percent 
silicon are shown in the last column. It is apparent that 
C has not been changed appreciably, but that C’ has 
been decreased by 12 percent. Fuchs’s results for pure 
copper show that the electrostatic and ion core terms 
contribute differently to the fundamental shear con- 
stants, C’ arising almost entirely in the ion core term 
while the two terms enter comparably in C. This fact 
then allows one to separate the changes in these two 
terms due to alloying. 


INTERPRETATION—THE SHEAR CONSTANTS 


For the purpose of introducing and defining symbols 
and concepts, the theoretical work of Fuchs on pure 
copper is summarized here. The total energy per atom 
of the crystal may be written as usual as a sum of terms 


u=uoturt+uy (1) 


where: %» is the energy of the lowest electronic state, 
up is the Fermi energy of the valence electrons, and u; 


TABLE I. The acoustic waves propagated in the [110] direc- 
tion, the elastic constants, and the corresponding experimental 
pV? for Cu-Si in units of 10% dyne cm™. 











Direction of 
particle motion Elastic constant pV? 
110] A(Cut+Ci2+2Cu) 2.165 
001 Cu=C 0.755 
110 4(Cu—Ciz) =C’ 0.2124 
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is the repulsive exchange interaction energy between 
the closed shell ion cores. In considering only the shear 
constants, it may be shown that Eq. (1) can be re- 
written as 


u=ur+u;+u (volume only). (2) 


Here uz, which is essentially part of uo, is specifically 
the electrostatic potential energy of a f.c.c. structure 
of positive point charges +e imbedded in a uniform 
negative charge distribution —e/v where » is the atomic 
volume. 

The shear constants C and C’ can be calculated by 
imagining an appropriately strained crystal, calculating 
ug and u; in the sheared state and differentiating twice 
with respect to the shear strain. The contributions of uz 
to the fundamental shear constants will be called here 
the electrostatic stiffnesses Ce and C’ r. 

The results are 


Cr=0.9478(2e?/a*), C’n=0.1058(2e/a*), (3) 


where a is the lattice parameter. 

The energy of interaction between the closed shell 
ion cores is short ranged so that only nearest neighbors 
need be considered. If W is the repulsive “bond” 
energy of a single pair of ions, 


uzy=SW/2. (4) 


The coordination number S is 12 for f.c.c. copper. The 
contributions of this ionic term to the fundamental 
shear constants are called here the ionic stiffnesses C,; 
and C’;. The results can be written in terms of W as 


473 1 71 
Cr -—|-nv'+ Ww" 
a*L2 2 ; 


(S) 


477 1 :. 
Cr] ow'4 A” \ 
a@L_4 4 } 





where r is the interatomic distance, and the factor 
4/a® is v. The ‘primes indicate differentiation with 
respect to r. It is usual to suppose that W may be 
represented by 

W=Ae”e, (6) 


With this assumption, Eqs. (5) may be rewritten as 


Cr1= 2a y(y—3)W ‘a 
C’;=a*y(y—7)W, @ 
where y=r/p. 
The numerical results of Fuchs® are Ce=0.257, C’g 
= 0.0286, C1=0.63, and C’;=0.225, all in units of 10” 
dyne cm”. If the theoretical C; and C’; are introduced 
in Eqs. (7), it turns out that y=r/p=17.0, p=0.15A 
and W=0.0622X10-” erg per bond. 
We now consider the changes that may be expected 


*For the most convenient collection of corrected results see 
N. F. Mott and H. Jones, The Theory of the Properties of Metals 
and Alloys. (Oxford University Press, London, 1936), p. 149. 
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ELASTIC CONSTANTS 


to occur in these stiffness contributions upon adding 4 
atom percent silicon, taking first the electrostatic 
terms. The electrostatic stiffness equations contain the 
charge squared, and it is reasonable to suppose that 
these terms for the alloy will be given by Eqs. (3) 
multiplied by a factor Z*. This statement may be 
considered as a definition of Z; Z may be interpreted 
as the effective factor by which the valence electron 
charge density at the boundary of the atomic poly- 
hedron is changed upon adding solute atoms. The 
changes in stiffness upon adding solute are then ACg 
=Cpr(Z*—1) and AC’g=C’g(Z*—1) where Cz and C’z 
are the values for pure copper from Eqs. (3). In the 
case of silicon with a valence of four, dissolved in copper 
with a valence of one, Z may be expected to be greater 
than unity leading to an increase in the electrostatic 
stiffnesses. 

The ionic stiffnesses on the other hand may be ex- 
pected to decrease. The ion core interaction must be 
considered in Eqs. (5) or Eqs. (7), and silicon has an 
ion core of 10 electrons with an excess nuclear charge of 
four compared with copper which has a closed shell 
core of 28 electrons and an excess charge of one. The 
silicon ion will therefore be very small and the bond 
energy W characterizing a silicon-copper interaction 
(or the very few silicon-silicon interactions) in the solid 
solution will be small, probably essentially zero, be- 
cause the solute ion cores will not overlap the solvent 
cores appreciably. Locally the stiffness of the crystal 
will be reduced and Eqs. (7) suggest that the fractional 
changes in the two stiffnesses will be the same, since the 
exponential W controls the expressions. The changes 
in ionic stiffness are written therefore AC;=Cyax and 
AC’;=C’;ax, where x is the atom fraction of solute in 
the alloy and a@ is a parameter which measures the 
ionic effect and which is left to be determined. The 
quantities C; and C’; are again those for pure copper. 

The net changes in the shear constants are then 


AC=Cp(Z2—1)+Crax, AC’=C's(Z?7—-1)+C' sax. (8) 


Since the theoretical C’s are for T=0 so are the AC’s, 
but, because differences are involved, little error will 
be made by using the experimental values of Table IT 
for the latter quantities. When the experimental changes 
are introduced in Eqs. (8), Z and a may be determined 
and these values inspected for reasonableness and 
possible significance. The numerical results upon doing 
this are Z=1.18 and a= —4.0. The nature of Eqs. (8) 
is such that Z?—1 is quite sensitive to the experimental 
values, whereas a is not. The C’ equation essentially 
determines a; the C equation yields the value of Z by 
differences. 

The experimental value of Z is indeed greater than 
unity as was anticipated. It appears to be difficult to 
deduce a quantitative theoretical value for this quan- 
tity,*® and in view of the uncertainty of the experi- 
mental result an elaborate treatment is hardly justified 
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TABLE II. The fundamental elastic constants of Cu*® and 
Cu-Si and the changes due to adding 4 atom percent silicon, all in 
units of 10% dyne cm~. 











Constant Cu Cu-Si Change 
Cc 0.756 0.755 —0.001= AC 
0.237 0.212 —0.025= AC’ 
K- 1.396 1.338 —0.058= AK 








as yet. However, some estimates may be made of 
values between which the experimental Z probably 
-should fall. The first such estimate is that Z should be 
simply the electron atom ratio g which is (1+3-) in 
the case of Cu-Si alloys. Such an estimate would appear 
to be low since it corresponds to a copper-like metal 
with g valence electrons per atom and an ionic charge 
of g also. At any rate the numerical estimate is then 
Z=1.12, which is indeed lower than the experimental 
value. Another estimate, which would certainly be high, 
may be made by a linear composition interpolation be- 
tween Z?=1 for pure copper and Z*=16 for a hypo- 
thetical copper-like silicon metal. This procedure yields 
Z=1.26. The experimental Z thus falls between the 
estimates and is therefore considered reasonable. More 
elastic constant data for copper base alloys would 
justify further consideration of this point. 

The experimental ionic parameter a may now be 
considered. There is one simple model of the solid solu- 
tion for which a can be calculated readily. Suppose 
that the silicon-copper and silicon-silicon interactions 
in the solid solution are in fact zero. Suppose further 
that all atoms occupy normal structure sites, i.e., that 
the solute atom produces no local distortions. Simple 
enumeration then gives for the ionic energy of the solid 
solution u;(x)=3SW (1—<x)? where W is still the copper- 
copper interaction energy. The ionic stiffnesses for the 
alloy will similarly be given by C;(x)=C;(0)(1—<x)? and 
C’(x)=C’1(0)(1—x)*. The changes in ionic stiffness 
upon alloying are then AC;=C;(—2x+27) and AC’; 
=C’;(—2x+22), and for dilute solutions the value of a 
for this model is —2. 

This reasoning is readily carried further in terms of a 
dilute solution, and retaining the assumption of no 
local distortions but considering various solute-solvent 
interaction energies Was. For 0<Was<W one would 
expect —2<a<0; for Was=W, a=0; and for Wap 
>W,a>0, the last case corresponding to a solute 
atom with a large ion core. The experimental value for 
Cu-Si of a= —4.0 is not accounted for by the simple 
rigid model, but an extra decrease in ionic stiffness 
(from —2 to —4) may easily be explained by removing 
the assumption of no local distortion. 

In the vicinity of the small silicon solute atom it is 
reasonable and usual to suppose that local movements 
of the nearest neighbors (VV) will occur. These atoms 
will move toward the silicon atom, increasing the inter- 
atomic distance between the NN and most of the 
nearest neighbors of the nearest neighbors (VN’). The 
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TaBLe III. The fundamental shear constants of Cu-28 Zn 
and Cu, the experimental changes upon alloying, the calculated 
corrections 5C due to lattice expansion, and the net changes AC 
assigned to alloying directly. Units of 10% dyne cm™. 











Constant Cu-Zn! Cu? Difference 6C AC 
Cc 0.72 0.756 —0.036 —0.200 +0.164 
oy 0.180 0.237 —0.057 —0.065 +0.008 








repulsive interaction energy W between VN and NN’ 
will therefore be decreased, leading to a further de- 
crease in ionic stiffness and to more negative values for 
the parameter a. 

For the case of the very small silicon ion core it is 
perhaps correct to assume W 4g=0 and assign half (—2) 
of the observed ionic parameter to this cause and the 
remaining half to the distortion. Actually, of course, a 
measures the whole ionic effect, and a definite separa- 
tion cannot be made in the absence of a detailed 
calculation. 

Some speculation about the local movements may be 
indulged in. If one assumes that the VN move but 
that the VN’ do not, one may estimate the magnitude 
of the change in interatomic distances. There are 12 
NN atoms, and each one of these has 12 nearest neigh- 
bors of which one is the solute atom, four are other VN 
atoms and seven are NN’ atoms. Crudely then for each 
NN atom one bond is broken (to the solute atom), four 
are stiffened, and seven relaxed. But the four stiffened 
bonds will be counted twice in going around to all the 
NN, whereas the others will not. If the energy changes 
are equal in the latter two cases, then there is a net of 
five bonds relaxed, and these produce in the present 
case the same decrease in stiffness (the extra —2 of the 
experiment beyond the —2 of the rigid model) as one 
broken bond. The fractional change in these relaxed 
bond energies is therefore W/W=—. But from Eq. 
(6) 5W/W=-—17ér/r, and, therefore, 6r/r is about 1 
percent, and 6r=0.03A. The displacements of the 
neighboring atoms thus need not be large to account 
for the present results because there are many of them 
involved, and because the energy falls off so rapidly. 


OTHER ALLOYS 


The only other copper base solid solution for which 
the elastic constants are available is Cu—28 atom per- 
cent Zn. These constants have been treated in the same 
way as those for Cu-Si and with similar results, although 
the interpretation is less sure because the brass is not 
dilute and because an appreciable lattice parameter 
change occurs on adding this much zinc. 

The lattice parameter change upon alloying in the 
Cu-Si case is 6a/a=6X10~ which is so slight that the 
corresponding changes in the four theoretical stiffnesses 
may be neglected. In the Cu-Zn case 6a/a=1.6X10~, 
and the stiffness changes may not be neglected. From 
Eqs. (3) it may be seen that 6Cz/Ce=—4éa/a and 
5C’ 2/C’ z= —46a/a. Similarly Eqs. (7) give 6C;/Cr 
= —17.85a/a and 6C’;/C’;= —17.36a/a. The total nu- 


merical values 5C due to lattice expansion are entered 
in’ Table III together with the experimental changes 
and the differences AC which may now be ascribed to 
alloying per se. It is seen that the effect of alloying 
alone is to stiffen the crystal in contrast to the previous 
Cu-Si case, but that C/C’ increases in both cases. 

The AC of Table III have been handled in the same 
manner as with Cu-Si, except that in Eqs. (8) the theo- 
retical values of the C’s corrected for lattice expansion 
have been used. These values are: Ce=0.240, C’z 
= 0.027, C;=0.45, and C’;=0.162 in the units of this 
paper. The approximate corrections above have been 
used. The result of solving Eqs. (8) is Z=1.36,a 
= —0.33. This value of Z is again reasonable, particu- 
larly in view of the added uncertainty of the lattice 
parameter correction. The electron atom ratio for 
Cu—28 Zn is 1.28, while the higher estimate of Z is 1.36. 

The experimental ionic parameter a= —0.33 is nega- 
tive as it logically should be for the Zn** ion core com- 
pared with Cut. The magnitude is also much smaller 
than that of a= —4.0 for the S;* ion core as it should be. 
This Cu-Zn parameter implies that the Cu-Zn bonds 
are not broken but merely weaker than Cu-Cu bonds 
and that surely the local atom movements are very 
small indeed. It should be pointed out that the param- 
eter in the Cu-Zn case is on a slightly different basis 
than the Cu-Si parameter; it measures the effect of 
introducing zinc ion cores into an expanded copper 
lattice. 

The two copper base solid solutions for which elastic 
constant data are available thus appear to conform to 
the same picture, and these data throw considerable 
light on the nature of the solid solution. The picture is 
readily extended qualitatively to other copper base 
alloys. The electrostatic stiffness can, of course, be ex- 
pected to increase for all solutes whose valence is 
greater than one, and by amounts which are in the 
order of solute valences. The ionic parameter a should 
be negative and increasingly so in the order Zn, Ga, Ge, 
As; it should increase in the order Si, Ge, Sn, possibly 
being positive for Sn and more certainly so for In. The 
effect of lattice parameter changes must be added to 
these expected fundamental effects to predict the actual 
elastic constants. The lattice parameter changes are 
not independent but are certainly due in part to the 
effects measured by the shear constants. 


SUMMARY 


The elastic constants of Cu—4 atom percent Si have 
been determined. The fundamental shear constants of 
this alloy and of Cu—28 percent Zn have been analyzed 
in terms of the electrostatic and ionic contributions to 
the shear stiffness of pure copper. The changes, owing 
to alloying, in these contributions have been shown to 
be reasonable, and the change in ionic stiffness has been 
interpreted as a measure of the solute-solvent ion core 
interaction and the local distortions which occur in the 
vicinity of the solute ion. 
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The forces acting on a superconducting body in a magnetic field may be obtained by analogy with hydro- 
dynamics, considering the similarity of the force field around a perfect diamagnetic with the flow field of an 
ideal liquid past an impermeable body of the same shape. The translation is provided by replacing $v? by 
(42)uH?. As a practical application of the repulsive forces acting on superconductors in a diverging magnetic 
field, design of two types of magnetic supports for a sphere is described. In the coil-type support, two coils 
with opposed currents are necessary to provide stable equilibrium. Similarly, the permanent-magnet-type 
support requires two transversely magnetized rings with opposed polarity. The dissipation of energy in a 
rotating sphere by eddy currents and by viscous drag of the surrounding gas was studied. The nonexistence 
of any torque on a freefloating, superconducting sphere in a rotating, transverse field indicates absence of 
interaction between the superconducting electrons and the metallic lattice. 





INTRODUCTION 


HE magnetic properties of any simply-connected, 
superconducting body exhibiting a perfect Meiss- 
ner-Ochsenfeld effect may be macroscopically described 
as those of a perfect diamagnetic possessing zero 
permeability or a susceptibility x=—4m (using the 
Gaussian system of units). Such a body, when placed in 
an inhomogeneous magnetic field H, is subject to a me- 
chanical force proportional to the gradient of H?, tend- 
ing to move the body in the direction of decreasing field 
strength. This is strictly true as long as the body is so 
small that the field is not essentially deformed by its 
presence and, on the other hand, as long as the field is 
weak enough as not to bring about complete or partial 
destruction of the superconducting state. The second 
condition can be always met in the experiment by proper 
choice of the field strength so as to have everywhere 
H<H., H.. being the critical field strength which at any 
temperature below transition point is a constant 
characteristic for a given superconducting material. 


ANALOGY WITH HYDRODYNAMICS 


Although it is possible to compute the forces acting 
on a diamagnetic body in a magnetic field by means of 
electromagnetic theory, the calculations are rather in- 
volved and, therefore, a need was felt for a simplified 
procedure for obtaining the solutions. This has been 
achieved by utilizing the relationship between magneto- 
statics and hydrodynamics. Many of the practically 
important cases have been already -solved in hydro- 
dynamics and a simple analogy provides the translation 
of the formulas for the magnetic case. This analogy is 
based on the observation that the boundary conditions 
of the Laplace equation describing the magnetic field 
(H) around a perfectly impermeable (diamagnetic) body 
are identical with those of the velocity field (v) of flow of 
an ideal (i.e., incompressible and nonviscous) fluid past 
a body of the same shape. If there exists an analytic 
solution for the hydrodynamic problem of given geom- 
etry, the magnetic force in the corresponding case of 
the superconductor in the magnetic field is obtained by 
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replacing $v” by ($2)uH?, p and yu being density and 
permeability of the media, respectively. 

According to hydrodynamic theory,' the force F 
acting on a body immersed in a stream of liquid may be 
computed from the kinetic energy K of the infinite mass 
of liquid flowing past the inner boundary given by the 
surface of the body as 


= —dK/dx, (1) 
yielding in the two analogous cases 
d 
Frya= —— ff frovar, 
dx 
(v) 
and 
Finag (2) 


d 1 
men f f f —yHdV 
dx 8x 
(v) 


for the component in the direction (x) of flow. 

In the case of irrotational flow and for bodies of simple 
shape, the volume integral can be evaluated, e.g., by 
means of Green’s theorem. For instance, in the case of a 
sphere of radius a in a stream Of liquid of velocity v(x), 
the kinetic energy is 


K=irpa'r’, 


from which the force is obtained as 








d(v?) 
Frya= —3xpa’ ° 
dx 
By analogy 
d(H?) dH 
Fuag= —Gua® = —fuaeeH—. (3) 
dx ‘x 


For a parallel flow or for a homogeneous magnetic field, 
the force is zero. For a field with constant divergence, 
i.e., containing a source or a pole of constant strength C, 


1Sir Horace Lamb, Hydrodynamics (Cambridge University 
Press, London, 1932), p. 124. 

















oF _ring 
Fic. 1. Field plot of the square of intensity of the magnetic 
field around a circular ring coil. 


v=C/x or H=C/2", and the force is 
Finag=3Caex, 


taking u=1 and placing the origin at the pole. 

The hydrodynamic analogy is not limited to irrota- 
tional fields. It still holds true even if there are vortices 
in the flow field, but only a limited number of specific 
cases have been worked out explicilty because of the 
complexity of the problem (reference 1). If an analytical 
solution cannot be obtained but a field plot of v or H? 
(see, e.g., Figs. 1 and 5) is available either from compu- 
tation or from model experiment, the differential 
AK/Ax can be evaluated by graphical computation. 

The hydrodynamic analogy makes it also possible to 
compute forces acting between two superconducting 
bodies in a magnetic field. 


PROBLEM OF STABILITY 


One of the possible applications for magnetic forces 
acting on superconducting spheres relates to the reali- 
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Fic. 2. Forces acting on a small diamagnetic body in a field of a 
circular ring coil. F,,—magnetic force, F ,—gravitational force, 
F,—resultant. 
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zation of a massless support or suspension for moving 
parts of measuring instruments. The magnetic force can 
be made to act against the gravitational force and, when 
the magnitudes of the two forces are equal, the weight 
of the body virtually disappears. It appears, however, 
that in any force field containing a single vortex or an 
isolated pole, the equilibrium is a labile one and there- 
fore useless for any practical purpose. 

Actually, it should be expected by analogy with 
Earnshaw’s theorem,’ which states that a charged body 
placed in an electric field cannot rest in stable equilib- 
rium under the influence of electric forces alone, that 
this conditign may be impossible to achieve in the pres- 
ent case, too. However, in the case of a superconductor 
in a magnetic field, the forces are not provided by mag- 
netic charges fixed to the body, but rather by the fields 
resulting from the motion of charges on its surface 
(persistent currents) and this fact, described by 





1.062 0.0. 
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Fic. 3. Arrangement for supporting a superconducting sphere 
by two ring coils with opposed currents (dimensions are in 
inches). 


London’s equation,’ 
- curli= —(c A )—H, 


provides the additional condition required to remove 
the restriction imposed by Earnshaw’s theorem. 

In fact, it is exactly this exception which makes the 
realization of magnetic supports possible for a super- 
conducting diamagnetic body, while magnetic suspen- 
sions for ferromagnetic bodies, such as those developed 
by Beams and co-workers,‘ are essentially unstable and 
require a controlling servo system for stable operation. 


A SUPERCONDUCTING SPHERE IN A FIELD 
OF CIRCULAR COILS 


In the following, we shall limit ourselves to the prob- 
lem of supporting a superconducting sphere in a non- 


2 Sir James Jeans, Mathematical Theory of Electric and Magnetic 
Fields (Cambridge University Press, London, 1948), p. 167. 

3F. London, Superfluids (John Wiley & Sons, Inc., New York, 
1950), Vol. I, p. 29. 

4 J. W. Beams, Rev. Sci. Instr. 21, 182 (1950); Beams, Young, 
and Moore, J. Appl. Phys. 17, 886 (1946). 
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homogeneous magnetic field. The field capable of pro- 
viding support with a position of stable equilibrium has 
to be necessarily rotationally symmetrical with respect 
to a vertical axis. Accordingly, we have investigated 
first, during the search for a suitable configuration, the 
field of circular and cylindrical coils with vertical axes. 
It was realized soon that a single coil of any shape would 
not provide a magnetic field with the required potential 
minimum. We have studied in some detail the case of a 
simple circular coil (ring), for which the field can be 
computed analytically, and the results are available in 
table form.’ The hydrodynamic analogy did not prove 
very helpful in this case, because the case of a sphere 
immersed in a velocity field with a circular vortex has 
not been solved in available literature. 

As a first approximation, we have obtained the forces 
on a negligibly small superconducting sphere in the field 
of a ring coil by numerical computation from the tables 
in reference 5. The field of H? was computed first and 
plotted (Fig. 1). The solid lines are those of H?=con- 
stant (taking a ring of unit radius and with unit 
current), while the dashed orthogonal trajectories indi- 
cate the direction of the repulsive magnetic force in any 
point of the field. In Fig. 2, the arrows indicate the vec- 
torial resultant of the repulsive magnetic force F,, and 
the gravitational force F, (equal to the weight of the 
sphere). In the case plotted, it was taken F,=0.6 Fo, 
F, denoting the magnetic force in the point of maximum 
gradient of H? on the axis. This point lies at a distance 
R/V7=0.378R above the plane of the ring (R being 
the radius). The case plotted in Fig. 2 exhibits a highly 
unstable equilibrium. If the sphere is made heavier, with 
F ,> Fo, no stable equilibrium is found either ; the sphere 
falls through on slightest displacement from the point of 
balance. 

In the case of a sphere of larger size, comparable to 
that of the diameter of the ring, the method of field 
mapping indicated essentially the same conditions. This 
explained the failure of our early attempts to support 
superconducting spheres in the field of ring coils and 
cylindrical solenoids. In all these experiments the sphere 
either fell through, or it was expelled upwards and side- 
wise or, finally, it would get supported, but resting 
against the ring or against the inner walls of the solenoid. 

This indicated the need for an additional constraint, 
providing the potential minimum in the resultant force 
field. This was achieved in the case of the ring coil by 
use of another ring coil, coaxial but not coplanar with 
the first and carrying a current of the opposite direction. 
The second ring was usually of a larger diameter and the 
current in it was smaller than that of the first ring. The 
dimensions of one of the arrangements (using super- 
conducting rings with persistent currents) are given in 
Fig. 3, while the photographs in Fig. 4 show the corre- 
sponding experiment. 

In designing a magnetic support of this type, the sup- 
porting force is obtained by the graphical method out- 


°C. L. Bartberger, J. Appl. Phys. 21, 1108 (1950). 

















Fic. 4(a). A superconducting lead sphere supported in liquid 
helium by the field of two lead rings with induced persistent 
currents of opposite directions. The dimensions are those of Fig. 3. 








Fic. 4(b). A view of the supported sphere in the field of two 
rings with induced persistent currents. 
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Fic. 5, Plots of magnetic field around two circular ring coils 
with opposed currents having a ratio of 1:3: (a) in a free space, 
(b) and (c) with a perfectly diamagnetic sphere in two positions. 





lined in Sec. II, using the tables of reference 5 to cal- 
culate the field of H? for two coils with opposed currents 
of any predetermined ratio. Equating this force to the 
weight of the sphere, the absolute value of the currents 
is obtained for any height on the axis. To fulfill the 
condition of H<H,., the field strength at the surface 
of the sphere is checked by means of field plots of H with 
the sphere in the selected position. These plots have 
been obtained using an electric potential analog, in 
which case the diamagnetic sphere is replaced by a non- 
conducting sphere. The plots shown in Fig. 5(a, b, c) 
were obtained with a two-dimensional analog and, 
therefore, they represent only an approximation to the 
actual case; a three-dimensional analog would have 
required use of an electrolytic tank, which was not 


_ available. 


The condition of stability was not checked since it was 
realized that, after completed design, the potential 
minimum in the H? field can be always established by 
adjusting the ratio of the currents in the coils, leaving 
the current in the lower, supporting coil unchanged. 

An alternative design procedure was recently de- 
scribed by Okress, Wroughton, Comenetz, Brace, and 
Kelly® in connection with electromagnetic levitation of 
metallic bodies in ac fields. Their theory, worked out 
for the case of a conducting sphere in the field of a pair 
of coils with opposed currents—a condition independ- 
ently recognized in both developments as necessary for 
stable operation—may be applied to the case of a 
superconducting sphere since its diamagnetism may be 


*Okress, Wroughton, Comenetz, Brace, and Kelly, J. Appl. 
Phys. 23, 545 (1952). 


conceived as caused by supercurrents induced on its 
surface. The only difference between the two cases con- 
sists of the fact that in a superconductor the currents, 
once induced, remain unattenuated, while in a metal 
with finite conductivity the rms value of the supporting 
current can be maintained constant only by operating 
with alternating field and supplying thereby contin- 
uously the energy dissipated as Joule’s heat in the sup- 
ported body. 

During the first experiments, ring coils wound with 
50 to 150 turns of No. 30 copper wire were used, and 
currents of the order of 0.5 to 2 amp were supplied by 
a battery. Later, the coils were replaced by lead rings 
in which persistent currents were induced (after cooling 
in liquid helium) by withdrawing a cylindrical perma- 
nent magnet of suitable pole strength. Because it was 
impossible, with this scheme, to reverse the supercurrent 
in one of the two rings, the lower ring was flipped over 
around its diameter after induction. Hollow lead spheres 
(1.25 cm diameter, 0.70 gram weight), made by weld- 
ing together two hemispheres pressed out of lead foil, 
were used during the first experiments. However, there 
were always slight discontinuities in the electrical 
resistance of the seam, and it was also difficult to make 
the spheres with the required high degree of symmetry. 

Also, the superconducting rings had the disadvantage 
of being in the intermediate state, because of the high 
currents required to provide the necessary fields with a 
single turn in the coil. These currents amounted up to 
several hundred amperes, and the field strength at the 
surface must have exceeded the critical value for lead 
at 4.2°K, which is approximately 600 gauss. The pres- 
ence of nonsuperconducting areas in the rings caused 
some undesirable complications, such as damping of 
motion by eddy currents, etc., for which reason this 
scheme was later abandoned. 


A SUPERCONDUCTING SPHERE IN A FIELD 
OF PERMANENT MAGNETS 
The coil-type supports already described have some 
disadvantages, such as dissipation of heat in the 
windings or difficulty of controlling the current intensity 
in the superconducting rings. It was felt that replace- 
ment of coils by permanent magnets would greatly add 
to the convenience of operation of the support. Ob- 
viously, the field of a ring coil at some distance from it 





a b 


Fic. 6. Pair of opposed ring coils (a), and an equivalent set 
of transversely magnetized ring magnets (b). 
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may be simulated to a sufficient degree of accuracy by 
that of a transversely magnetized permanent magnet of 
the same shape and size [ Fig. 6(a, b) ]. In order to be 
equivalent to a coil, a ring magnet should have an 
effective pole strength m given approximately by the 
formula 

m= SI/l, 


in which S denotes the area of the coil, J the current in 
the corresponding coil, and / the thickness of the ring. 

Several other types of permanently magnetic supports 
have been designed and successfully operated. One of 
these consisted of a permanent magnet with re-entrant 
pole pieces, forming a circular gap on top of which was 
mounted either a stabilizing coil or a ring-shaped mag- 
net with opposed polarity [Fig. 7(a) ]. 

In measuring the frictional resistance of this type of 
magnetic support against rotation of the sphere, an 
additional drag was observed when the sphere was 
grossly asymmetric or when it possessed a large frozen- 
in magnetic moment. The effect was found to be caused 
by eddy currents induced by the rotating sphere in the 
magnet and/or the pole pieces. It was possible to pre- 
vent this by fabricating the magnets from magnetic 
oxide powder, molded with addition of a plastic binder. 
This material has specific resistance of 1.9 10° ohms 
cm at room temperature and therefore is practically 
nonconducting. Transversely magnetized, ring-shaped 
magnets [Fig. 7(b)] were adopted, for which the 
oxide-type magnetic material is particularly well suited 
because of its inherent high coercive force. 


DISSIPATION OF ENERGY IN THE 
SUPERCONDUCTING SUPPORT 


Since interests were in applications of the super- 
conducting supports as frictionless bearings for various 
purposes, processes have been considered through which 
the electromagnetic and mechanical energy stored in the 
superconducting body may be dissipated. In the first 
place, the superconductivity of the supported body 
might decay gradually, and the support would therefore 
cease to operate after some time. If the repulsion of the 
supported body from the magnetic field is conceived as 
caused by the reaction of the supercurrents induced on 
its surface, the decay manifested by slow sinking of the 
supported body in the field would indicate very sensi- 
tively any residual resistance. Although our experiments 
were not designed to test this specific point, we have not 
been able to observe any measurable decrease of the 
equilibrium point of support over time intervals of up to 
two hours. 

This was the case even when the sphere was in the 
intermediate state and when dissipation of energy was 
taking place in the superconducting regions, e.g., by 
rotating the supported sphere in a transverse magnetic 
field. It may be concluded, therefore, that the nature of 
the intermediate state is such that it contains two sets 
of enmeshed, continuous regions through which the 
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Fig. 7. (a) Re-entrant type of magnetic support, 
(b) ring-type support. 





normal currents and the supercurrents may circulate in 
closed paths without mutual interaction. 

When the sphere is perfectly superconducting and 
free of frozen-in magnetic moment, there is no interac- 
tion between the body and any transverse magnetic 
field so long as H<H.. This was shown by the following 
experiment: A hollow lead sphere enclosed in a glass 
envelope containing gaseous helium (filled to one mm 
pressure at room temperature) was supported by a set 
of magnets of the type pictured in Fig. 7(b). The 
Dewar with the supported sphere was inserted into the 
stator of a } horsepower, split-phase, ac motor, produc- 
ing a 60-cycle rotating magnetic field of up to 30 gauss 
at the center. This field was strong enough to spin the 
sphere rapidly while still in normal state, resting on the 
bottom of the glass envelope. However, if the field was 
applied after the sphere was made superconducting and 
floating free above the magnetic support, not the slight- 
est rotation could be produced by the revolving field. 

This is in accordance with earlier measurements of 
Condon and Maxwell’ and of Fritz, Gonzalez, and 
Johnston,® obtained by means of torsional oscillations 
of superconducting spheres in transverse magnetic 
fields. Also in agreement with these measurements is 
our observation that there is always an excessive 
damping of angular velocity of a magnetically-sup- 
ported, rotating sphere possessing a frozen-in moment 
when it is exposed to an additional transverse magnetic 
field (even if H<H.). 


7 E. U. Condon and E. Maxwell, Phys. Rev. 76, 578 (1949). 
8 Fritz, Gonzalez, and Johnston, Phys. Rev. 80, 894 (1950). 
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Fic. 8. Deceleration of rotating spheres supported in gaseous 
helium at different pressures (all at 4.2°K). 























During the experiments with the superconducting 
support, it was sometimes difficult to cool the hollow 
spheres below transition temperature without freezing- 
in some permanent magnetic moment. It was also 
impossible to realize perfectly axially-symmetric sup- 
porting fields. These two imperfections combined to 
cause in the first place a directional couple acting on the 
sphere and, secondly, a damping effect of the kind 
already described in the preceding section. 

Most of the experiments were performed with spheres 
enclosed in glass envelopes filled with gaseous helium to 
provide heat transfer. Consequently, with the sphere 
rotating, its kinetic energy was dissipated by the vis- 
cous drag of the gas. The angular velocity w decreases 
with time / according to an exponential law: 


w= wy exp(—!/T). (4) 


Here w» denotes the initial angular velocity and T=//D, 
I being the moment of inertia and D the total viscous 
torque acting on the sphere. For a sphere of radius R; 
rotating within a concentric spherical shell of a radius 
Rs, 

D= 31’ R,*/4d, 


where 7’ is the apparent coefficient of viscosity of the 
medium between the spheres and d= R.— R,. This holds 
true for gases at moderate pressures. At very low pres- 
sures, when the mean-free path becomes comparable to 
d, Knudsen’s formula should be used.° 

We have measured deceleration of rotating spheres 
in gaseous helium at different pressures in the “normal”’ 
range. All of the logarithmic plots (Fig. 8) are straight 
lines of equal slope, indicating independence of viscosity 
on pressure, in agreement with the kinetic theory of 
gases. ~ 

In these experiments, the initial momentum was im- 








9 M. Knudsen, Kinetic Theory of Gases (Methuen and Company, 
London, 1934), p, 31, 
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parted to the sphere by raising the envelope and thrust- 
ing it down into the magnetic field with a twisting mo- 
tion. Only slow speeds could be produced in this way; a 
few experiments were performed with a motor-driven 
apparatus with speeds up to 600 rpm. Once started, the 
sphere continues to rotate with exponentially decreasing 
velocity until its remaining kinetic energy equals the 
potential hump of the combined asymmetries of the 
supporting field and the sphere. From then on, it per- 
forms torsional librations with diminishing amplitudes. 
This was invariably the outcome of all our experiments, 
because we have not succeeded yet in removing the 
asymmetries to a sufficient degree. 

Theabsolute amount of friction involved in rotation of 
a supported, superconducting sphere is extremely small. 
For instance, a sphere of 1.32 cm diameter, weighing 
1.75 g, started with initial kinetic energy of a mere 3.9 
ergs (J=0.29 g cm?, wo=5.2 sec!) slowed down to half 
of the initial velocity after 21 minutes of rotation. The 
pressure of helium gas was approximately 0.50-mm 
mercury (at 4.2°K), and its apparent viscosity cal- 
culated from these data was 7=1.7X10- poise, as 
compared with the value of 1.4X10~° reported by van 
Itterbeek and Keesom.'® No great accuracy is claimed 
for our figure, mainly because of uncertainty in deter- 
mination of d. 

Attempts to remove the viscous drag by pumping off 
the gas were unsuccessful. When the pressure was 
lowered far enough to decrease substantially the vis- 
cosity of the gas, its coefficient of heat conductivity di- 
minished in the same proportion and the sphere became 
thermally isolated while suspended in vacuum. The heat 
influx by radiation from the warmer parts of the appa- 
ratus and through the observation slots in the Dewars 
was then sufficient to warm up the superconducting 
sphere above the transition point in the relatively short 
time of a few minutes. If a complete shielding against 
radiation were achieved, the visual observation of the 
sphere would become ultimately impossible. This may 
be considered as a consequence of a generalized Heisen- 
berg’s principle on a macroscopic scale. 
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A theory of the reverse characteristic of high inverse voltage germanium rectifiers is developed, which 
takes account of the radial symmetry of the point contact and the presence of positive holes in the “inversion 
region”’ of the semiconductor. The field at the metal is found to consist of three components. The first com- 
ponent varies inversely with the radius of the contact and directly with the applied voltage for larger 
voltages. The second component is produced by the impurity centers and varies approximately as the cube 
root of the voltage. The third component is produced by the positive holes in the inversion region and is 
approximately constant. This last component lowers the effective barrier height for rectifiers made of very 
pure material. The first is the more important of the variable components and is responsible for increases in 
current resulting from image force and tunnel effect at high voltages. In the former case the logarithm of the 
current varies as V} and in the latter as V? approximately. 

Current-voltage curves of the predicted forms have been found experimentally using short rectangular 
pulses varying in length from 2 to 10 usec to minimize thermal effects. Where possible, barrier heights are 
determined by measurements over a range of temperatures and detailed numerical comparisons of.-theoretical 
and experimental data are made. The two sets of data are in remarkably good agreement thus implying that 





the theoretical picture is essentially correct. 





1. INTRODUCTION 


HE characteristics of high inverse voltage ger- 

manium rectifiers have been discussed in con- 
siderable detail in the literature and a summary of 
experimental results has been given by Benzer.' In his 
discussion of the reverse characteristic, Benzer divides 
the current into the following components: 


(1) A saturation current which reaches a constant 
value at low voltage. 

(2) A component which increases linearly with 
voltage. 

(3) A component which increases more rapidly than 
linearly with voltage. 


The first two components have been discussed in some 
detail. Bardeen and Brattain® suggest that the first 
component may be the result of the motion of holes 
from the semiconductor to the metal point contact and 
that surface effects may account for the magnitude of 
the current. The second component is usually considered 
to result from the presence of small areas of low barrier 
height in the contact between the metal and the semi- 
conductor.’ It has also been suggested’ that the third 
component may be the result of non-uniformity of the 
barrier. It is the purpose of this paper to investigate 
theoretically two other possible causes of components 
(2) and (3), namely the field resulting from the geometry 
of the contact and the presence of large numbers of 
positive holes in the “inversion region” of the semicon- 
ductor immediately adjacent to the metal. Experi- 
mental data, obtained by pulse methods to minimize 
thermal effects, are analysed in the light of the theo- 
retical predictions and detailed numerical comparisons 
are given. 


1S. Benzer, J. Appl. Phys. 20, 804 (1949). 
2 J. Bardeen and W. H. Brattain, Phys. Rev. 75, 1208 (1949). 
§ Johnson, Smith, and Yearian, J. Appl. Phys. 21, 283 (1950). 
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2. SHAPE OF THE BARRIER WITH NO VOLTAGE 
APPLIED 


The generally accepted picture of the barrier at the 
surface of germanium is shown in Fig. 1, which is taken 
from the important paper of Bardeen and Brattain.? 
The region to the left of the dotted line is an “inversion 
region” of the type described by Schottky and Spenke.‘ 
It will contain many more holes per unit volume than 
the body of the semiconductor. The presence of these 
holes,—if they exist in sufficient numbers,—will have a 
pronounced influence on the shape of the barrier. A 
calculation of barrier shape taking account of this effect 
may be made quite readily and is carried out below. 

We first establish approximate values for the quanti- 
ties shown in Fig. 1. For germanium the energy gap 
(¢.+¢,) is usually taken to be 0.72 ev. A comparison of 
the number of electrons in the conduction band of the 
semiconductor with the number having energies in the 
same range in the metal® gives a value of 0.28 ev for 
0, the value of ¢, in the body of the semiconductor, 
if the number of free electrons mp is 4X 10"/cc and the 
number of holes pp» is 10"/cc, corresponding to a resis- 
tivity of 4.5 ohm cm.® Hence @yo, the value of $» in 
the body of the germanium, is 0.44 ev. For ¢,=0.65 
ev (¢,=0.37 ev) the number of holes/cc at the metal, 
Pm, is about 2X 10'8/cc and even for the relatively low 
barrier height, ¢,=0.57 ev, pm=10'7/cc. This relatively 
large mobile charge probably makes the barrier more 
uniform than would otherwise be the case and may 
account, in part, for the high inverse voltage ratings 
obtainable with these rectifiers. 

To illustrate the influence of holes on the barrier 
shape we consider a one-dimensional model. If we then 


4W. Schottky and E. Spenke, Wiss. Veroffentl. Siemens— 
Werken 18, 225 (1939). 

5N. F. Mott and R. W. Gurney, Electronic Processes in Ionic 
Crystals (Clarendon Press, Oxford, 1940), p. 175. 

6 J. Bardeen, Bell System Tech. J. 29, 485 (1950). 
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Fic. 1. Schematic energy level diagram of barrier layer at 
germanium surface showing inversion layer of p-type conducti- 
vity. 


take the zero of energy at the bottom of the conduction 
band in the body of the semiconductor, we have: 


@o/dx*= (42e?/ e)[ no —potCrT! exp{(¢not ¢), RT} 
—C.T! exp{(—¢.0—4)/kT}] 
= (42re"/ €)[/no — mo exp( —/kT) 
— pot po exp(¢/kT)], (1) 


in which x is the distance measured into the semicon- 
ductor from the metal, ¢ is the energy of the bottom of 
the conduction band, m» is the number of free electrons 
and po the number of free holes in the bulk material. 
my is approximately equal to the number of donor im- 
purities at ordinary temperatures. ¢ is the dielectric con- 
stant and T the absolute temperature. As outlined in 
reference 2, 


Ce~Cr~2(2a4mk/h?)i~5X 10" 
no=C,.T! exp(—¢e0/kT) 
and 
po=CrT! exp( —¢i0/kT). 


Integration of (1) with the condition that d¢/dx=0 
when ¢=0 gives: 


(dp/dx)? = (8me?/ €)[(no — po) — (not po) kT 
+kT no exp( —o/kT)+hT po exp(o/kT)], (2) 
dy/dx= —((8me?/ekT){ (no — po)y — (not po) 
+noe~¥+ poe} }!, (3) 


where y= $/k7, and the minus sign must be chosen to 
satisfy the physical conditions. Equation (3) has been 
integrated numerically on the assumption that ¢,= 0.40 
ev (y»= 16) to give curve A of Fig. 2. Curve B shows a 
“natural” barrier in which the space charge in the semi- 
conductor is assumed to be produced by impurity centers 
only. The field strength near the metal is very much 
larger when the presence of holes in the inversion region 
is taken into account. Results of calculations of this 
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type for a different value of ¢, have been published 
recently.” 


3. BARRIER FIELD FOR LARGE REVERSE VOLTAGES 


The magnitude of the field in the region near the 
metal suggests the possibility of tunnel effect or strong 
field emission (Schottky effect) when large reverse 
voltages are applied. Under this application of reverse 
voltages holes will migrate from the body of the ger- 
manium to the metal. If we then take more accurate 
account of the geometry of the point contact than in 
Sec. 2, the following relations may be assumed to hold: 


ip=2areporp = 2xr’|_pev —eD(dp/dr) |, (4) 
d*p/dr?+-(2/r)(do/dr) = (4me*/ €)(p+-no). (5) 


In Eq. (5) the charge of the conduction electrons in the 
barrier region and of the acceptors has been neglected 
since these quantities are both small compared to the 
number of holes p and the number of donors no. 7p is the 
hole current; 7; is the radius of the barrier-semicon- 
ductor interface; vp is the velocity of diffusion of holes 
from the body of the semiconductor to the barrier (see 
reference 2, p. 1222); vis the drift velocity of holes in the 
barrier region and D is a diffusion constant. In view of 
the results of Ryder and Shockley,*:® it will be assumed 
that v is constant and ~10’ cm/sec. To estimate the 
behavior of D in the barrier region is more difficult. The 
behavior of v implies a decrease in mobility but there is 
an accompanying increase in carrier temperature,’ so 
that perhaps the most reasonable assumption,—which 
will be made here,—is that D remains approximately 
constant. This has the advantage of simplifying the 
mathematics considerably. Also, in view of the short- 
ness of the mean free path because of collisions between 
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Fic. 2. One-dimensional diagram of barrier layer, A—taking 
account of both positive holes in the inversion layer and impurity 
centers, B—taking account of impurity centers only. 


7 W. Bésenberg and E. Fues. Z. Naturforsch. 6a 741 (1951). 
8 E. J. Ryder and W. Shockley, Phys. Rev. 81, 139 (1951). 
® W. Shockely, Bell. System Tech. J. 30, 990 (1951). 
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holes and optical vibrations of the lattice, it is assumed 
that (4) holds through most of the barrier. 

In the simple model considered here the change of 
hole velocity from vp to v is assumed to take place sud- 
denly at radius r;, so that to satisfy the current contin- 
uity relation there will also be a sudden change in the 
number of holes there. The hole distribution used is 
that given by the full line of Fig. 3 while the true dis- 
tribution probably follows a line such as that shown 
dashed between A and B. To take account of this mathe- ? A B 
matically would complicate the calculation consider- fis ® — J 
ably and the error introduced by the approximation is - ' 
probably quite small. The hole densities at B are related —— 
by the expression 101= povp. 

Integrating (4) we obtain METAL SEMICONDUCTOR 


[p exp{—vr/D) ]’r0 


> 
3 
| 


NUMBER OF HOLES/c.c. 














Fic. 3. Schematic diagram of positive hole distribution in 
barrier layer. The full line represents the form of distribution used 


=~ (poror/D) [ [exp(—wr/D)(dr/1t) inthis per, 
= whence 
p= exp(or/D)| Pa exp(—7r9/D) [r(do/dr)+¢ ]"ro 7 
: = (47e?/ ol naire rin/r+ f prar|, (8) 
— (povort/D) [ Cexp(—er/DYKar/*4)]. (6) waitin 
ro at r=r,, dd/dr=0, and ¢=eV —¢,, where V is the 
Alsb from (5) applied voltage. At r=1o, = $n, do/dr= Fo. 


; Substituting these conditions and combining (6) and 
(r(d?o/dr*)+do/dr ]+do/dr=(4ne?/e)r(p+no), (7) (8): 





eV—b.—b0—roFo= (4ne/0)| malt nt)/2+ pm exp(—sro/D) f “{exp(or/D) rar 
—(povpr?/D) f "rlexp(r/D) J _{exp(—m/D))(ar/1) 
(¢/Anet)(eV —,—roF a) = no(r?—rat)/2+[(Dpm/0) exp(—2r0/D)IE(r1— D/2) exp(ors/D)— (ro— D/t) exp(ore/D)] 
- (poor) (rs D/2) exp(ors/D) f ~ (exp(-Wr/D)\(ar/#)- log(r1/ro)+(D/2)(1/r0— vn) (9) 


Once r; has been determined this equation can be used to obtain the magnitude of the field Fo (in ev/cm) at the 
metal. To determine 7; we integrate (7) between the limits r and r; obtaining: 


(eV —$.)—r(do/dr)— p= (4re"/ ol matre—y/24- f prar| (10) 
(€/4me*)[r(do/dr)+¢]= («/4e4\(€V — 4.) —no(r—*)/2— paLexp(—0re/D)] f [exp(vr/D) |rdr 

+ (potor'/D) f rLexp(or/D)f [exp(—vr/D) ](dr/r)?. 
Integrating again ‘ ; 


(€/4me*) [1 ]"'ro= (€/4 re?) (EV — b.)(11— 70) — MoL_r’r/2—1°/6 ]"ro— Pm exp(— wro/D)If J Lexp(vr/D) |r(dr)? 


+ (petorit/D) f f rLexp(or/D)1f Lexp(—vr/D) \(dr/#)*dr. (11) 
TO r TO 
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The integrations shown are elementary but tedious and lead to the following equation for 7, 


(€/4me*)(@,—eV )ro— nors*(11— 70) /2+-no(71>— 10°) /6— (pmD/v)Lexpr(r1— 1r0)/D ]L(r1— D/v) (11 — ro— D/0) + D?/ 0? 7] 


— (pmD*/v*)(r¢— 2D/v)+ (povor?/v)Lexp(or,/D) JL (r1— D/2) (11 — ro — D/v) + D “if [exp(—vr/D) |(dr/r?) 


+ (2porpDr;?/v) log(r1/ro)+ (pornr*ro/v) log(r1/r0) — Lpovnri(ri— ro) /2r0 JL (2D?/2v?) + (Dro/v)+ror1]=0. (12) 


The following values are chosen tentatively for the 
constant factors in (12): e=16, ro=5X10- cm, 
no=4X 10", p= 10'7/cc, v= —10" cm/sec, po= 10"/cc, 
vp= —5000 cm/sec, D=50 cm?/sec, the value applying 
in the body of the germanium. If we now assume that 
r,; is about 10-* cm,—a reasonable value in view of 
results obtained in the case of a “natural barrier’’,— 
the relative importance of the terms of (12) may be 
evaluated. Taking account of significant terms only, 


(€/4me*)(@, —eV) ro — nor 7(r71, — 170) /2 
+ no(r? —16°)/6 — pmroD?/v?=0. (13) 


For voltages greater than 10, with which we shall be 
concerned, the fourth term of (13) may be neglected. 
The resulting equation for 7; is that which would be 
obtained if the presence of holes in the barrier region 
were neglected. Thus for these higher reverse voltages, 
the holes in the inversion region change the barrier shape 
appreciably but the variation in its thickness is small. 
This is, of course, due to the fact that the inversion 
layer is very thin so that, in spite of the high density of 
holes, the total number of holes there is small. This 
result might have been expected in view of the one 
dimensional picture shown in Fig. 2. 

Dropping the fourth term in (13) and rewriting with 
x=1;1/To, , 


2x3 —3x°-[3¢(@,—eV)/2renor? |+1=0 (14) 
or, following substitution of numerical values, 
2x3 —3x? -[(¢, —eV)/2.0 ]+1=0, (15) 


where @¢, and eV are in electron volts. 

This equation may be solved by the standard method 
(Cardan’s solution) to give the following result, accur- 
ate to within a few percent for reverse voltages greater 
than 10 volts, 


x=91/ro=[(—2V)#+(-2V)-$+1]/2. (16) 


Typical values of 7; (assuming 7>=5X10~ cm) are 
shown in Table I. The validity of the approximations 
used in obtaining Eq. (13) is readily confirmed for these 
values of r;. 

It is now possible to determine the field at the metal 
from Eq. (9). Using the previously listed numerical 


TABLE I. Outer radius of barrier for different applied voltages. 








Applied voltage V —32 —108 —256' —500 
Barrier radius r; (cmX 10°) 1.32 1.79 2.28 2.77 











values and ry>~2X 10~ cm, it can be readily shown that 


Fo= —(62—eV)/ro— 2e’no(r12 —102)/ ero 
+41e?pmD/ev=F\+F2+F3, (17) 


the remaining terms of (9) being negligible. The terms 
F,, F2, and F; are the result of the applied voltage, the 
impurity centers and the positive hole space charge, 
respectively. In this approximation F; is constant in- 
dependent of the applied voltage. Its magnitude is 
about 10* ev/cm for p,,=10'8/cc. All terms of (17) are 
negative since V and v are negative under reverse 
voltage conditions. 

In obtaining (17) the tendency of image force to in- 
crease the number of positive holes near the metal has 
been ignored since at distances from the metal of the 
order of a lattice spacing the magnitude of image force 
becomes very uncertain. In view of other uncertainties 
and assumptions mentioned above the image force 
term may be considered to be absorbed into F;. As far 
as electron flow over the barrier is concerned, however, 
image force plays a major role. This is considered in the 
following section. 


4. CURRENT FLOW FOR LARGE REVERSE VOLTAGES 


In this section we calculate the electron flow from 
metal to semiconductor taking account of tunnel effect 
and strong field emission on the following assumptions: 


(a) The number of electrons flowing against the field 
from semiconductor to metal is negligible. This must be 
so since we consider only voltages greater than 10. 

(b) Surface flow of holes has negligible effect on the 
barrier shape. Such surface flow may be responsible for 
the saturation current as suggested by Bardeen and 
Brattain, but the space charge of the holes carrying 
such a small current will be negligible compared to that 
which produces F3. 

(c) The field is constant over the region of the barrier 
for which tunnel! effect and strong field emission are 
important, (i.e., for r—r9<10-* cm). This is obviously a 
good approximation as far as F,; and F2 are concerned 
but needs closer consideration in the case of F3;. The 
field resulting from this component at distance r is 
actually F; exp[v(r —ro)/D], as can be shown by further 
manipulation of the equations of Sec. 3, and this does 
not differ appreciably from F; for r—r9<10~* cm. 

The form of the barrier is shown schematically in 
Fig. 4. A one-dimensional model is used _ since 


x=r—19<10-* cm. The full curved line represents the 
barrier when image force is taken into account. Its 
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equation is: 
V=$.+ Fox —e*/4ex. (18) 


Strictly speaking the infrared dielectric constant should 
be used. For germanium this is equal to € to within a 
few percent, however. 

For the reason outlined at the end of Sec. 3 the shape 
of the barrier between x=0 and x=5X10-* cm 
probably has little significance. Except for very strong 
fields it may probably be assumed, however, that the 
macroscopic image force formula of Eq. (18) holds at 


m= (e/2)(—Foe)—. Hence the barrier height is about _ 


on=o.—e( —F,/«)'. 

The ratio of the number of electrons of energy W 
transmitted through the barrier to the number incident 
upon it is called the transparency. It may be determined 
approximately by the W. K. B. method and is given by” 


r=exo|-2f 2m(v—my/iey as (19) 


where x, and x2 are defined in Fig. 4. This cannot be 
integrated in finite terms for the value of V given by (18) 
and an approximate form for the barrier, OA DC of Fig. 
4, has been chosen. The transparency for the rectangular 
section OADE may be calculated exactly.'® It does not 
vary very much over the top quarter of the barrier and 
varies much more slowly with applied voltage than the 
transparency of the triangular section DEC. In view of 

















Fic. 4. Schematic energy diagram of barrier layer showing the 
effect of image force. The approximate form of barrier used in this 
paper is OA DC. 


this our procedure will be to attempt to find, approxi- 
mately, the way in which the number of electrons 
penetrating the triangular barrier varies with applied 
voltage and to determine numerically whether, at high 
field strengths, the magnitude of this component is 
appreciable compared with that which passes over it. 


The transparency of the triangular section deter- 
mined, using (19), is 


zo—W (20— 2m) /om 
T= exp| —2(2m/ne) [bm(to—2)/(%0— tm) — was| 


m 


= exp{ — (2m/h*)*[4(dm—W)!(xo— 2m) /3hm J}. (20) 


The number of electrons crossing unit area of the barrier from metal to semiconductor in unit time is, therefore, 


om 
n.= (emer) a f exp{ —W/kT— (2m/h?)'[4(m—W)}(xo— %m)/36m ]}dW+ 
0 


Here the transparency is assumed equal to unity for 
W >» and the factor A resulting from the rectangular 
part of the barrier is taken outside the integral, since it 
varies relatively slowly with W over the range of inter- 
est. Also, since this range includes the top third of the 
barrier or less, the Boltzmann distribution is used. 
From (21) the electron current per unit area becomes 


i=[4rem(kT)*/h® | exp(— om/kT) 
om/kt 
x[4 [7 expty—also—am)»"/onddy+t}, (22) 
0 


a= (4/3)[8x2m(kT)3/h2}!, bm=¢.—e(| Fol /6)}, 
y= (bm—W)/kT. 
10 N. F. Mott and I. N. Sneddon, Wave Mechanics and its A ppli- 


cations (Clarendon Press, Oxford, 1948); B. Jeffreys, Proc. Cam- 
bridge Phil. Soc. 38, 401 (1942). 


exp(— wera | (21) 


dm 





The integral in (22) may be evaluated numerically or 
approximately by expansion about the maximum value 
of the function. The latter method, which is similar to 
the well-known method of steepest descents, leads to 
the following expression for the integral, 


I~ (42'$m| Fo| )/3a¢ «] 
Xexp{(4/27)[bmFo/ads}}, (23) 


~0.8X 10-| Fo| exp[1.6 10-"F,?], (24) 


where F* is expressed in ev/cm. J has values of 0.8 and 
5.0 for Fo equal to 10° and 5X 10° ev/cm, respectively. 
Since A is about 0.2, the integral term of (22) may thus 
be neglected for fields less than 5X 10° ev/cm. For larger 
fields J increases very rapidly. It is fortunate that both 
the W.K.B. method and the expansion method em- 
ployed in obtaining (23) become reasonably accurate 
for fields of the order of 10° ev/cm, so that (23) may be 
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used to obtain some idea of the form of the reverse 
characteristic if such high fields exist in the germanium. 

In order to determine the form of characteristic 
predicted by (22) we must estimate the magnitudes and 
variation with applied voltage of the terms of (17). For 
voltages greater than 10, F; is substantially proportional 
to the applied voltage, and we may put F\=e8V/ro 
where @ is a factor, discussed by Schottky," to allow 
for irregularities on the whisker surface. For lower 
voltages, when F; is the dominant term of (17), 6 is 
probably about unity, since holes near the whisker will 
tend to smooth out variations in field strength over the 
whisker surface. Electrons will then flow into the ger- 
manium from all parts of this surface. For voltages at 
which the field strength at isolated points on the whisker 
surface becomes greater than F3, 6 will begin to increase 
and it will level off at a constant value when F, becomes 
the dominant term in (17). Under this high applied 
voltage the effective contact area will be reduced. 

The term F», calculated using (16) is plotted in Fig. 5. 
For voltages between 10 and 50 it may be assumed to 
follow the dashed straight line, so that F2= 25000+ 1500 
V. The fixed term may be added to F;. The term pro- 
portional to V may be added to F;, to which it compares 
in magnitude at low voltages. At higher voltages, how- 
ever, when the factor 8 becomes appreciably greater 
than unity and the slope of Fig. 5 decreases, this com- 
ponent is small compared to F; and may be neglected. 

Summarizing, the field at the metal consists of a 
fixed term and a term which varies approximately di- 
rectly with voltage. The former is probably between 
10° and 10° ev/cm; the latter is V[(1/ro) +1500] at low 
voltages and BV /ro at high voltages. 

We may now predict the general form of the reverse 
characteristic, correlating it with the purity of the 
material and the height of the barrier as determined by 
measurements at different temperatures. Since the 
predicted characteristic for |Fo|<|F»| will be quite 
different from that for |Fo|>|F.|, where |F,| is 
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Fic. 5. Field produced at metal by impurity center charge, 
as a function of applied voltage. 


" W. Schottky, Z. Physik 14, 63 (1923). 


roughly 510° ev/cm, we consider the two regions 
separately. 


(a) Low Field Region 


Here the integral term of (22) may be neglected and 
we have 


i:=[4rem(kT)*/h®] expl —d.+e(|Fo|/e)#)/kT. (25) 


In the lower range of applied voltages for good rectifiers, 
the fixed part F; of Fo is considerably larger than the 
linear part F,(F2 has now been absorbed into F; and 
F;) and (25) may be expressed 


i:=[4rem(kT)?/h* \Lexp( —dmo/kT) | 
X(1+(eFs!/2kT )(Fi/Fs)], (26) 
where 


dmo= os —e(| F3| /e)?. 


Hence i varies linearly with voltage in this region. At 
higher voltages F; becomes appreciably larger than F; 
and a plot of logi vs V* should then be linear. At still 
higher voltages the number of electrons crossing the 
barrier will become so large that their space charge will 
affect the shape of the barrier. The slope of the curve of 
logi vs V' should then decrease. This will occur when 
i= env with n of order 10'*/cc. For v= 107 cm/sec and 
contact area 10~* cm? this is about 10 ma. 

For poorer rectifiers with low barrier heights, F; may 
be negligible compared with F, for applied voltages 
greater than 10. The Schottky (logi vs V4) plot should 
then be linear down to relatively low voltages (of order 
20) and a linear region, if it occurs may be merely a 
transition from the saturation to the Schottky region. 


(b) High Field Region 


In this case the linear part of the characteristic will 
stil! occur. If the term in (22) containing the integral is 
small compared with unity at low voltages, Eq. (26) 
will still apply for the linear component. If, however, 
the integral term is large compared with unity, the 
current in (26) will be multiplied by an extra factor. 
Using (22) and (23) with Fi<F; we obtain 


in=ir(4e'A/3)(QF3)(1+F:/F3 ]Lexp(40°F;?/27)], (27) 
where 
QO= (3m/4¢ 2€)Lh?/82*m(kT)* }}, (28) 


A is the factor, previously defined, for the rectangular 
part of the barrier. The slope of the linear section will 
thus be greater than that of a good unit showing 
Schottky effect only. 

For larger applied voltages, when F; exceeds F3, the 
exponential term of (23) will then vary much more 
rapidly than the linear term of (23) or the Schottky 
term [exp(—@m/kT) ] of (22). Hence 


i=JT* exp (—¢m/kT)+(BV?/T*)], (29) 
where J and B are constants. Thus a plot of log(i7—?) 
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against V? should be linear. The variation of logi with 
temperature for constant applied voltage will depend 
upon the relative magnitudes of the terms in the square 
bracket. In practical cases the first term will dominate 
as the reverse current would otherwise be excessive. 
Hence the variation of logi with temperature should be 
similar to that given by (25). 

Some idea of the relation between the values of om 
and the lengths of the linear sections in the two cases 
may also be obtained. Tunnel effect will probably play a 
part only in those units having high thin barriers and 


small currents. Hence the fixed field F; will be larger for - 


these units than for those showing Schottky effect alone 
and their linear component will exist over a wider volt- 
age range. Thus, if the linear part of the characteristic 
can be ascribed to the mechanism mentioned, its length 
should be greatest for the best rectifiers. 

The extent to which characteristics obtained experi- 
mentally confirm these predictions is considered in the 
following section. 


5. EXPERIMENTAL RESULTS 


In this section results obtained on a dozen commercial 
rectifiers, tested at room temperature are summarized. 
Characteristics of three units were taken at several 
different temperatures to determine activation energies. 
Most of the units were 11V34’s or 1N39’s made by two 
manufacturers, but isolated examples of other types 
(e.g., 1N'63’s) were also tested. All units tested fitted into 
one of the classifications described below and the 
characteristics are believed to be intrinsic properties of 
high inverse voltage germanium rectifiers and not the 
result of a particular manufacturing technique. 

The theoretical developments of preceding sections 
take no account of thermal effects at the point contact 
and these effects must, if possible, be eliminated by the 
experimental method. In an attempt to do this, the 
applied voltage was applied in short pulses, the duration 
of which could be varied from 2 to 10 usec, at the rate 
of one per second. Current and voltage were measured 
oscillographically. The results obtained at the two ex- 
tremes of pulse length did not differ and no detectable 
rise in current occurred during the time of application 
of each pulse, even at the highest voltages. Thus, heat- 
ing effects, if they occur, seem to be relatively small. 

The linear component which appears in dc results 
occurs also under pulse conditions in many cases and has 
a slope of about 0.3 wa/volt for the best rectifiers tested. 
This compares with values of 0.5 wa/volt or higher ob- 
tained under steady current conditions. The difference 
is apparently due to thermal effects. A slight initial 
drift under dc conditions is in fact discernible at the low 
value of 5 volts. For some good rectifiers at room tem- 
peratures this linear region may extend from 10 to 50 
volts or somewhat higher, while for others, almost as 
good, it may be quite short or missing entirely. For 
poorer rectifiers there is usually no linear section under 
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Fic. 6. Schottky plot of reverse current, under pulse conditions, 
of a good commercial rectifier (1N39) showing the decrease in 
slope owing to the charge of the conduction band electrons. 


pulse conditions although thermal effects may make part 
of the characteristic essentially linear under de condi- 
tions. 

Above 50 volts the slope increases. Defining i, as the 
zero voltage intercept, which should be approximately 
equal to the saturation current, we may plot log(i—i,) 
against V}. A straight line results over a considerable 
range for many units. A typical example is shown in Fig. 
6. The linear part of the Schottky plot commences at 
from 50 to 100 volts. The slope of the curve begins to 
decrease when the current has reached a value of 10 or 
20 ma, as predicted. It will be noted that under these 
pulse conditions, the rectifier operates satisfactorily at 
much higher voltages than its dc turnover voltage. This 
is characteristic of all the units tested and apparently 
confirms the suggestion’? that breakdown in these de- 
vices is the result of heating. 

Plots similar to Fig. 6 have been made for different 
temperatures for 1N39’s and 1N34’s which showed pro- 
nounced Schottky effect. Some typical preliminary re- 
sults for a 139 are replotted in Fig. 7. These give 
activation energies of 0.19 ev and 0.30 ev at 196 and 
64 volts, respectively. Using (25), with Fo=8V/ro the 
height of the barrier with no voltage applied may be 
calculated. This is ¢, of Fig. 1 and its value is 0.45 ev 
approximately. This is so low that the calculated value 
of F;, the fixed field, is negligible. Corroborative evi- 
dence is the fact that the ordinary reverse character- 
istic has no appreciable linear section. 

Data obtained for 1N34’s are qualitatively similar to 
the above but the barrier height is lower. One unit of 
this type gave 0.28 ev for the zero voltage barrier height. 
At 150 v the barrier height is 0.1 ev. 

Whether there exist units having appreciable linear 
sections at low voltage and Schottky regions at high 
voltage has not yet been ascertained. Many character- 


#1. P. Hunter, Phys. Rev. 81, 151 (1951). 
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Fic. 7. Activation energy plots for a good rectifier (1N39) 
showing strong field emission (Schottky effect). 


istics which appear linear over short ranges of voltage 
may merely be the result of the transition from the sat- 
uration part to the Schottky part of the characteristic. 
Thus, (26) has been neither verified nor disproved ex- 
perimentally. 

Three units have been found in which the linear part 
of the characteristic extends from about 20 to 80 volts 
as shown for one unit in Fig. 8. The slope of the linear 
part at room temperature is about 3 wa/volt. The slopes 
of the Schottky plots in these cases are constant from 
60 to 100 volts approximately but then increase as 
shown, for one unit, in curve A of Fig. 9. The logarithms 
of these higher values are plotted against V? in curve C 
and indicate that the increase of current in this region is 
probably caused by tunnel effect. Plots of logi against 
V and V* (curves B and D) confirm that the V? curve 
gives the closest approach to a straight line. 

In view of the above it should probably be assumed 
that the linear part of the Schottky plot in Fig. 9 has no 
special significance and merely occurs during the transi- 
tion from a linear i—V characteristic to a “tunnel 
effect” curve. The “Schottky region” does, in fact, 
occur at a lower voltage than it would if the unit showed 
a true Schottky effect. 

The range of voltage in the above measurements was 
limited in order to improve sensitivity at lower voltages. 
In order to ascertain whether or not the expected 
decrease in slope of the tunnel effect curve occurred at 
larger currents, the apparatus was altered temporarily 
and curve E of Fig. 9 taken on one of the units. It shows 
the predicted drop at about 6 ma. 

The form of (22) with (23) substituted for the integral 
is so complicated that only the order of the slope of a 
(logit vs V*) plot can be predicted. If the temperature 
variation of the exponential term of (27) is ignored, how- 
ever, the barrier height can be obtained by plotting log 
[slope linear part/T] against 1/7, as can be readily 
seen from (26). (It is shown in the following section that 
the above procedure is probably acceptable). One unit 
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unit analyzed in this manner had a barrier height of 
0.45 ev approximately. This quantity is ¢,—e(|F3|/«)! 
and is thus different from the barrier height determined 
from a Schottky plot. 

A plot of log(i7—') vs (1/T) gives a straight line, 
within the experimental error, but a (1/7*) plot gives a 
result practically as good. Thus, the statement made in 
connection with (29) cannot be confirmed by a plot of 
this type using the data at present available. The mag- 
nitudes of the factors in the square bracket of (29) can, 
however, be determined and the statement confirmed in 
this manner. This is done in the following section. 

It must be emphasized that all of the above results 
are of a preliminary nature and that more accurate 
measurements over wider ranges of voltage and temper- 
ature should be made to confirm them completely. 
Also, in order to eliminate thermal effects positively, 
single pulse methods are desirable. The general trend of 
the experimental curves described in this section do 
seem to confirm the theoretical predictions fairly well, 
however. It remains to determine whether or not numer- 
ical values of slopes and magnitudes involved are of the 
correct order and consistent among themselves. 


6. NUMERICAL VALUES 
(a) Units Showing Schottky Effect 


We first consider the magnitude of the slope of the 
Schottky plot in Fig. 6. Using Eq. (25) with F; 
= eBV/ro substituted for Fo, the slope of Fig. 6 becomes 
0.435 (B/ro)! (300e/e)!/kT. The measured value is 
0.225. Putting ro>=5X10~ we obtain 8-8, which is 
quite a reasonable value. Using the same value of 10, 
values of 8 ranging from 5 to 8 have been found for 
1N39’s and from 5 to 12 for 1V34’s. The number of 
tests made has not been large enough to determine 
whether whisker radius and roughness are factors in 
determining differences between 1.V39’s and 1134’s, 
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Fic. 8. Reverse characteristics, under pulse conditions, 
for a good rectifier having an appreciable linear section. 
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but, in view of the differences in barrier height men- 
tioned in Sec. 5, this seems unlikely. 

The magnitude of the current for the unit of Fig. 7, 
calculated for a contact area of 10~* cm? using (25) and 
the experimental values of barrier height, is a factor 10 
or so larger than that obtained experimentally. Pre- 
sumably, a factor of this order should be allowed to 
account for the fact that the experimentally measured 
current does not come from all parts of the whisker, so 
that the two results agree. 


(b) Units Showing Tunnel Effect 


The theoretical value of the slope of the (Ini vs V?) 


curve is, using (24), 1.6 10~(8/ro)”. The experimental 
value obtained from curve C of Fig. 9 is 0.5X10—. For 
ro=5X10~ this leads to B=3, a satisfactory value. 

Using the experimental value above for the slope the 
exponential term in (23) or (24) is found to be exp(2.3) 
at 200 volts. The variation of this term over the range 
of temperatures used is fairly small so that the pro- 
cedure above in which the temperature variation of the 
second term of (29) was ignored is probably justified. 

The fact that curve C of Fig. 9 becomes linear be- 
tween 150 and 200 volts indicates that the fixed field 
F; is probably between 100(8/ro) and 150(8/ro) or be- 
tween 6X 10° and 9X10° ev/cm. The reduction in the 
barrier owing to image force, with no voltage applied, 
is e(|300F;| /€)! or 0.09 ev, approximately. There is a 
further effective reduction of between kT and 2kT 
because of tunnel effect before the experimental value 
of 0.45 ev is obtained. Hence the “true” barrier height is 
of the order of 0.6 ev. Using the data given at the be- 
ginning of Sec. 2, the value of ~,,, the number of holes at 
the metal is found to be about 4X10!"/cc. Using the 
relation for F; given in (17) with the previously men- 
tioned values for the various quantities gives F;= 2X 10° 
ev/cm. The discrepancy between this value for F; and 
that estimated from the experimental data is not un- 
reasonable and may be readily accounted for by varia- 
tions of D or v from the values applying in the german- 
ium body or, perhaps, by inaccuracies resulting from 
some of the approximations made. 

The slope of the linear part of the tunnel effect 
characteristic may be estimated very approximately 
using (26), (27), and (28). It is about 0.1 wa/volt, which 
is in satisfactory agreement with the experimental 
value of 0.3 ywa/volt. 


7. DISCUSSION 


In view of the results of this paper, we may make the 
following statements concerning the reverse character- 
istic of high inverse voltage rectifiers : 


(a) Data taken under dc conditions cannot be inter- 
preted theoretically, except possibly for voltages less 
than 5, unless account is taken of thermal effects. A 
calculation in which this were done would be of doubtful 
value as rather drastic assumptions regarding dissipa- 
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Fic. 9. Various plots for rectifiers showing tunnel effect. 
A, B, C, D—Plots of log(t—i,), for first unit, against V4, V, V2, and 
V3, respectively. E—Plot of log(i—i,) against V? for second unit 
showing decrease in slope owing to the charge of conduction band 
electrons. 


tion of heat would be involved. The easier and more 
fruitful approach is to make the experimental measure- 
ments under pulse conditions. Such data are susceptible 
to theoretical interpretation. 

(b) For most ordinary rectifiers and for some very 
good ones, the increase in current under high reverse 
voltages may be ascribed to lowering of the barrier 
caused by image force. The field responsible for this lower- 
ing results chiefly from the geometry of the system. The 
differences between ordinary rectifiers and very good 
ones in this group are apparently the result of differences 
in barrier height which in turn are probably the result 
of differences in purity of the germanium, although 
surface states may also play a part. 

(c) For some very good rectifiers the increase of 
current seems to be cheifly the result of lowering of the 
barrier caused by tunnel effect, and Schottky effect is 
almost completely masked. The main field in this case 
is also that due to the geometry of the point and thus 
varies with applied voltage, but a large fixed field is 
apparently also present because of the existence of large 
numbers of positive holes in the inversion region near 
the point. The linear region which occurs in the pulse 
characteristic of a unit of this type is largely owing to 
the fact that this fixed field is much larger than the 
variable field at low voltages. There is a possibility that 
a fairly large fixed field may exist for some of the better 
units described in paragraph (b) above. If so, these 
units should also have linear sections in their character- 
istics. This has not yet been thoroughly investigated 
experimentally. 


The true barrier height seems to be greatest for those 
units showing tunnel effect as expected. The difference 
between true and “effective” barrier heights becomes 
greater as the purity of the germanium, and the number 
of positive holes near the metal, increases. Thus, the 
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increase in effective barrier height with purity of the 
material becomes small when the number of holes near 
the metai becomes large. There is some improvement in 
the reverse pulse characteristic, however, because the 
mobile charge causes a decrease in field strength at 
irregularities on the whisker surface and increases the 
length of the linear section at the expense of the more 
rapidly rising part. If the whisker point could be made 
very smooth, operation at very high voltages under 
pulse conditions would probably be improved by in- 
creasing its radius. This would, of course, increase the 
current at low voltages because of the increased area 
but the very rapidly rising tunnel effect portion would 
commence at a higher voltage. The same remarks prob- 
ably do not apply under dc conditions, however, as in 
this case it is important to keep the current at lower 
voltages as small as possible, so that a very small 
whisker radius is desirable. 
The agreement between experimental results and 
theoretical predictions described above is quite remark- 
able and leads us to believe that the basic assumptions 
made are essentially correct. There are, however, several 
factors which may modify the conclusions reached in 
certain cases. The most important of these is the exist- 
ence of areas of low barrier height which has been as- 
sumed in the multicontact theory of Johnson ef al.* 
Such areas may be important at low voltage especially 
in poorer units and may account for the low barrier 
heights of some 1N34’s. For good units at the voltages 


considered here, however, it seems doubtful that they 
are important, in view of the similarity of results on 
different units and the agreement with theory. 

A second factor which may be important is the trap- 
ping of holes near the metal. This has the effect of 
decreasing the magnitude of the hole velocity and of in- 
creasing the fixed field term of Eq. (17). Further experi- 
mental data are required before the importance of this 
factor can be assessed. It seems possible to explain the 
results so far obtained without resorting to this mech- 
anism. 

A lowering or change in thickness of the barrier of the 
type described here will be produced by an increase in 
the number of holes near the metal, resulting from an 
injected hole current, so that one of the mechanisms 
mentioned may play a part in transistor operation 
Since the collector barrier in a transistor is probably 
lower than that of a crystal rectifier, Schottky effect 
should be the dominant factor. Further discussion of 
this subject is beyond the scope of this paper, however. 

In conclusion, it may be observed that the experi- 
mental results described herein are in remarkably good 
agreement with the theoretical predictions. While part 
of this agreement may be fortuitous, there seems to be 
little doubt that the basic concepts discussed are correct. 
In fact the results obtained seem to confirm exception- 
ally well the ideas concerning metal-semiconductor 
barrier layers that have developed during the past few 
years. 
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Measurements were made of the diffraction patterns of circular apertures from 0.2 to 1.0 wavelength in 
diameter when a plane polarized electromagnetic wave was incident normally upon them. Microwaves of 
wavelengths 16 cm and 32 cm were employed. The intensity of radiation relative to that of the unperturbed 
beam was determined at points along the electric and magnetic diameters of the apertures. The data disa- 
greed with calculations from Young’s circuital form in two major ways: (1) A sharp increase in intensity 
was observed at the ends of the electric diameter, (2) a surprising peak in intensity at the centers of apertures 
near one-half wavelength in diameter was 50 percent greater than calculations from the integral. A more com- 
plete interpretation of Young’s theory of diffraction would include multiple reflections from the edges. The 
high inténsity at the center of the aperture a half-wavelength in diameter was qualitatively accounted for by 
multiple reflections from the edges near the ends of the magnetic diameter. 





INTRODUCTION 


IFFRACTION of light waves by a plane screen 
was explained by Fresnel as interference between 
the wavelets from every point in any open portion of 
the plane of the screen. Experimentation in recent years 
has contradicted his assumption that the intensity 
everywhere in the aperture is the same as that of the 
umperturbed beam. Nevertheless, this assumption has 
been the basis of most theoretical determinations of 
diffraction patterns, including that of Kirchhoff. Kirch- 
hoff’s theory has been used to predict correctly the 
intensity of light at points at large distances behind the 
aperture compared to a wavelength. Andrews! has 
shown that Kirchhoff’s theory gives approximately the 
experimental value of intensity along the axis of the 
aperture at distances of four wavelengths and less, and 
that it may even be used to determine the intensity in 
the center of the aperture itself. 

Instead of expressing the amplitude at a point as the 
resultant of all the wavelets from every point in the 
aperture, Thomas Young described diffraction as the 
result of the interference of the incident wave and the 
Huygens’ wavelets radiated from the edge of the 
aperture. This assumption is the basis for Young’s 
circuital form which was used by Andrews? to predict 
the diffraction pattern along the electric and magnetic 
diameters of circular apertures one to eight wavelengths 
in diameter. Using this same integral H. S. Story and P. 
Pisaniello of the New York State College for Teachers 
have made unpublished calculations of the ratio of in- 
tensity at a point to the intensity of the unperturbed 
beam for points across the magnetic diameter of circular 
apertures 0.9, 0.7, 0.5, and 0.3 wavelength in diameter. 
R. F. Tucker, Jr., of Union College, has made similar 
unpublished computations to five significant figures for 
a circular aperture one wavelength in diameter. One of 
the purposes of this work was to compare experimental 


1C, L. Andrews, J. Appl. Phys. 21, 762 (1950). 
2C, L. Andrews, J. Appl. Phys. 21, 765 (1950). 


values for corresponding apertures with those calcula- 
tions. 

The measurements made by the author were more 
refined than those made by Andrews in that a larger 
wavelength was used. Thus the crystal probe of fixed 
size was smaller compared to a wavelength. Since read- 
ings were taken point-by-point, it was possible to main- 
tain the probe in the plane of the aperture up to the 
edge of the screen instead of letting it skim the surface 
of the screen as was done in the automatic scanning. 

To the knowledge of the author, these were the first 
measurements to have been made in the planes of aper- 
tures less than a wavelength in diameter. Thus, for the 
smallest apertures employed a prime purpose of this 
work was to indicate experimentally the sources of 
error as a basis for further refinement and extension of 
measurements to another order of still smaller apertures. 


APPARATUS 


The equipment used for most of the work consisted of 

a microwave transmitter of 16-cm wavelength, a para- 
bolic reflector 70 cm in diameter, 1-meter focal length, 
a wooden optical bench, metal screens (thickness 0.2 
cm) having circular apertures of diameters ranging from 
0.2 to one wavelength, and a crystal detector connected 
to a galvanometer of sensitivity 5X10-* ampere/cm. 
The crystal, Sylvania IN23B with the brass tip of its 
capsule removed, served as the probing antenna. 
Waves from the transmitter were reflected as a nearly 
parallel beam to the optical bench, which was made 
entirely of wood. The metal diffracting screens were 
placed in a slot in the optical bench. Since the screens 
were ten inches square, they did not reflect much energy 
*back to the source to change its output. The plane of 
the aperture was about 420 cm from the parabolic 
reflector. The bench also supported the probe, which 
consisted of the receiving crystal and the twisted copper 
lead of No. 23 wire enclosed in a polystyrene rod. The 
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Fic. 1. Intensities across the magnetic diameters of circular 
apertures from 0.2 to 1.0 wavelength in diameter. 


probe was free to move across the diameters of the 
apertures. The twisted copper wires were held perpen- 
dicular to the plane of the aperture extending in the 
direction of propagation for 150 cm and thence at right 
angles to the direction of propagation and perpendic- 
ular to the electric field to the galvanometer. Later data 
was taken using a 32-centimeter transmitter with its 
antenna placed at the focal point of a parabolic reflector 
whose focal length was a quarter wavelength and di- 
ameter of opening 40 cm. The distance from antenna to 
the plane of the aperture was two meters. 
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Fig. 2. Intensities across the electric diameters of circular 
apertures from 0.2 to 1.0 wavelength in diameter. 


SOURCES OF ERROR 


The discovery of sources of error and the ways in 
which they could be reduced constituted a major part of 
the work. Since in this investigation the incident wave 
front was assumed to be plane, it was necessary that the 
amplitude and phase be constant in the plane in which 
measurements were to be taken. A cut and try procedure 
was used, adjusting the position and angle of the trans- 
mitter until the most constant front of intensity and 
phase was obtained at the optical bench. The adjust- 
ment was considered satisfactory when the intensity of 
the unperturbed beam was constant within two percent 
of the mean value over a width of 16 cm (one wave- 
length). The most constant intensity of the wave front 
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Fic. 3. Intensity at centers of apertures vs diameter of aperture 
in wavelengths. 

The broken line of shorter sections is of calculations from 
Kirchhoff’s integral. The circled data points are experimental for 
16-cm wavelength. The crosses are experimental data points for 
32-cm wavelength.. 


was obtained when the source antenna was 6 cm below 
the principal axis of the parabolic reflector and the beam 
made an angle with the axis of the reflector. 

Constancy of phase over the wave front was tested by 
means of two dipoles leading through transmission lines 
of equal length to a common detector. However, the 
most sensitive test for constancy of phase was the 
symmetry of the diffraction pattern in the aperture of 
one-wavelength diameter. 

The angular position of the optical bench was 
adjusted until a position was obtained for which the 
peak of intensity was near the center of the aperture. 
However, the resulting curves (Figs. 1 and 2) could still 
be criticized for their lack of symmetry. Another factor 
which contributed to this skewed appearance was the 
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DIFFRACTION PATTERNS 


failure to maintain the crystal precisely in the plane of 
the aperture across its entire diameter. For these small 
apertures the intensities vary rapidly along lines per- 
pendicular to the screen through the aperture particu- 
larly near the edges. The effect of constantly increasing 
or decreasing intensity of the source was eliminated by 
taking measurements across an aperture and then 
immediately taking them in reverse order. 

A major source of error was the finite size of the probe. 
Its length was 16 mm (0.1 wavelength). The finite size Of 


probe introduced an error near the edges of the aper- . 


tures and even in the center of the smaller ones. This 
was shown by the differences in intensity obtained when 
the wavelength was increased to 32 cm so that the probe 
was half as large relative to the wavelength. Note that 
in Fig. 3 differences were small for the larger apertures, 
but became large for apertures 0.3 and 0.2 wavelength 
in diameter. 


RESULTS 


The results of the study are shown by means of the 
graphs in Figs. 1 through 5. The circles or crosses indi- 
cate experimental data of intensity of radiation J 
relative to Jo, the intensity of the unperturbed beam. 
Figures 1 and 2 are plots of J/Jo against distance from 
center of aperture across the magnetic and electric 
diameters using a 16-cm wavelength. Note that J/J» at 
the center of the aperture was not the same for the 
electric and magnetic diameters. Since these readings 
are for the same point, the difference is experimental 
error. The rapid increasing of //J9 at the ends of the 
electric diameter was not found by Andrews, but this 
observation is in agreement with the experimental re- 
sults reported by Houston and Noble’ and is predicted 
by the theory of Bethe.‘ Andrews noted that his own 
experimental data were not reliable in this region. Al- 
though the values near the edges of the aperture in this 
study may be in considerable error, the increase is so 
pronounced that it cannot be ignored. Moreover, similar 
results were found using a 32-cm wavelength. 

Figure 3 is a plot of J/J at the center of the aperture 
against diameter of aperture in wavelengths. The solid 
curve was found by averaging the data used for the 
center points of Figs. 1 and 2. The crosses and broken 
curve represent a set of data taken at centers of aper- 
tures using a 32-cm oscillator. Note that the two experi- 
mental curves have maxima when the diameter of the 
aperture is about one-half wavelength. The curve of 
short broken lines calculated from Kirchhoff’s or Young’s 
integral (which become identical at the center of the 
aperture) does not have this secondary maximum. 

The calculations from Kirchhoff’s integral for apertures 


3 R. E. Houston and R. H. Noble, J. Appl. Phys. 22, 1295 (1951). 
4H. A Bethe, Phys. Rev. 66, 163 (1944). 
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Fic. 4. Comparison of experimental values and calculated values 
of intensity across the magnetic diameter of a circular aperture 
one wavelength in diameter. 


less than 0.3 wavelength in diameter were taken as 
values of the intensity on the axis in the limit as the 
distance from the aperture approached zero. 

These calculations involve secondary wavelets arising 
from the whole aperture or from the edges, respectively, 
but they do not include the possibility of multiple 
reradiation of these secondary wavelets. Multiple re- 
radiation is a possible explanation for the peak of inten- 
sity when the diameter is one-half wavelength. Multiple 
reradiated wavelets from the edge at the end of the 
magnetic diameter would all be in phase with each other 
at the center of an aperture a half-wave in diameter. 
Figure 4 is a plot of J/Jo across the magnetic diameter 
vs distance from center of aperture in wavelengths for 
the aperture one wavelength in diameter. Figure 5 is 
the corresponding plot for a one-half wavelength diam- 
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Fic. 5. Comparison of experimental values and calculated values 
of intensity across the magnetic diameter of a circular aperture 
one-half wavelength in diameter. 
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eter. In both cases the experimental data are compared 
with ca!culated curves using Young’s circuital form. 
Note that the difference between the experimental and 
theoretical curves is greater when the diameter is one- 
half wavelength. The experimental data in Fig. 5 have 
been normalized as follows: All values of J/J» at the 
center of an aperture one-half wavelength in diameter 
were averaged, then each reading was multiplied by a 
factor such that the reading at the center would have 
this average value. This makes it possible to compare 
the shapes of the two experimental curves. The relative 
intensities over a given curve as shown by its shape are 
more precise than the actual value of J/J. The lack of 
agreement near the edge of the aperture indicated that 
results within a sixteenth-wavelength of the edge are not 
reliable. 


CONCLUSION 


Although Young’s circuital form predicts the inten- 
sity in the plane of apertures a few wavelengths in diam- 
eter, it does not agree with experimental values for 
apertures less than a wavelength in diameter. Theo- 
retical curves based upon it indicate neither the sharp 
increase in intensity near the ends of the electric diam- 
eters nor the high intensity at the centers of apertures 
near one-half wavelength in diameter. 
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By introducing a proper distance function, the phase space for a servomechanism is completely metrized. 
A new approach is developed to study servo systems directly on the basis of instantaneous performance 
under an arbitrary input function. A criterion for determining the effect of nonlinearity on performance is 
obtained. It will serve as basis for the design of nonlinear servo systems. 


INTRODUCTION 


ONTROL systems that lead to the following dif- 
ferential equation are to be considered: 


e+ aye") + ++ ++ dp_16 + ane 
=G(e, om, = t), (1) 


where e stands for error and superscript in parenthesis 
indicate order of differentiation with respect to time. 
The left side of the equation is a linear equation with 
constant coefficients. It represents a basic system to 
which the actual system (which may be changed from 
time to time) always refers. Any nonlinearity pur- 
posely introduced or parasitic to the basic system is 
lumped with the input function on the right side of the 
equation as function G. The existence theorem of solu- 
tion to such a differential equation is well established.! 


* This paper is part of a thesis submitted by the first named 
author in partial fulfillment of requirements for the degree of 
Doctor of Philosophy in Electrical Engineering at University of 
Illinois. 

+ Formerly University Fellow, University of Illinois; now with 
Boonton Radio Corporation, Boonton, New Jersey. ; 

t Professor of Department of Electrical Engineering, University 
of Illinois. 

1S. Lefschetz, Lectures on Differentiul Equations (Princeton 
University Press, Princeton, 1948), p. 23. 


Suppose there exists an unique solution to the differ- 
ential equation. Then G(e‘"—», e("-®), ---e,/) can be 
considered as another function of time, say F(¢), which 
thereby becomes a forcing term to the basic linear 
system. 

For any system represented by an mth order differ- 
ential equation, its states are specified by the set 
(e("-), e(™-®), .--e, t) in the phase space. Hence, the 
phase space becomes the configuration space for all the 
states of all the systems of mth order. By definition, 


e(t) = ;(t) — Oo(2), (2) 


where @,(¢), 0o(/) are the input and the output functions 
of the servo system, respectively. Since 4(¢) is always 
continuous and 6,(/) should be continuous almost 
everywhere, the trajectory of the representing point of 
the state of the system in error coordinates is continu- 
ous almost everywhere. Good servo performance means 
that this error trajectory remains for most of the time 
near to the origin. Hence, at any point in the phase 
space, this state point of the system should tend to 
move back to the origin quickly. 
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DEFINITION OF DISTANCE FUNCTION 


The notion of distance from the state point to the 
origin thus comes up. Mathematically, it really does 
not matter what the actual distance function is, as 
long as the usual hypotheses for a distance function 
are satisfied. Thus, in the three-dimensional case, a 
spherical neighborhood is equivalent to an ellipsoidal 
one, which incidently is what is to be adopted here. 
However, a properly defined neighborhood may greatly 
simplify the actual analysis. So the problem under 
investigation is to choose a logical, rational, and physi- 
cally meaningful definition for the distance function. 

Transform the given differential equation (1) with 
its right side replaced by F(t) to normal coordinates.” 
The following substitutions, with dot on top of the 
letters indicating differentiation with respect to time, 


e=@\ 
é = és 
ee (3) 
€n-1=Cn 
lead to the vector equation, 
de 
—=Bet+f(d), (4) 
dt 


where e= (¢;, €2, ---€n), £()=(0,0, ---0,F()), and B is 
a constant matrix in terms of the constant coefficients 
in the left side of the given differential equation. 

Let the characteristic roots of the basic linear system 
be A, Ao, o* “Nort, Aor, Ver+ly °° °Y ay where Aor—1, Aor are 
complex conjugate pair and y,’s are real roots. It can 
be shown that, when they are distinct, 
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dA," i ioles Aer™ Yorn"! = ite 7." 
is a nonsingular matrix such that 

P“BP=R, (6) 


where R is a diagonal matrix and has the characteristic 
roots as its diagonal elements. 
Thus, the transformation 


e= Pz (7) 
gives 
dz/dt= Rz+ P-'£(1), (8) 


2H. Goldstein, Classical Mechanics (Addison-Wesley Press, 
Cambridge, Massachusetts, 1950), p. 329. 


i.€., 
Z1=Aizi t+, nF (t) 7 


eevee eee eee eee eee eee eeene 


Zor=NarSort or, nF (t) 
Zorg. = V2r¢1Z2r¢1t Jor4t, nF (t) 


| 


(9) 





Z,= Yn2n+ Qn, nF (t) 


where {qij}=P. 
The actual trajectory of the system is the result of 
the motion of the force free (i.e., F(/)=0) trajectory 


4 


. caused by the forcing function F(t). The state point 


will jump from one to another force free trajectory. 
These trajectories never cross each other. Thereby, it 
is natura] to derive the notion of distance from the force 
free case. The state point can be considered as a ma- 
terial point, whose motion in the phase space will be 
characterized by a Lagrangian function leading to the 
same set of equations of motion, Eq. (9). This La- 
grangian function for the force free case is 


i=2r s=n—2r 


L=[ x tf+ yx Zorte” | 


i=] s=1 


s=n—2r 


2r 
+32 A?2?+ 7 Vor¢eZorge | (10) 
s=1 


i=] 


It is quite instructive to note that the first sum in 
the above expression can be looked upon as the kinetic 
energy of the system with the time derivatives of the 
coordinates considered as generalized velocities; the 
other sum can be considered the negative of the po- 
tential energy corresponding to a force field propor- 
tional to the coordinates. The Hamiltonian function, 
hence the total energy, is a constant and is equal to 
zero. Therefore, the value of the Lagrangian function 
which is twice the kinetic energy would be a measure 
of the swing of the energy content of the system away 
from the equilibrium position. It can also be easily 
shown that the necessary and sufficient condition that 
the basic system is stable is to have the value of its 
Lagrangian function on its force free trajectory tending 
to zero as time tends to infinity. This property of the 
Lagrangian function suggests it at once as a natural and 
rational distance function. However, a distance func- 
tion has to be positive definite; so, in case the La- 
grangian function contains oscillatory terms, the en- 
velope to the Lagrangian function instead of the func- 
tion itself will be used. Thus, by making use of Eq. (9) 
with F(/)=0, the following definition of distance is 
derived from the Lagrangian function: 


n—2r 


D(z, 0)= 2 ; Nar—1A2rZer—122e+ > Vor¢eZeree 
r=] s=1 (1 1) 


= (z)’Sz=(e)7(P-)7S(P“)e=(e)7Ce 
and 


D(z, z')= D(z—17’, 0). (12) 
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Since 2, differs from 2; by only constants, z defines 
the state as well as z does. And in the space of z, which, 
in general, is.complex, the above distance function is 
nothing but the ordinary norm in n-dimensional space 
over the field of complex number. If the matrix C 
= (P-')’S(P-"') has all its characteristic roots positive 
(this is always the case when the basic linear system 
has only real characteristic roots), then D=constant 
will be an ellipsoidal surface. This point is of prime im- 
portance in the present discussion and must be checked 
to assure that it is satisfied. The e space is therefore 
topologically Euclidian. And the above defined dis- 
tance function satisfies all the hypotheses for a dis- 
tance function and completely metrizes the phase space. 


NONLINEAR SERVO SYSTEMS 


In a servo system, this distance function can readily 
be used as an ordering relation defining at least par- 
tially a preference among all the states in the phase 
space. To have a smaller distance from the origin is 
therefore a necessary condition for one state to be 
“better” than another state in a servo system. Since 
error itself, more than its time derivative, is of im- 
portance, some auxiliary ordering relation can be set 
up to assure real improvement of the performance of 
the servo system. 

Now the effect of the forcing function F(/) at any 
instant is to be examined. Differentiation of D gives 


D=2 ¥ dar Wor(Sor—1229-+ Zop—12 24) 
r=! 


n—2r 


+2 >. Y2r+-0°22r+e22r+e- (14) 
s=1 


Substitution of the expressions of Eq. (9) for the 
2,’s gives 
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Nor Ae, 


0 (13) 


Y2r+1 


VY 2r+2 








n—2r 


D= 2c>- Nor—tA2r(Aor + Ae 1) 227-1227 + Z V2r-eZerse” | 
s=1 


r=1 


+2F (> Aor—1A2r(Gor, n22r—1 t+ Jor .. nZ2r) 


r=1 


n—2r 


+ y 2 Y2rte 9 2r+e, nZ2ree | (15) 
s=1 
= Dot 2F(t)K, 


where Dy represents the rate of reduction of distance 
for force free case, and the other term represents the 
effect of the forcing function. It can be readily proved 
that Dp is always negative for a stable basic system as 
can be expected. Whether the effect of the forcing func- 
tion is favorable (i.e., to make the D more negative) 
or not depends on the sign of the term F(i)K. K is a 
linear function of the coordinates; hence, K=O is a 
plane in the phase space through the origin. The whole 
space is divided into two halves by the K=0 plane, 
on one side of which a larger (algebraically) F(t) is 
preferred, and on the other side, a smaller F(¢). 

The functional dependence of G(e‘"—”, e“"-®, - - -e, t) 
on the error and its time derivatives depends on the 
nature of the system, the magnitude of its parameters, 
its nonlinearity, etc. If at any point in the phase space, 
the function G(e"—, e“"-®), ---e, t), hence F(t), can be 
changed favorably by some modification of the system, 
whatever it may be, then the performance of the sys- 
tem would be improved at that point. And the effect 
of any nonlinearity in a supposedly linear system can 
also be studied in the light of this K plane criterion. 

If the state of the system or at least the sign of its 
K value can be monitored by direct measurement, 
proper change can be made in the system accordingly 
to improve the performance. As a special case, there 
may be two linear systems, one faster in response and 
the other heavily damped. They can be switched into 
action alternately, as the K plane criterion permits, to 
improve the servo performance. In fact, this study is 
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motivated by such a heuristic attempt of switching 
among systems in a composite system. And a nonlinear 
system can naturally be considered as the result of 
continuous switching among linear systems. Notice 
that the behavior of the actual system is always ex- 
pressed in terms of forcing with respect to a basic sys- 
tem. This provides a simple and unique way to treat 
the general servo system. 

It should be pointed out that the comparison of D 
has been made with respect to that at the particular 
point under consideration in the phase space. When the 


trajectory is changed by any modification of the sys- . 


tem, the basis of comparison is changed too. This 
makes the general study of the over-all rate of reduc- 
tion of distance rather difficult. An investigation for 
the special case with the real parts of all the char- 
acteristic roots equal will help to understand the situa- 
tion. To insure that the rate of reduction of the abso- 
lute value of the error is increased, extra forcing control 
should be used only when 


eK>0. (16) 


Thus, the general scheme of extra forcing control 
for a third-order system may be 


K>6é>0 é>0 AF <0 
<0 AF=0, 
K<—6 e>0 AF=0 
<0 AF>0, 
\K| <6 for all e AF=0, 


where AF stands for the extra forcing control, and 6 is 
introduced to give a zone about the K plane without 
extra forcing. This is to avoid possible instability at 
the origin due to the presence of inevitable delay in 
switching. When D has been reduced to the extent that 
the maximum dimension of the corresponding ellip- 
soidal surface of constant distance is less than 6, the 
whole system will behave exactly as the basic linear 
system. It is difficult to say much about the resulting 
trajectory in general. While it seems hardly possible for 
some trajectory to remain in the AF=0 region forever, 
the question is to what extent will any trajectory come 
into some region with extra control and expose itself 
to it. The trajectories emerging out of the planes K = +6 
into regions with extra forcing may be forced immedi- 
ately back to these planes. This situation is certainly 
intolerable practically. A purposely designed hysteresis 
band (not given in the above scheme) for the switching 
on and off of the extra forcing around the K=+é6 
planes should solve this difficulty. 

The choice of the basic system is evidently an im- 
portant problem in the design of such composite sys- 
tem. To reduce the region where extra forcing is for- 
bidden, the normal to the K plane should make a small 
angle with the error axis. This will likely give a system 
more suitable for this kind of extra control. 

One possible way of introducing the extra control is 


_ suggested below. An extra control box is used to feed 
_ an extra error signal H to the actual error, as is shown 
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Fic. 1. A possible way of introducing extra forcing control. 


in Fig. 1. Thus, 
e’(t)=e(t) +H. (17) 
Let kN(p)/S(p) represent the forward transmission 


characteristics of the servo loop where N(p) and S(p) 
are polynomials in p=d/dt. Therefore, 


Bo(t) = kN (p)e’(t)/S(p) = RN (p)e(t)S(p) 
+kN(p)H/S(p) (18) 
=6,(t)—e(t). 


Hence, 


[S(p)+kN (p)]e(t)=S(p)0.())—kN(p)H. (19) 
The last term in the above equation is the extra control 
needed. Thus, a constant forcing term can be obtained 
by making H=ct’, where » is the lowest power of p 
in V(p) and c is a constant. If a network with transfer 
function 1/N(p) is available, then the extra forcing 
term of the form /(e) can be obtained by feeding this 
h(e) through such a network to give the function H. 

Since the extra forcing term of the form c,e;+c2e2 
+cszes3, where the c’s are constants, is equivalent to a 
change to another linear system, it can be achieved by 
direct adjustment of the parameters of the basic system. 
But either the S(p) of the system should not be changed, 
or its effect on the term S(p)6,(¢) should be taken into 
consideration. 

CONCLUSION 


To facilitate the study of a general servo system 
directly on the basis of performance, the phase space is 
metrized by defining a distance function. The defini- 
tion adopted here seems to be quite natural and physi- 
cally meaningful. And above all, it leads to a simple 
partition of the phase space and hence a simple cri- 
terion to determine the effect of any nonlinearity, 
purposely introduced or parasitic, in the system. 
Actual design of specific systems have not been at- 
tempted here. This work should be considered as a 
new approach for the study of nonlinear systems. 
Since this work is based on the differential equation, 
its application should not be limited to servo systems. 
It will certainly be useful in the study of nonlinear 
damper for vibration. 
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The Transmission of Hydrogen through Palladium by Electrolysis 


H. B. WAHLIN AND Vircit O. NAUMANN 
University of Wisconsin, Madison, Wisconsin 
(Received August 22, 1952) 


Whenever a metal is made, the cathode in a dilute sulfuric acid bath the transmission of hydrogen may 
be observed by means of its reaction with oxygen of the air. A more detailed study of the transmission through 
palladium shows that the area of the surface at which the hydrogen leaves is the principal controlling factor. 
Possible applications to hydrogenation studies are discussed. 





LTHOUGH there is a considerable body of litera- 
ture! on the electrolytic transmission of hydrogen 
through metals, much of the work which has been done 
is inconclusive and sketchy. For this reason the authors 
decided to make a further study of this effect. 

Hydrogen diffuses through a large group of materials 
to a slight degree. For this reason if one wishes to study 
the transmission of hydrogen through a metal and if 
the transmission is to be detected by an increase of the 
hydrogen pressure, the transmission may be obscured 
by the diffusion of gaseous hydrogen through the walls 
of the enclosure. This is probably the reason why some 
observers report that they have been able to detect 
transmission by certain metals only—notably Pd, Fe, 
and Al. In some cases, such as in the case of Ta and Nb 
where hydrogen causes a distinct change in the physical 
characteristics, this is not a problem. For example, 
when a thin strip of tantalum is made the cathode in a 
dilute sulfuric acid bath, it will become brittle and will 
break up. The same effect is also noticeable with 
niobium. 

Another method by which hydrogen transmission 
can be detected is by means of a reaction of the hydro- 
gen at the exit surface with oxygen of the air. To test 
this method a Pd tube, closed at one end, § inch in 
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1 Donald P. Smith, Hydrogen in Metals (University of Chicago 
Press, Chicago, Illinois, 000). 


diameter, about 2 inches long was connected to a water 
U tube manometer with air in the connecting tube. 
The palladium was made the negative terminal in a 
dilute sulfuric acid bath and an electrolytic current of 
3 ma was used. Figure 1 shows a plot of pressure (in cm 
of water) against time. The pressure, as indicated, is 
the gauge pressure. It is to be noted that the pressure 
dropped rapidly to the point A and then increased 
more slowly. The reason for this is undoubtedly due to 
the fact that at point A the decrease in pressure due 
to the reaction with the oxygen is balanced by the 
increase due to the hydrogen pressure build up. At B 
on this same curve the current was reversed and oxygen 
was liberated at the palladium tube. This removes the 
hydrogen from the metal and the gas depositing on the 
inner surface diffused through and was removed. The 
pressure corresponding to the point C is that of the 
partial pressure of nitrogen in the atmosphere. 

The upper curve is obtained when a molybdenum 
cylinder is substituted for the palladium. The maximum 
shown in this curve is not significant and is due to an 
abnormal rise in the room temperature. Actually no 
pressure change was noted for seven hours after the 
experiment was begun and then a slow decrease in 
pressure with time of running set in. It seems reasonable 
to assume that this drop is due to the combination of 
the hydrogen transmitted with oxygen of the air. A 
large group of metals showed this same effect, including 
Al, Cu, Mo, Fe, Co, Au, Ag, Ni, Pt, Ta, Nb. Lead 
showed such a slight drop in pressure as to be doubtful. 

These results must be considered as qualitative only 
since one cannot be sure that the efficiency of the 
reaction with the oxygen is the same for all metals. 
The evidence seems conclusive that most metals trans- 
mit hydrogen when they are made the cathode in an 
electrolytic bath. 


TRANSMISSION THROUGH PALLADIUM 


It was next decided to make a more detailed study 
of the transmission through palladium. A tube of the 
material, closed at one end and approximately 2 inches 
long with § inch o.d. and a 5-mil wall was connected so 
that the volume of hydrogen transmitted could be 
measured in an inverted graduated tube. Figure 2 
shows the rate of transmission in cc’s per minute as a 
function of the current through the electrolytic bath 
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TRANSMISSION OF HYDROGEN THROUGH PALLADIUM 43 


and for four temperatures. At currents below 0.25 
ampere the transmission rate is independent of the 
temperature. The reason for this becomes obvious from 
Fig. 3 where the percent of hydrogen transmitted is 
plotted as a function of the current. In calculating this 
percentage the total hydrogen available was computed 
from the current and time. Below 0.25 ampere all of 
the hydrogen liberated at the cathode passes through 
the tube and appears on the inside in the gaseous form. 
These results were checked with several different pal- 
ladium tubes. Before the tubes were used in the experi- 
ment they were heated at about 900°C for an hour and: 
at 500°C for about 14 hours. The inside of the tubes 
were then polished with no. 400 emery. With this 
procedure no difficulty was experienced in reproducing 
the results. 

The next step was the investigation of the variation 
of the rate of transmission with the thickness of the 
tube wall. Three tubes with wall thickness of 5, 10, and 
15 mil were used, and it was found that the transmission 
was independent of the wall thickness. This is also 
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indicated by the curves of Fig. 3. If the transmission 
depended on the wall thickness one would hardly expect 
100 percent transmission even at low currents. 

The role of the area of the tube surface exposed to the 
electrolyte was now investigated. The area of the 
surface was varied by painting the ends of the tube 
with lacquer. The area can be varied as much as 30 
percent without changing the transmission rate. A tube 
was next annealed by the method described above and 
was used without polishing the inside. Due to migration 
of the Pd atoms along the surface the tube would 
become thermally etched and would have a consider- 
ably larger inside area than the polished tube. The 
outer surface of the tube was given the same cleaning 
treatment as was given to the tubes used before. This 
tube showed a 30 percent increase in transmission. The 
most obvious conclusion is that the transmission is 
controlled primarily by the rate of escape of the hydro- 
gen from the exit surface. The reason that the entrance 
surface is relatively unimportant is that the diffusion 
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of the hydrogen through the palladium is so rapid and 
the migration of the hydrogen along the inner surface 
takes place so quickly that, even if the entrance surface 
has a small area, the entire tube becomes saturated 
with gas and the exit surface controls the transmission. 
The curves given above should therefore be considered 
as representing the data obtained with a polished exit 
surface. If a thermally etched surface were used a 
higher efficiency would have resulted. In a recent paper, 
H. R. Heath? has reported results which show a depend- 
ence of the transmission rate on the thickness of the Pd 
used. He used flat sheets of the metal and the results he 
reports may be the result of diffusion of the gas through 
the body of the sample and escape from the edges. This 
would cause a decrease in the measured amount of 
hydrogen with an increase in the thickness of the sample 
used. The increased transmission with temperature at 
the higher currents as shown in Fig. 2 is most probably 
due to the increased recombination of the atomic 
hydrogen to form molecular gas and the increased rate 
of the evaporation of this gas from the inner surface. 


APPLICATIONS 


In an earlier note’ it was reported that a H» pressure 
of 700 pounds was built up by electrolytic transmission 
of Hz through Pd. This is not the limiting pressure. 
It is to be expected that the pressure will continue to 
rise until the pressure dissociation on the exit surface 
causes an equilibrium to be established. 

Since the hydrogen appears on the inner surface in 
the atomic form, it should react quite readily. That it 
reacts with gaseous oxygen is well known and is illus- 
trated in Fig. 1. To investigate the reaction with other 
materials a Pd tube (closed at one end) 4 inches long 
and # inches in diameter was used. Cyclohexene was 
placed in the tube and an electrolytic current of 3 
amperes was used. After 4 hours of running the cyclo- 
hexene was completely converted to cyclohexane, as 


?H. R. Heath, British J. App. Phys. 3, 13 (1952). 
?H. B. Wahlin, J. Appl. Phys. 22, 1503 (1951). 
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determined by the change in index of refraction. The 
results are as follows: 


Index of refraction of cyclohexene 1.4439 
Index of refraction of cyclohexene (treated) 1.4253 
Index of refraction of cyclohexane (from tables) 1.4262 


Benzene was placed in the tube and was treated for 
16 hours with no change in the index. A thin coat of 
platinum black was then deposited on the inside of the 
tube and the experiment repeated. The results follow: 


Index of refraction of benzene 1.4981 
Index of refraction of benzene treated 1.4924 


A partial reduction of cyclohexanone to cyclohexanol 
was also obtained. 

These results indicate that this method will have 
considerable value in studying the kinetics of reduction 
by hydrogen and may be of considerable value in the 
reduction of unstable compounds where the present 
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methods of high temperatures and high pressures are 
not applicable. It should be emphasized that these 
experiments were not necessarily conducted under con- 
ditions to give the maximum yield. 

An attempt to dehydrogenate tetralin by making the 
Pd tube anodic was unsuccessful. 

As a substitute for heated palladium, the electrolytic 
process will be useful in certain cases. Thus, by in- 
creasing the area of the surface at which the hydrogen 
is emitted, a fairly rapid flow of pure hydrogen should 
be obtainable. 

In conclusion the authors wish to express their ap- 
preciation to Mr. Lawrence Cherry, who helped with 
some of the early work on the rate of transmission, and 
to Professors Wm. S. Johnson and Alfred L. Wilds of 
the chemistry department for valuable suggestions in 
connection with the hydrogenation process. 

This work was made possible through a grant 
made available by the Wisconsin Alumni Research 
Foundation. 
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Free Surface Properties of Explosive-Driven Metal Plates 


R. G. SHREFFLER AND W. E. DEAL 
Los Alamos Scientific Laboratory, Los Alamos, New Mexico* 
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A photographic technique for study of metal free surfaces under acceleration by high explosives is pre- 
sented. Methods for reducing the data from the photographic record are described. Specific results using 
brass plates driven by Composition B explosive are cited. 


INTRODUCTION 


HIS paper presents a photographic method for 
the determination of the free surface properties 
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Fic. 1. Schematic’ of a typical set-up. (1) Metal plate, (2) plate 
high explosive, (3) plate coordinates, (4) long-duration flash, (5) 
flash explosive, (6) reference wires, (7) detonation points, and (8) 
plywood supports. 


*Work done under the auspices of the U. S. Atomic Energy 


Commission. 


of metal plates moving at the extreme velocities ob- 
tained by high explosive acceleration. The determina- 
tion of the free surface velocity of the plate is empha- 
sized. The more qualitative features of the free surface 
motion, though not discussed at length, are evident in 
the figures showing representative pictures from the 
camera records. An extension of the technique to the 
study of various free surface phenomena associated 
with both plane and curved surfaces is indicated. 


EXPERIMENTATION 


A Bowen type of framing camera! is used for these 
experiments. Such a camera is capable of taking an 
extremely high speed motion-picture type of record. 
The camera used for the work presented here takes a 
25-frame record at rates as high as 1.1 frames/micro- 
second, with effective exposure times as small as 0.2 
microsecond/frame. Careful design and operation of 
this camera allow precise determination of image quality 
and framing rate. A resolution of 20 lines/mm at high 
contrast is maintained over the 2-cm diameter field of 
each frame. 

The camera is located inside a concrete shelter and is 


! The Bowen 76 Lens Camera NOTS 152, September, 1948. 
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EXPLOSIVE-DRIVEN METAL PLATES 





(a) (c) 




















(b) (d) 


Fic. 2. Four frames, spaced at intervals of 6.32 microseconds, from a 25-frame record showing the free surface motion 
of a 10-in. X 10-in. X0:380-in. Dural plate driven by a plane-detonated 8-in. X 8-in. X 4-in. block of composition B. The 
Heatrem plate coordinates are 0.0625-in. wide and are spaced at 0.500-in. intervals. Certain of the coordinates forming 
this 8-in. X 8-in. rectangular grid have been deleted to prevent confusion with the two vertical and two horizontal refer- 
ence wires. In the first frame the ends of the reference wires are marked with white X’s. The position of the plate 
coordinates relative to the reference wires in successive frames indicate motion to the right. 
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Fic. 3. Four frames from a 25-frame record of a 10-in. X 10-in. X0.251-in. brass plate driven by an 8-in. X8-in. X4-in. block of 
composition B detonated simultaneously over an 8-in.X8-in. face. The time between successive pictures shown is 6.32 micro- 
seconds; projected motion is to the right. These pictures show the development of a jet from a subsurface defect; the jet and its 


shadow are seen in the later pictures as two overlapping spots. 


focused on an expendable set-up through a porthole 
glass and diagonal mirror. Figure 1 shows a drawing of 
such a set-up designed to study the free surface of a 
plane metal plate (1) following its acceleration by a 
high explosive charge (2) placed on its back surface. 


The free surface of the plate is previously prepared with 
a painted coordinate system (3). A long duration flash 
(4) supplies the illumination for the exposure of the 
framing camera record. Motion of the plate surface is 
measured from the record by noting the position of the 
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painted coordinates relative to the fixed reference wires 
(6). These latter are mounted close to the metal plate, 
but far enough away to prevent their destruction during 
recording. 

Explosives used in this work consist of blocks of 
Composition B (60-40 RDX-TNT mixture). An 8-in. 
square surface of such a block is simultaneously det- 
onated by means of an explosive system similar to that 
described by Cook.? Thus, the metal plate receives its 
initial acceleration from a plane detonation wave. 

Illumination is provided by a long duration flash 


usually consisting of a thin-walled metal or cardboard _ 


cylinder filled with argon. One end is covered by a 
Cellophane window ;.in the other is inserted a Composi- 
tion B cylinder. A luminous shock wave is set up in the 
tube upon detonation of the explosive. The flash must 
be positioned so that the plate is illuminated specularly 
relative to the camera. This requirement, though easily 
fulfilled for plane surface studies, introduces con- 
siderable complication into flash design for the study of 
curved surfaces. 

Lucite, magnesium, Dural, steel, copper, brass, monel, 
and lead have been used successfully in these investiga- 
tions. All plates should be prepared with clean, plane 
surfaces. Carbon tetrachloride may be used to remove 
dirt and grease; a vibrating sander will remove minor 
scratches and oxide. Following this preparation, plates 
cut from commercial stock are usually satisfactory. 

The success of this technique rests in large part upon 
the development of satisfactory coordinates. The co- 
ordinate pattern is chosen to fit the symmetry of the 
surface to be studied. For plane experiments, a rectan- 
gular coordinate system with lines 0.0625 inch wide and 
0.500 inch from center to center was chosen. In the 
experimental set-up these lines are oriented parallel and 
perpendicular to a plane defined by the plate normal and 
a ray from the plate center to the optical center of the 
camera. It is necessary that the coordinate system re- 
tain its original shape and position on the plate after 
the free surface has been accelerated. Heatrem paint 
(Speco, Inc.) has proved to be the most satisfactory 
coordinate material for the majority of applications. 
This paint has a silicone vehicle and, although the 
pigment is aluminum, it turns dark when struck by a 
strong shock. The paint is applied by spraying through 
an accurately machined template, after which the plate 
is usually baked for about twenty minutes at a high 
temperature (700°F). It is often convenient to omit 
coordinates immediately behind the fixed reference 
wires to prevent confusion (see Fig. 2). 

The quality of the photographic record is strongly 
affected by the atmosphere into which the plate moves. 
Test shots were fired into an evacuated space and into 
atmospheres of air, sulfur hexafluoride, and helium. 
The sulfur hexafluoride atmosphere became opaque 
soon after the plate was accelerated. The coordinates in 


2 J. H. Cook, Research 1, 474 (1948). 
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plate surface 





plate surface 
at later time 
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Fic. 4. Geometry of plate motion. 


the helium and vacuum shots appeared to broaden soon 
after initial free surface motion. The air atmosphere was 
definitely the best, and accordingly, it was used in all 
subsequent experiments. 

For precise quantitative results it is imperative that 
the plate be properly aligned. It is particularly import- 
ant that the viewing angle r, defined by the plate normal 
and the extension of the optical axis, be determined 
correctly. The preferred value of this angle depends 
upon the particular experiment. However, values near 
45° are usually most acceptable. The precise measure- 
ment of r is made on the photographic record. Accurate 
plate orientation, however, not only establishes the 
conditions under which such measurements are made 
but also serves to check these measurements. 

Figures 2 and 3 present frames taken from 2 typical 
records. Both experiments were aligned at viewing 
angles of 45°. The records were made on Eastman 
Shellburst Panchromatic film with 0.2 microsecond/ 
frame exposure time. The reference wires, particularly 
evident in Fig. 2, are No. 14 copper bus bar wire. The 
contour of the plate surface is evidenced by the curva- 
ture of the vertical coordinates. 


CALCULATIONS AND RESULTS 


The transformation of data from the film record into 
actual plate motion will now be treated. Specifically, 
the motion of a particular point on a plate will be 
considered. 

It is required that three sets of measurements (with 
their corresponding limits of error) be made from the 
record. Two measurements are made from frames 
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The terms in these equations are defined as follows: 


ry is the viewing angle characteristic of the central 
vertical coordinate prior to plate acceleration. 

A is the distance of a chosen point measured normally 
from the central vertical coordinate*® on the plate sur- 
face. 


r, is the viewing angle characteristic of a point dis- 
placed a distance A from the central vertical coordinate 
prior to plate acceleration. 

a is the object distance. 


The density discontinuity across the gas shock gener- 
ated by the moving plate requires that a refraction cor- 
rection be applied to the displacements D(/). For the 
experiments presented here the correction is small, 
e.g., a brass plate which has appeared to move 25 mm in 
10 microseconds in air has actually moved 24.986 mm. 

Typical results of the foregoing operations, plotting 
D(t) vs t, are presented in Fig. 5. Within experimental 
error, the plates travel at constant velocity over the 
time intervals defined by points of discontinuous 
acceleration. It is therefore assumed that the trajectory 
can be defined by a number of straight lines, which are 


TABLE I. Velocities in mm/ysec for the trajectories of Fig. 5. 
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(inches) 1 v2 
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5.027 +0.091 


4.252 +0.108 ees 
4.187 +0.053 see 





Fic. 5. Displacement versus time for naval brass plates of 
various thicknesses accelerated by an 8-in. X8-in.X4-in. block of 
composition B detonated simultaneously over an 8-in. X8-in. face. 


showing the plate surface prior to its motion. A meas- 
urement of horizontal and vertical distances defined by 
the plate coordinates determines the angle ro. The ratio 
of a known vertical distance on the plate to its measured 
image on the record establishes the absolute scale of the 
record. On those frames which record motion of the 
plate surface, measurements are made of the distance 
between the chosen point and the fixed reference wires. 

These distances are first corrected to compensate for 
slight variation in magnification among the 25 lens 
systems. The absolute scale correction is then intro- 
duced to enlarge the distances to actual setup dimen- 
sions. Next, the distances of the chosen point from the 
reference wires are changed to displacements x(/) of the 
chosen point from its initial position. The actual dis- 
placement D(t) is determined from the following equa- 
tion (see Fig. 4): 


x(t) cos(ro—r1)[1+(A/a) sinro | 
D(t)= (1) 


sinr;+[x(t)/a ] cosro cos(ro— r:) 





where 
tanr,;= (A/a) secro+tanry. (2) 


0.060 3.432 +0.060 one 
0.133 2.599 +0.016 3.076 +0.030 3.478 +0.029 3.837 +0.051 
0.248 1.861 +0.040 2.492 +0.032 2.772 +0.034 2.961 40.027 
0.374 1.812 +0.027 2.330 +0.029 eee eee 
0.500 1.788 +0.011 2.027 +0.046 coe 

0.750 1.711 +0.020 oes 

1.000 1.636 +0.006 














fitted by a least squares calculation. The straight lines 
in Fig. 5 result from this calculation. The corresponding 
velocities are presented in Table I. The quoted error is 
the sum of the mean errors in magnification, angle 
measurement, and mean deviation from the least 
square line. For experiments that require less precision, 
only the absolute magnification correction is considered ; 
Eq. (1) becomes 

D(t) = x(t)/sinro. (3) 


This neglect of the relative magnification, viewing angle, 
and refraction correction will result in an error of about 
one percent for experiments such as those described. 

The preceding technique and experiments apply only 
to the study of plane surfaces. Numerous experiments 
in which curved surfaces were photographed have also 
been performed. For these experiments the interpreta- 
tion of qualitative results as well as the determination 
of the free surface velocities are, at least in principle, 
similar to the analysis presented here. 

3 By choosing an arbitrary point on a vertical coordinate, one 
introduces a correction proportional to (y/a)?, where y is the 
vertical distance from the central horizontal coordinate. This 


correction is well within the experimental error and hence is not 
considered here. 
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C. P. HapLeyt 
Research Laboratory of Electronics, Massachusetts Institute of Technology, Cambridge, Massachusetts 
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A study has been made of thermionic emission from tungsten filaments cataphoretically coated with 
alkaline earth oxides. It was found that the emission from the oxide-coated filament was not influenced by 
the variation of work-function with crystallographic direction of the base metal. A Richardson plot of 
emission at zero field yielded an apparent work function of 1.3 volts and an A value of 0.048 amp/cm?-deg?. 
In retarding potential data, the energy of thermionic electrons showed an apparent deviation from Maxwell- 
Boltzmann statistics. This deviation was interpreted as due to a potential drop through the coating. Such 
an interpretation led to a conductivity activation-energy of 1.3 volts. A strip theory of patches was used 
to explain the accelerating potential data. Satisfactory agreement with experiment was found with a patch 


amplitude of 0.2 volt and a period of 2X 10-* meter. 





INTRODUCTION 


HE object of this work was to study the thermi- 

onic emission from tungsten filaments coated 

cataphoretically with alkaline-earth oxides. The experi- 

mental work to be reported can be divided into four 

categories: 1. projection tube studies, 2. retarding field 

measurements, 3. accelerating field measurements, and 
4. x-ray diffraction study of the coating. 


PROJECTION TUBE STUDIES 


The purpose of this section was to assess the effect of 
the crystallographic structure of the base metal on the 
emission from the oxide-coated filament. Two essen- 
tially identical cylindrical projection tubes were used. 
The emitters were of bare tungsten wire, and oxide- 
coated tungsten wire. The wire was originally 0.005 inch 
in diameter, but after polishing to remove the die marks 
the diameter was reduced to about 0.004 inch. 

The bare filament was recrystallized by heating, and 
the distribution of emission was observed at a cathode 
temperature of about 2200°K, by noting the light 
intensity pattern on the phosphor-coated wall of the 
tube. The readily identifiable tungsten pattern was seen. 
The wire was then removed, coated cataphoretically 
with a triple carbonate, and returned to the electron 
projection tube. The emission pattern from the coated 
filament was observed to be uniform except for one 
region which ran hot due to irregular coating thickness. 
It was concluded that the crystallographic structure of 
the base metal does not affect the emission from the 
oxide. 

RICHARDSON DATA 


The tube with which quantitative emission studies 
were made was a diode which had coaxial cylindrical 
geometry. The emitter was an oxide-coated tungsten 
filament, as has been described above. The collector 


*From a thesis submitted to the Department of Physics, 
M.I.T., in partial fulfillment of the requirements for the degree 
of Doctor of Philosophy. This work has been supported in part 
by the Signal Corps, the Air Materiel Command, and the ONR. 

+ Now at the Radio Corporation of America, Lancaster, 
Pennsylvania. 


system consisted of an anode and two guard rings, each 
1.59 cm in diameter. The collector and guard rings were 
movable and were isolated from the coated section of the 
filament during cathode activation. The filament tem- 
perature was determined by measuring the resistance 
of the coated section, which was bounded by two fine 
potential leads. All metal in the tube was of tantalum 
or tungsten. 

The measuring circuit was nearly identical to that 
which has been described by Nottingham.'? The fila- 
ment was heated by pulses of current, and the emission 
was measured between the pulses. The emission current 
was observed with a Compton electrometer. 

Data for the Richardson plot, shown in Fig. 1, were 
obtained using a collection potential of 10.5 volts and a 
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Fic. 1. Richardson plot. 


1 W. B. Nottingham, Phys. Rev. 41, 793 (1932). 
2 W. B. Nottingham, Phys. Rev. 49, 78 (1936). 
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COATING VOLTAGE 


Fic. 3. Current-voltage plots. 


temperature range from 420°K to 660°K. The highest 
current density used was less than 2X10~7? amp per 
cm’. Even at the higher currents, no change in the state 
of activation of the filament could be noted. From 
Fig. 1, the values of the Richardson work function and 
the A value were 1.31 ev and 0.048 amp/cm?-deg?. 


RETARDING POTENTIAL DATA 


The retarding field measurements were made for 
temperatures between 500°K and 600°K. The current 
densities were even lower than those used for Richard- 
son data and no change in the’state of activation of the 
filament was noted during the series of runs. 

The experimental curves are shown as the solid lines 
in Fig. 2, with the logarithm of the current plotted as 
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Fic. 4. Conductance vs 1000/T. 





a function of 500V,/T, where V, is the applied retard- 
ing potential. The Schottky* theory predicts that the 
current under these conditions would be given by 


J= 2d (eV /T) exp(—eV/kT) 


+ exp(—a*)dr| 


(eV /kT)* 


Here J=the current under retarding field conditions, 
Jo=the current under zero-field conditions, «=the 
absolute value of the electronic charge, V=the actual 
retarding potential (the applied retarding potential cor- 
rected for contact difference of potential), k= Boltz- 


3 W. Schottky, Ann. Physik 44, 1011 (1914). 
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mann’s constant, and T=the absolute temperature. 
This equation, which is plotted as the dotted line in 
Fig. 2, has been translated to best fit one of the experi- 
mental curves. 

It will be noted that the experimental curve is tre- 
mendously more rounded than would be predicted by 
the Schottky theory or even by the Schottky theory 
modified by Nottingham’s? reflection coefficient. It is 
felt that the dimensions of the tube approach rather 
well those assumed in the Schottky derivation and that 
the phenomenon is not geometrical in origin. Further- 
more, any influence on emission by patchiness of the 
anode would tend to be minimized by the relatively 
small cathode diameter. Therefore, the effect is believed 
to be a property of the cathode alone. Cathode patches 
could conceivably explain the shape of the experi- 
mental curves but could never explain the very large 
“apparent” contact difference in potential. Further- 
more, even the shape of the curve could not be ex- 
plained without unbelievable variations of patch size 
and patch potential. 

It is postulated that the anomalous curves are due 
to a potential drop through a high resistance coating. 
Since Fan‘ and Hung® have shown that the electrons 
emitted thermionically from oxide-coated cathodes can 
be expected to have very nearly a Maxwell-Boltzmann 
distribution in energy and are in temperature equi- 
librium with the cathode, the current-voltage relation 
for the coating can be obtained graphically from the 
dotted and solid curves of Fig. 2. For any given current 
(constant value of the ordinate), the potential drop 
through the coating may be computed from the hori- 


4H. Y. Fan, J. Appl. Phys. 14, 552 (1943). 
5C. S. Hung, J. Appl. Phys. 21, 37 (1950). 
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zontal distance separating the theoretical curve and 
any one of the experimental curves. The results of such 
an analysis are shown in Fig. 3. 

In Fig. 4, the logarithm of the conductance at small 
currents is plotted as a function of 1000/T. The points 
for this graph were computed from the slopes with 
which the curves of Fig. 3 enter the origin. The com- 
puted points fall on a straight line whose slope indicates 
an activation-energy of 1.3 ev. 


ACCELERATING POTENTIAL DATA 


The accelerating field measurements were made with 
applied potentials running as high as 1200 volts. Be- 
cause of the small filament radius this highest voltage 
represented a field, as determined by the macroscopic 
geometry of the tube, of 2.6 10° volts per meter. 

The experimental curves are presented in Fig. 5. It 
is found that the currents rise quite rapidly up to ap- 
plied fields of about 2.5X 10° volts per meter; then the 
plots become linear within experimental error to the 
highest fields used. The slopes of the straight-line por- 
tions of the curves are higher than predicted by 
Schottky mirror-image theory, in each case by a factor 
of nearly 3. It is believed that the deviation in slope 
between experiment and Schottky theory is caused by 
actual fields which are 9 times higher than those com- 
puted from gross geometry. Such fields would be due 
to the microscopic roughness of the surface. 

The hollow points in Fig. 5 were computed from 
Nottingham’s’ strip theory of patches. In this compu- 
tation the microscopic field was assumed 9 times higher 
than the macroscopic field. The patches were taken to 
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have an amplitude of 0.2 volt and a period of 2 10~° 
meter. 
X-RAY DIFFRACTION STUDY 


An x-ray diffraction study was made of a filament 
prepared in a manner similar to those under discussion. 
Because of the small size of the filament, it proved 
impractical to separate the outer coating from the 
interface and make a powder pattern of the interface 
material. Instead, a small sample of the entire filament 
was mounted in a Debye camera. The sample was 
rocked and exposed 12 hours to copper Ka radiation. 
The result of the exposure was a series of lines repre- 
senting the powder pattern of the coating superimposed 
on isolated spots from the single-crystal tungsten. 

The readily measurable interface lines had lattice 
parameters of 4.30 and 4.24 kX, respectively, and are 


HADLEY 


consistent with the measurements of Rooksby and 
Steward® for the compounds BasWO, and Ba:SrWO, 
with lattice parameters of 8.6 and 8.5 kX, respectively. 
The results of Rooksby and Steward were later con- 
firmed by Affleck and Hensley.’ 
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Spectrometer measurements were made of the x-ray diffraction peaks for cold-worked filings of thoriated 
tungsten: 99.25 tungsten, 0.75 thoria. A Fourier analysis was made of the peak shapes, and the instru- 
mental broadening corrected by using the peaks of annealed material. When the particle size and the dis- 
tortion effects were separated, it was found that the particle size broadening corresponded to a size L= 200A. 
This value is to be interpreted as the size of the coherently diffracting domains, and is a measure of the dis- 
tance between layers of slip planes or layers of dislocations. The coherent distortion broadening indicated 
that strains in this material vary appreciably over distances of 25A or less. Strain distribution curves were 
obtained from a Fourier transform of the experimental coefficients. There is an indication that strains are 
smaller in the larger coherent regions. The measured root mean square strain corresponds to an elastic 
energy of 0.18 cal/g. Within experimental accuracy the integrated intensities are the same for the cold- 


worked or the annealed samples. 


I. MEASUREMENT OF PEAK SHAPES 


OWDER samples were prepared from sintered and 

swaged tungsten rods{ of composition 99.25 per- 
cent tungsten and 0.75 percent thoria. Filings from 
these rods were cleared of iron with a magnet, and the 
fraction passing through a 325 mesh per inch screen 
used for the samples. Flat-faced briquets of the cold- 
worked material were made by pressing the filings in a 
die at 100000 lb per square inch, or by adding a 
binder of 10 percent Duco cement in acetone. Both 
samples gave the same degree of broadening, indicating 
that the pressing introduced no additional cold work. 
Flat-faced annealed samples were produced by anneal- 
ing the pressed briquets, or by annealing the filings 
and then bonding them with Duco and acetone. The 


~ * Research sponsored by the AEC under Contract AT(30-1)- 
858. 

+ Present address: E. I. du Pont de Nemours and Company, 
Wilmington, Delaware. 

t Kindly supplied by the Cleveland Wire Works of the General 
Electric Company. 





annealing was at 1050°C for one-half hour, which was 
found by experiment to give sharp reflections without 
sufficient grain growth to produce spotty patterns. 
The peak shapes were measured on a Norelco re- 
cording spectrometer, and also on a manually operated 
Geiger counter spectrometer. With the latter instru- 
ment, the radiation was monochromated with a bent 
quartz crystal (1011) which focused the monochro- 
matic radiation on the entrance slit of the spectrometer. 
The diffracted radiation was measured with a Geiger 
counter and scaling circuit. The flat-faced sample was 
maintained symmetrical with respect to the primary 
and diffracted beams to satisfy the focusing conditions 
and to keep the absorption correction angular inde- 
pendent. Background intensities between the peaks were 
measured at each degree in 26 for a time of four minutes, 
and intensities on the peak were measured at every 
five or ten minutes in 2@ for a time of two minutes. 
Most of the runs on the Norelco spectrometer were 
made with Ni-filtered CuKa at }° in 26 per minute 
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using a time constant of 8 sec. With both spectrometers, 
duplicate runs were made with a cold-worked sample 
and an annealed sample, keeping all spectrometer con- 
ditions the same. The peak for the annealed sample 
was then used to correct the cold-worked peak for 
instrumental broadening. | 

It has been shown! that for a (00/) reflection contain- 
ing particle size or distortion broadening the peak shape 
can be represented by a Fourier series 


P»= KN & C,()exp[ —2xinhs |, (1) 


where /;= (2a; sin@)/A. 

Each cold-worked peak and its corresponding an- 
nealed peak is expressed in terms of its Fourier co- 
efficients. Following the method of Stokes,” the coeffi- 
cients C,(l) of Eq. (1) are then given directly by the 
quotients of the two sets of coefficients [C,(l)C.W. ]/ 
[C,()Ann]. For cold-worked tungsten filings the 
broadening is symmetrical and there is no peak shift, 
so that the imaginary part of the complex coefficient 
C,(2)=A,(1)+7B,(J) is small enough to neglect, and the 
corrected peak shapes are represented by a cosine 
Fourier series 


Px =KN Zz A n(l)cos2rnh3. (2) 


II. ANALYSIS OF FOURIER COEFFICIENTS 
FOR COLD-WORKED TUNGSTEN 


It is convenient to think of the crystal in terms of 
columns of unit cells perpendicular to the reflecting 
planes, and to introduce the distance L=na; between 
a cell and its mth neighbor in the same column. If 
appropriate a; values for the different (hk/) sets of 
planes are used, the coefficients are then represented in 
terms of the common quantity LZ which is just a dis- 
tance in the crystal. The Fourier coefficients obtained 
from the two kinds of spectrometer measurements 
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Fic. 1. Fourier coefficients for the powder-pattern peaks of 
cold-worked thoriated tungsten filings. The coefficients are cor- 
rected for instrumental broadening and are plotted against L= nas. 


( 1B. E. Warren and B. L. Averbach, J. Appl. Phys. 21, 595 
1950). 
2 A. R. Stokes, Proc. Phys. Soc. (London) 61, 382 (1948). 
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agreed very well, and the best set of average coefficients 
is given by Fig. 1. 

In general these coefficients contain the effect of 
small particle size and distortion. They can be expressed 
as the product of a particle size coefficient and a dis- 
tortion coefficient 


A,(l)=A,?A, (I). (3) 
Particle size is 


1 
A,?=— ba (i-— | | )ni. 
N w=|nl+1 


Distortion is 
A,?(l)= (cos2a1Z n) wy. 


It has been shown that the two effects can be sepa- 
rated* by using the fact that the distortion coefficient 
depends on the order of the reflection, while the par- 
ticle size coefficient is independent of the order. For 
small / and small values of m where Z,, is also small, 
the distortion coefficient can be approximated by an 
exponential 


A,,?(1) = (cos2mlZ n)w—exp[ — 2eP(Z,2))]. 


For orders of the general plane (Ak/) of a cubic crystal, 
it is convenient to express 


A,?(l) as exp — 27°1,?(AL’)/a*], 


where 1? =/#?+#?+P, AL=a;Z,, and a;/l=d=a/lp. 
Equation (3) becomes 


InA 7 (Io) =InA 1p? — 2971 (AL*)/a?. (4) 


For different orders of a particular set of planes 
(hkl), a plot of InA (Jo) vs Jo? should give a curve which 
approaches a straight line at the small J) end. The 
intercept of this line gives InA,”, and the slope gives 
(AL*) from which a mean square averaged strain can 
be determined. 

Figure 2 is a plot of InA z(/o) vs Jo? using data of Fig. 1 
for certain values of L. Two features of these curves 
are particularly interesting and important. Within ex- 
perimental error, the points for different (hkl) planes 


3B. E. Warren and B. L. Averbach, J. Appl. Phys. 23, 497 
(1952). 
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Fic. 3. Plot of the particle size coefficient Ax? vs L for cold- 
worked thoriated tungsten filings. The initial slope gives a particle 
size L= 200A. 


fall on a single smooth curve indicating that the strains 
in the crystal are the same in all directions. This result 
is in agreement with previous measurements‘ on cold- 
worked tungsten, and probably is to be expected from 
the well-known elastic isotropy of this material. If 
there were no particle size broadening, all the curves of 
Fig. 2 would extrapolate to InAz(/o)=0.0. The inter- 
cepts on Fig. 2 are however quite large, and definite 
indicating that an appreciable part of the broadening 
is the result of small particle size. 

It has been shown!’ that if the particle size coeffi- 
cients A,” are plotted against L, the intercept of the 
initial slope on the axis of abscissas gives a mean column 
length ZL. Figure 3 shows a plot of the particle size 
coefficients obtained from the intercepts of Fig. 2. The 
initial slope indicates a mean column length L= 200A. 
This value is to be interpreted as the average size of 
coherently diffracting domains. The value is surpris- 
ingly small, and it indicates that in the cold working 
of thoriated tungsten by filing, an appreciable part of 
the x-ray broadening is produced by fragmentation or 
separation by slip bands or layers of dislocations into 
small regions diffracting incoherently relative to one 
another. 








Fic. 4. Plot of the Fourier distortion coefficients AP(l), 
corrected for particle-size broadening, for cold-worked thoriated 
tungsten filings. 


4C. S. Smith and E. E. Stickley, Phys. Rev. 64, 191 (1943). 
5M. F. Bertaut, Compt. rend. 228, 492 (1949). 
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When the particle size coefficients A,” from Fig. 2 
have been determined, the distortion coefficients A ,,? (I) 
are computed from Eq. (3). They are shown by Fig. 4. 
There is a curve for each (Akl) reflection, and the curves 
are in the order of h?+-k?+-P which is of course a result 
of the elastic isotropy. 

The component of strain along the column direction, 
averaged over the distance Z along the column will be 
called ez. Introduce a strain distribution function p(ez) 
normalized to 


+00 
f p(ex)der= 1, 


so that p(€z)dez is the fraction of the material in which 
the strain component averaged over a length L varies 
between ez and ez+dez. Since AL=a,Z,=Le, and 
a;/l=d=a/ly where |,?=/?+#+P, the distortion co- 
efficient can be expressed in terms of €,, 


A? (1) = (cos2a1Z,,) = (cos2aloLe,/a). 


The average over the sample can be expressed in terms 
of the strain distribution function, 


+0 
A LP (lo) = f p(ex)cos(2al Lez, a)de;. (5) 


For a given value of L, if Ax?(lo) can be determined 
for enough values of J) to consider it as a known func- 
tion of J), the strain distribution function can be ob- 
tained from Eq. (5) by a Fourier transform, 


aL ef 
plex)= —f A 1? (Io)cos(2alpLex/a)dlo. (6) 
a~o 


In general there is a different p(€z) for directions normal 
to the different (k/) planes, and only orders of a par- 
ticular (kl) can be used to determine the corresponding 
p(ex). Due to its elastic isotropy, tungsten is a special 
case where all the (hkl) peaks can be used to determine 
Az? (lo) as a function of lp. 

From the curves of Fig. 4 values of Ax?(lo) were 
taken for Z= 125, 150, 175, and 200A. Smaller values of 
L would require too long an extrapolation to zero for 
high values of Jo. For each of the four values of L, 
smooth curves of A 1? (Io) vs 1) were drawn, and the trans- 
form operation of Eq. (6) performed with the Lipson 
and Beevers strips. The resulting strain distribution 
curves are shown by Fig. 5. Since there is no way of 
distinguishing positive and negative strains when the 
diffraction broadening is symmetrical, the distribution 
function is expressed in terms of strain magnitudes | €z|. 

It should be emphasized that the distribution func- 
tions are obtained directly from the experimental data 
without making any a priori assumptions about the 
nature of the strains. The analysis from which these 
curves are obtained requires a high degree of accuracy 
in the experimental data, and the reliability of the final 
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curves is somewhat uncertain. The fact that the curves 
show a high probability for small values of ez does not 
necessarily mean that an appreciable fraction of the 
volume is nearly strain-free. The quantity ez is the 
average over a length L of the component of strain 
normal to the diffracting planes, and there may be 
many regions which are highly strained but in which 
the averaged component normal to the diffracting 
planes is small. 

If strains were constant over large distances in the 
material, p(€~) would be independent of the distance L 
over which the component is averaged. If it is a real 
effect, the variation of p(€z) with LZ could be a direct 
indication that strains in the material vary appreciably 
over distances of the order of 125A or less. The curves 
indicate that the longer the distance over which the 
strain is averaged, the smaller the maximum values of 
the averaged strain, and the higher the probability of 











Fic. 5. Distribution functions for averaged strain components 
for cold-worked thoriated tungsten filings in terms of the strain 
magnitude |«€z|. 


finding small values of averaged strain. These results 
would agree with a picture in which the strain varies 
appreciably over distances of 125A or less, with some 
regions of positive and negative strain within this dis- 
tance of one another. In this case, however, these con- 
clusions are rendered uncertain by the small average 
particle size of 200A. Since the p(ez) curves for large L 
can come only from the larger coherent domains, the 
trend of the curves might equally well be an indication 
that the strains are smaller in the larger domains. 
Root-mean-square values of the averaged component 
of strain can be computed from the distribution curves 
of Fig. 5 and from the slopes of the curves of Fig. 2. 
The values are shown by Fig. 6 where ((ez?))! is plotted 
against the averaging distance L. There is good agree- 
ment between the values obtained by different methods 
except for small Z values where there is some scatter. 
An extrapolation to L=0 to get the true root-mean- 
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Fic. 6. Plot of the root-mean-square averaged strain component 
((ez*))$ vs L for cold-worked thoriated tungsten filings. 


square component of strain is uncertain, but a value of 
about 0.005 is indicated. The value of ((¢z”))# decreases 
with increasing L. At the large values of L, this could 
be explained as a particle size effect by assuming the 
larger domains to have smaller strains. However, the 
rapid decrease of ((€z?)) at small values of Z cannot 
be explained as a particle-size effect, and must be con- 
sidered a definite indication that strains vary appre- 
ciably over distances of the order of 25A or less. From 
the distribution curves it was not possible to tie this 
distance down to such a small value as 25A, since 
curves were not available for averaging distances less 
than 125A. The root mean square strain curve contains 
the additional information obtained from the A 1?(I,) 
values for small L. 


Ill. EFFECT OF COLD WORK ON THE 
INTEGRATED INTENSITIES 


Flat-faced briquets of cold-worked and annealed 
filings, either pressed or held with Duco binder, were 
measured with filtered CuKa and CoKa. Representative 
results for flat-faced samples of filings in Duco binder 
using filtered CoKa are given in Table I. Columns I 
and II give the peak areas in arbitrary units for the 
annealed and cold-worked samples with identical spec- 
trometer conditions. Although the cold-worked peaks 
were considerably broader, there was no measurable 
change in the integrated intensity as a result of cold 
work. 

Column III gives computed values which should be 


Taste I. Effect of cold work in tungsten on int 
Peak areas in arbitrary units. CoKa. 


ted intensities. 








Filings in Duco binder IV. Polished 





II. Cold- III. Computed polygrained 
hkl I. Annealed worked Kf%m(L.P.)e 7?” — slug 
110 17.2 17.6 50.0 54.0 
200 4.9 4.9 8.5 7.3 
211 10.8 10.8 17.0 19.5 
220 5.1 5.1 6.5 7.9 
310 15.1 15.0 -—— 150 «— 15.0 
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proportional to the peak areas. In these computations, 
f is the scattering factor with a dispersion correction® 
Af=—6.1, m the multiplicity, (L.P.) the Lorentz 
polarization factor, and exp[—2M] the temperature 
factor. The value for (310) is arbitrarily matched at 
15.0. It is evident that the measured values for both 
the cold-worked and the annealed samples are far 
below the computed values, and the discrepancy is 
progressively greater on going to the lower index re- 
flections. It seems very unlikely that this could be an 
extinction effect since it is the same for either the cold- 
worked or the annealed sample. The extremely high 
absorption coefficient for CoKa in W(5000 cm) sug- 
gests that it is a surface-roughness effect, which acts 
to suppress the low angle reflections. Since the samples 
were 325 mesh filings pressed flat with a glass plate, the 
surfaces were extremely rough relative to such a high 
absorption coefficient. 

To check this possibility, a polygrained ingot of 
tungsten was polished to a smooth flat face and used 
as the sample. The measured peak areas with (310) 
matched at 15.0 are given by column IV. Within the 
experimental error due to graininess in the ingot, there 
is good agreement between columns III and IV. Owing 
to the very large absorption coefficient, the surface 
roughness effect is very important with tungsten, and 
the low measured values from the filings for the low 
index reflections result primarily from this effect rather 
than from extinction. 


IV. CONCLUSIONS 


It must be emphasized that these measurements 
have been made on thoriated tungsten, and hence that 
the results do not necessarily apply to pure tungsten. 
A particle-size broadening corresponding to a particle 
size of L= 200A is unexpected, and is probably the first 
clearly established example of a large particle size 
broadening by cold work. Since both the particle size 
and the distortion broadenings are removed by anneal- 
ing for one-half hour at 1050°C, it is likely that the 
major part of the particle-size effect is not fragmenta- 
tion, but rather the separation by layers of slip planes 
or dislocations into small regions which diffract inco- 
herently with respect to one another. The 200A can 
be interpreted as the average distance between slip- 
plane layers, or as the distance between layers of dis- 
locations when, for example, bending produces small 
regions with a small difference in orientation in going 
from one region to the next. Although the particle size 
broadening in this material is an interesting result, the 


* J. C. M. Brentano and A. Baxter, Z. Physik 89, 720 (1934). 
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correction which it introduces makes the distortion 
broadening and its interpretation uncertain. For a 
study of the nature of cold-work distortion, it would be 
better to have a sample in which particle-size broaden- 
ing is relatively small. Pure tungsten would probably be 
a better sample for study than the thoriated tungsten 
used here. 

The rapid decrease in ((€,”))! at small distances L is 
a definite indication that strains are not constant over 
large regions, but instead vary markedly over dis- 
tances of the order 25A or less. The interpretation of the 
strain distribution curves is made ambiguous by the 
fact that the 200-A particle size is of the same magni- 
tude as the distances over which the components of 
strain are averaged. Only the larger coherent domains 
contribute to the curves for the larger averaging dis- 
tances L, and hence the variation in the curves with L 
could be interpreted as indicating smaller strains in 
the regions with the larger separations between layers 
of slip planes or dislocations. The trend of the curves 
with Z can be equally well explained by assuming that 
the strains vary rapidly with distance in the material, 
and some regions of positive and negative strain are 
close enough together to give some cancelling when 
averaging over the longer distances. 

The root mean square component of strain normal to 
the average diffracting planes is ((€z”))'= 0.005 as L—-0. 
As a rough approximation this value can be multiplied 
by v3 to give a root-mean-square strain ((e?))}=0.009. 
At regions of maximum strain much higher values would 
be expected. Approximating the stored elastic energy 
per unit volume by V=}3E(é) gives 0.18 cal/g. This is 
only the elastic energy in the coherently diffracting 
regions and hence is not the total stored energy of cold 
work. The strain values obtained are of the same order 
as the ultimate tensile strength divided by Young’s 
modulus‘ U. T. S./E=0.012. 

Although cold work broadens considerably the dif- 
fraction peaks, if care is taken to include the broad 
wings of the higher order reflections, the integrated 
intensities of the peaks are not decreased by cold work 
indicating that cold work distortion is not well approxi- 
mated as a “frozen heat motion.”” The absornally low 
intensity values of the low order reflections from flat- 
faced samples of tungsten filings for either cold-worked 
or annealed material is the result of the combination of 
surface roughness and a large absorption coefficient 
rather than to extinction. 

We are indebted to Professor B. L. Averbach for 
advice and helpful discussions during the course of this 
investigation. 
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Equations are derived for the current induced in an infinitely long, thin, straight wire of nonzero surface 
impedance when the wire is connected to a flanged coaxial line. Also, radiation field patterns are computed 
and the input conductance determined. It is found that the current (and likewise the input conductance) 
can be separated into two components, one of which is a propagating or modal current. Graphs are presented 
from which the efficiency of excitation of the propagating current can be computed. 

A second structure consisting of a single wire between perfectly conducting parallel plates is solved as a 
boundary-value problem. The solution is used in the discussion of the physical behavior of a finite single- 
wire transmission line. In particular it is found that the usual transmission line concepts are valid under 


certain restricting conditions. 





I. INTRODUCTION 


SINGLE WIRE having a modified surface can 

be used to guide electromagnetic energy in a 
circularly symmetrical transverse-magnetic mode, called 
the Eoo.'~* This single-wire transmission line is of pres- 
ent interest because of the recent recognition by Georg 
Goubau that it has certain applications as a means of 
transmitting short-wave radio energy. Goubau made 
theoretical calculations of the attenuation and other 
parameters for an infinitely long wire, assuming an 
Eoo mode of propagation, and found that these calcula- 
tions were in agreement with experimental measure- 
ments. This work of Goubau is not sufficient to give a 
complete understanding of the electromagnetic beha- 
vior of the structure, and the purpose of the present 
research has been to arrive at a better understanding of 
structures of finite length ; in particular, the role played 
by the Eoo mode. 

A summary of the properties of the Eoo mode con- 
taining information pertinent to the present investiga- 
tion is given. The first problem considered is that of 
determining the current induced in an infinitely long, 
thin, straight wire of nonzero surface impedance when 
the wire is connected to a fianged coaxial line. The next 
problem is that of determining the behavior of two 
flanged coaxial lines connected by a finite single-wire 
line. It is shown that the latter problem is closely con- 
nected with the former whenever the single wire is 
sufficiently long. 

Some of the quantitative results below will be com- 
pared with experimental data in a paper to be presented 
at a later date. 


The Principal Mode on an Infinite Wire 


The general properties of the circularly symmetrical 
propagating Eoo mode are described in some detail by 


* Part of a thesis submitted in partial fulfillment of the re- 
quirements for the degree of Doctor of Philosophy. This research 
was made possible by support extended Cruft Laboratory, 
Harvard University, under contract NSori-76, T.O. 1. 

T Now at The Norden Laboratories Corporation, Milford, Con- 
necticut. 

'L. Brillouin, J. Appl. Phys. 19, 1023 (1948). 

2G. Goubau, J. Appl. Phys. 21, 1119 (1950). 

*G. Goubau, Proc. Inst. Radio Engrs. 39, 619 (1951). 
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Goubau.”* The more important features of the Zoo mode 
are briefly summarized below. 

Let a long, straight, circular wire of radius a, be ex- 
cited in a symmetrical manner such that the electro- 
magnetic field components H,, H,, and Ey are zero. 

Also, let the wire have a surface impedance (see 
Appendix A). 


Z.=E./H3. (1) 


In cylindrical coordinates the nonzero components of 
the field may be written as* 


E.=A pHo(Anp)etn*- i! 
E,= —i(¢ n/An)A nf (A ap)etor—tws (2) 
Ho=—i[B/dn(u/ 6)? Ai (Anp)etn*—!, 


where ¢,°+A,’= £6" and 8 is the free-space propagation 
constant, w/c. 

H,,(x) is the first Hankel function H,'(x). Hence- 
forth the time factor e~‘“* is omitted. 

At the surface of the wire it is required that 


H(A 2a) ipaZ, Bax, 
Hina) (w/e? (w/e)? 


For the present the wire is considered to be lossless, 
therefore, ¢, must be either real or imaginary. In this 
case it can be shown easily that there is only one solu- 
tion of Eq. (3) for a negative (inductive) surface 
reactance and no solution for a positive (capacitive) 
surface reactance. Thus, there is only one circularly 
symmetrical propagating mode, called the Eo mode, and 
at a given frequency the fields may be specified com- 
pletely by the two parameters{ Ao’a= —idAoa and Ba. 
The amplitudes of the field variables decay exponen- 
tially for large radius p. [See Eq. (B-8). ] 

The characteristic conductance Gp is defined as the 
ratio of current to voltage of the propagating mode. 

‘J. A. Stratton, Electromagnetic Theory (McGraw-Hill Book 
Company, Inc., New York, 1941), a 


t The parameter Xo’a is real and therefore somewhat more con- 
venient than the imaginary quantity od. 





(3) 
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2a Fic. 1. A single- 


wire line connected 
to a coaxial line. 


z—t. 


These quantities are quite arbitrary; however, a 
natural way of choosing them is as follows: 
By the above definition 


I=VGo. (4) 
The power transferred is 
P=}ReVI*=}31/1*/Gy. (5) 


The current J is defined as the fofal axial-component 
of current. Then by employing Ampére’s law and 
Poynting’s theorem it may be shown that the character- 
istic conductance is 


2B/fo oa 
o= 
(u ‘e)! Ho(Xoa) H (oa) \? 
“nol (He 
H\(Xoa) H (oa) 
Often 6/fo is approximately unity and in this case 
Go is a function of the real quantity Xo’a only. 





. (6) 








Il. THE SEMI-INFINITE WIRE 


The current distribution in an infinitely long wire has 
been considered by a number of authors,*~° all of whom 
consider in some detail the case of perfect conductivity. 
Only Stratton and Chu, however, discuss the case of 
imperfect conductivity and since they have neglected 
branch-cuts in applying the method of contour integra- 
tion, they have reached some erroneous conclusions. 

The configuration considered here is a long straight 
wire of nonzero surface impedance, extending from a 
perfectly conducting, flanged coaxial line as shown in 
Fig. 1. The objective is to find expressions for the 
current in the wire and the radiation field pattern, for a 
specified radial electric field distribution at the flange 
(z=0). 

A surface modification that reduces the phase veloc- 
ity of the propagating mode below the free-space 
velocity is assumed. It is important to include this sur- 
face modification, but the losses may be neglected pro- 
vided they are small. In case there is no surface modifi- 
cation it is mot permissible to assume infinite conductiv- 
ity-for long structures. This is made clear by a compari- 
son of the results of the authors cited,®-* with those 
obtained by Sommerfeld? for a wire of finite conductiv- 
ity. In the case of finite conductivity, on the other 
hand, there is such a mode. 

5 J. A. Stratton and L. J. Chu, J. Appl. Phys. 12, 230 (1941). 

*S. A. Schelkunoff, Proc. Inst. Radio Engrs. 29, 493 (1941). 

7E. Hallen, Cruft Laboratory Technical Report No. 44, 
Harvard University, May 25, 1948. 

*C. H. Papas, Cruft Laboratory Technical Report No. 58, 
Harvard University, September 10, 1948. 


sy Sommerfeld, Ann. Physik. Chem. (Neue Folge) 67, 233 
). 
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Mathematical Formulation of the Problem 


The structure analyzed is in Fig. 1. It has circular 
symmetry and is excited symmetrically so that H,, 
H,, and Eg are zero. 

The surface modification of the wire is represented by 
a surface impedance. (See Appendix A.) 


Z,= (E,/H¢) p=0- (7) 


The total axial current /(z) is related to the magnetic 
field at the surface of the wire by 


I (2) =2raH 4f p,2)| po. (8) 


As a consequence of Maxwell’s equations the mag- 
netic field must satisfy the equation 


9140 3? 


— — — pH 4(0,2)+—H 4(0,2)+ PH 4(p,z)=0. (9) 
Op pap 02? 


The boundary conditions are: 
1a ipZ, 


at p=a ——pH,(p,2)=— 
pap u/e)} 





H4(p,2), (10) 





at s= aun 2)= p(P,2). 
0z (u/«)! 


A further condition is the “radiation condition” which 
requires the field to be an “out-going wave” at infinity. 

The electric field and the current can be expressed 
in terms of the magnetic field by use of Maxwell’s 
equations. Therefore, the formal solution is complete 
when an expression is obtained for the magnetic field in 
terms of the radial electric field at s=0,6(p). This 
solution is carried out by use of the Green’s function, 
that has the following properties :§$ 


910 3 
a r+ —+6)G(0,02 
Oppdp daz 
1 
= ——8(p,p’)d(2—2’), (11) 
2x 
at p=a 
1a ipZ, 
es — pG(p,p’,2,2’) - ———G(p,p’,2,2’), (12) 
pop u/e)} 
at z=0 
ce) 
—G(p,p’;z,2’) =0. (13) 
dz 


From the above conditions the Green’s function may 


§ 5(p,p’) and 6(z—z’) are delta-functions and 
£ 5(p,0')p’dp’=1; fa —2)ds'=1 
a MMP le erm; ~~. . 











2) 


3) 


ay 
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be determined to be’® 


G(0,0',2,2")=4/8m f [Js(dpe)— f(da)Hi(Ap<)] 


XHi(Ap>)[ete-#)-peit (+2 dy, (14) 
where 

aJo(a)+-4BaZ »/(u/)4J,(da) 

NaH o(Na)-+i8aZ ,/(u/¢)#Hs(da) 


where the contour C, is shown in Fig. 2. 


By an application of Green’s theorem the magnetic 
field can be expressed as 


H 4(,2)= —[24B/(u/e)*] 


{Q\a)= 





x f &(p’)G(p,p’,2,0)p’dp’. (15) 


The General Solution 


An expression for the magnetic field is found by 
substituting Eq. (14), in Eq. (15). Thus, 


b 
Halo.2)=B/(u/0 f 8(0')o'de’ f [Ji(Ap<) 


— f(Aa)Hi(Ap<) JHi(Ap>)e**dg. (16) 
In case p>b, 


H4(p,2)= a/(u/o | f sortn0) 


— f0ha)Hs(do')]o'dn' | sap eta. (17) 


In case p=a, 


H4(a,2)=1B/m(u/e)! 


b 
x f f &(p’)Hi(Ap’) p’dp’g(da)e*t*dg, (18) 
where —_ 
g(Aa) =[AaHo(Aa)+iBaZ ./(u/e)*H,(Aa) J“ 


An expression for the current is obtained by employ- 
ing, Eq. (2). 


I(2)=i280/(u/6)' f g0ra)erat 


e1 


6 
x| f E(o’)Hi(dp")o'de’. (19) 


1 The method of Green’s function as applied here is discussed 
in a number of text-books, e.g., A. Sommerfeld, Partial Differential 
Equations (Academic Press, few York, 1949). 


+B +ho 











Fic. 2. Contours of integration in the {-plane. 


The electric field is readily expressed in terms of the 
magnetic field. Therefore, the formal solution to the 
problem in terms of the radial electric field in the gap is 
complete. The radial electric field in the gap is not 
known except in certain special cases, and in order to 
arrive at a practical solution it is usually necessary to do 
further work. For the present purposes, however, suffi- 
cient information can be derived from the general 
expressions above with the aid of the solution to one 
specific problem. This problem is for the case of a very 
small gap b—a—0 (i.e., a slice generator). 


The Current Distribution for the General Case 


In this section some general behavior of the current 
is derived from the expression, Eq. (19). The analytical 
behavior of the integrand of Eq. (19) is as follows. 

The part of the integrand in the braces is analytic 
except at the branch points, \=0, i.e., $=+ 8. Also the 
behavior as {—© is essentially exponential. The 
remainder of the integrand is analytic except at these 
same branch points; there are, however, two values of 
¢ that make the denominator zero. These two simple 
poles are denoted by + £0, and the corresponding value 
of \ by Ao=(6?—f0")?. The value of A» may be deter- 
mined from the equation, 


Hoar 
= =ifaZ./(u/e)' (20) 





— oa 
1\Aoad 

which is identical to Eq. (3). 
The poles at {= +f represent the propagation modes 
discussed earlier. The amplitude of the current in the 
propagating mode corresponds to the residue at the 


pole. 

The contour of integration may be deformed to a 
new contour C; in Fig. 2, then by Cauchy’s residue 
theorem, : 


I(z)=2mi residue at {ot ; ( )dg. (21) 


The total current may be represented conveniently as 
the sum of two components Jo(z) and J’(z) where 
4n(B/5)doaettes 


2H. o(Aoa)/ H 1(Aoa) - eal 1+ (ZH o(Aoa)/ H o(Aoa))*] 





Io(z)= 





Ay(r op’) p’ 
} —dp’, (22 
xf Broa (22) 









6 
Fon? 
(MHOS) 

2 


10> 1o"4 x. 105 ioe 107 


Fic. 3. The characteristic conductance Go. 


I'()—i2Ba/(u/)' f ol (Bf) ta Jeitdg 


c2 


x f E(p!)HiL(6—%*)'p"Jo’dp’. (23) 


The component of current /o(z) is clearly a propagat- 
ing current, with the propagation constant fo. Jo(z) is 
zero for an exciting field &(p), orthogonal to the Hankel 
function H,(Aop) therefore it is possible to excite a 
current of type /’(z) without exciting a propagation 
current J(z). 

The dependence of /’(z) on distance z is quite com- 
plicated in general and is not the same for all exciting 
fields. It can be shown that for a small gap and Z,+0, 


I'(z)~1/2 as zo. (24) 


Therefore, at some distance z, dependent on Z,, the 
current J9(z) predominates provided, of course, that it 
is not zero. 

The component of current /’(z) is called an auxiliary 
current. This auxiliary current can be referred to as a 
radiation current, although this term is avoided here 
because of the possibility of creating the erroneous 
impression that the radiation field is the result of J’(z) 
only. The radiation field is the result of the total current, 
even though no net power is taken from the principal 
mode. 


Evaluation of the Input Conductance 


For most of the remaining considerations the coaxial 
line is assumed to have a small outer radius ba. This 
case -is obtained mathematically by replacing the 
coaxial-to-single-wire-line transition by a slice generator 
connected to the single-wire line. 

Let the input admittance to the coaxial line, Y=G 
+B, be represented as G=G»+G:, and iB, where these 
parameters are defined by 


Go=1,(0)/V; G,=1,(0)/V; B=1,(0)/V; (25) 
I'(2)=1,(2)+i1,(2), (26) 


TABLE I. The conductance Go(mhos) . 








\Ao’a 

2x ~\ 0 2.55 X10~* 8.8 K10~¢ 1.24 X1073 8.7 K1073 10-2 5 x10? 

10-3 : 0.00105 0.00125 0.00130 0.00120 0.00104 0.000386 
0 


0.00105 0.00125 0.00132 0.00190 0.00193 0.00248 
0.00105 0.00125 0,00132 0.00192 0.00198 0.00316 
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where J,(0) and /,(0) are real and 


v= { "eoddp 


a 


is the driving voltage. 
From Eqs. (22) and (25) it is seen that 











2x B/foroa 
(u/e)! eee (—~)] 
H,(roa) 2 Hoa 


TABLE II. The conductance G;(mhos). 








2x “\ © 2.55 X10-*8.8 X10~4 1.24 X10-78.7 X10" 107? 5 X10? 


10-3 0 0.00065 0.000022 <10-5 
10-2 0.0020 0.00166 0.0012 0.00029 
1071 0.0077 0.0076 0.0071 0.0071 0.0060 











This expression for Go is identical with the character- 
istic conductance defined in Sec. I, as is required by the 
fact that the power coupled into the principal mode is 


Po=3VI0(0) = 3107(0)/Go, (28) 


and since J9(z) is of uniform amplitude, Eq. (28) is the 
definition of Go given in Sec. I. 

It is seen from Eq. (27) that except for the factor 
8/fo, the conductance Gp is a function of Ao’a only. 
Frequently {9+ 6 and then Gp» is determined by a knowl- 
edge of Ao’a only. A curve of (f/8)Go vs Ao’a is in Fig. 
3. From this curve and the relation {o/8=[1—(Aca/ 
Ba)? }' the principal-mode characteristic conductance can 
be determined easily for given values of Ao’a and Ba. 

The conductance G; is the radiation conductance, 
that is, the radiated power is given by 


P,=3V°Gi. (29) 


TABLE III. The input conductance G=Go+G,(mhos). 








\Ao’a 
Ban. _- 


az \ 0 2.55 X10~4 8.8 X10~4 1.24 K1073 8.7 X10- 10°? 5 X10 





10-3 0.00175 0.0017 0.0011 0.00039 
107? 0.00313 0.0031 0.0030 0.0031 0.0028 
10-! 0.00905 0.0090 0.0089 0.0090 0.0091 0.0092 


3X10? 0.00476 








Therefore, the efficiency of coupling to the guided mode 
is 
nr=Po/(Pot P:) =1/(1+G:/G»). (30) 


The ratio G,/Go is of considerable importance, and 
the immediate task is to find a method of obtaining 
values of Gi. 

The contour of Eq. (23) can be deformed to Cs, Fig. 
2. Then it can be shown easily that the integration along 
the imaginary axis results in iJ2(z), and the integration 
along the real axis, 0 to 8 to 0, results in J,(z). By 
making use of the Bessel function relations, Eqs. (B-6) 
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and (B-7), the following expressions may be obtained, -25° 
8 
11(2)=880°V/x(u/)* f lel(@’—s*)'a]|*e*dg, (31) oe -50° 
0 l ~Y = [arg 1-82) 
I,(2)= —488a*V /x(u/)! f | (P+ §*)'a]|%eFde. we ‘a 
0 [arg’-z] ie 
(32) ws 
Lo ~wo° 





The conductance G, and susceptance B are determined 
by Eqs. (31) and (32), respectively. 































































































This representation of the input susceptance diverges "(votr) In| 
to infinity. In a physical problem the gap is finite and 
there is an additional factor in the integrand that pre- - \ 
vents this divergence. It is not necessary to evaluate eh 
the susceptance to achieve the goals of the present 
investigation, since the primary interest is in the general a sas ties 
behavior of the single-wire line. ——— 
It is not easy to obtain values of the radiation con- oe 
ductance by analytical methods ; however, direct numer- 0 pete 
ical integration is quite feasible, and a number of values 
were computed in this way. These are tabulated in Table 
I. Numerical values of Go and Go+G; are tabulated in 0 4 8 7, '2 16 20 
) 20 Fic. 5. The current /’(z) for Ba=0.10, \’oa=0.01 
| Io(z) | =3.94 ma/volt; ReZ’(0)=4.01 ma/volt. 
: 16 
ot 2 zero rather slowly with increasing z and that the propa- 
‘ 8 gation velocity corresponds approximately to the 
free-space velocity. Also, it is seen that the auxiliary 
‘ 7 current is quite significant for small values of 2/X. 
° : = Therefore, the resolution of the total current into com- 
/ 10 O/» 10 10 ; 
ponents has no meaning for short structures. 
” Fic. 4. The radiation conductance G; for Z,=0. An asymptotic expression for the auxiliary current 
has been derived by examining the behavior of the inte- 
m Tables II and III. Table III is particularly significant 
in that it indicates that the input conductance G:+Gp - 
) is essentially independent of the surface modification 
\o'a provided Ao’a <Ba. Then the curve in Fig. 4 for 25 — 
“a G(Z ,=0) also represents the total input conductance for q 
most cases where Z,#0, and the labor of numerical Tih. {argi™-7] 
= integration to determine G, can usually be avoided. 2.0 ~~ -100° 
" | rea] | taal?) ~~~4~—— 
8 Evaluation of the Current yee 
_ The expressions for the components of current | Vel - 
_ T(z) and I’(z), Eqs. (23) and (24) may be" specialized 
de to the case of a slice generator. Thus iol 4j——— 
0) To(z) = V/Go ee, (33) | 
0.5 . 
nd "(e\ = iRa2V /(y/ if itz 
a I'(z) =iBa?V /(p/ €) 0h) Hi(he)e dg. (34) Mi a 
o Re lez 
ig. The component Jo(z) is simply the propagating mode a ax 
ng current. The component J’(z) is more complicated in = 
ion general; some numerical values have been computed ” sg Sm ® " 
By and the results are presented in Figs. 5 and 6. It is seen Fic. 6. The current I(z) for 8a=0.40, doa =0.09 
-6) from the figures that the auxiliary current approaches | Jo(z) | =7.90 ma/volt ; ReZ’(0) =6.20 ma/volt. 
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Fic. 7. Radiation field patterns for Ba=2xX 107. 


grand of Eq. (34) near ¢=8. This expression is 
4n(Ba)* 1\? 
(2). 6s 
(u/ €)4| AoaHo(Aoa)/H1(Aoa) |? \ Bz 


In addition it can be inferred that the current J’(z) is 
always less than the value given by Eq. (35) above. 
This formula for an upper limit to the auxiliary current 
is useful in determining the practical applicability of a 
given single-wire line. It-should be remembered, how- 
ever, that it is not an estimate of J’(z), but may be 
much greater than the actual current. 


The Radiation Field 


The radiation field is defined as the value of the 
magnetic field H4(p,2) for large R?= p?+-2*. It is really 
an asymptotic field in the limit R-> . The evaluation is 
carried out by the saddle-point method of integration 
in the manner outlined below. 

An exact expression for the magnetic field H4(,z) is 
given in Eq. (17). If p is sufficiently large, the Hankel 
function H;(Ap) may be replaced by its asymptotic 
representation Eq. (B-8). This results in 


B et Meth e—8x/4) de b 
Ji(Ap’ 
“ere A (wdp/2)! fc nad 


— f(da)Hi(Ap’) JE(p’)p’dp’. (36) 


The contribution from the pole at {o is not included for 
two reasons. First, this contribution is the guided wave, 
and second, the values of the field variables approach 
zero exponentially for large p. 

There is a saddle-point (point of stationary phase of 
the exponential factor) at 


¢.=B cosé (37) 


I'(s)~V. 





H4***(p,z) - 





since p/z=tané. 
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The saddle-point method of integration is then carried 
out by deforming the contour to go through the saddle- 
point, {=f,, in the direction of “steepest-descent.” 
See reference 10 for details. 

The final result is 


b 
H,"*4(R,6)=Be'®®/(y/e)'R f [Jx(Bp’ sind) 


— f(Ba sin6)H;(Bp’ sin@) ]8(p’)p’dp’. (38) 


Equation (38) can be simplified considerably by 
allowing the gap to be small-and making use of the 
identity Eq. (B-5). The result is 


| H4"*4(R,6) | =2V/mR(u/e)*| Ba g(Basiné)|. (39) 
The electric field can be found by the relation 
Eo™*4(R,0) = (u/€)4H 5**4(R, 8). 


The total radiated power is P;= V*G;, where P; can 
be found by integrating the Poynting vector over the 
surface of a large sphere. The radiation conductance 
computed in this way is the same as found earlier, Eq. 
(31). 

Examples of typical field patterns are given in 
Figs. 7 and 8. The field patterns are plotted for several 
values of Ao’a. It is seen that the introduction of a sur- 
face impedance causes some of the energy that is nor- 
mally radiated at small angles to be coupled into the 
guided mode. It then appears that the coupling into 
the guided mode can be increased greatly by using a 


. driving configuration that normally has main lobes very 


close to the axis. 

It is shown above that the total input conductance 
is essentially independent of the surface modification for 
small values of Ao’a. This fact substantiates the above 
qualitative idea of the guided mode taking energy from 
the normal radiation field. This exchange of energy is a 
gradual process that is complete only for large z. It is 
clear that the fields near z=0 are quite independent of 
the condition of the surface. 


Ill. A SINGLE WIRE CONNECTED BETWEEN 
PARALLEL PLATES 


In this section a boundary-value problem is solved. 
From the solution, conclusions about the general be- 
havior of the single-wire line are drawn. 

Before going into the details of a specific structure, 
it is instructive to examine the behavior of the conven- 
tional wave guides. A uniform wave guide has one or 
more proper modes of propagation; each of these 
propagating modes obeys the transmission line equa- 
tions. Moreover, a current, voltage, and characteristic 
impedance may be defined for each mode. 

A non-uniform wave guide has a much more com- 
plicated behavior, but certain simplifications can be 
made. For example, a balanced two-wire transmission 
line of finite length must be considered as non-uniform. 
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It has been shown, however, that the regions of non- 
uniformity extend only a short distance from the ends 
of the line." Equivalent circuits exist which, when 
connected at the ends of the line, permit the line to be 
considered as uniform. If the line is very short, these 
equivalent circuits lose their value because their 
parameters are then a function of the line length. 

In general, the conventional wave guide may be 
treated by transmission line methods provided the 
spacing between irregularities is sufficiently great. 
Equivalent circuits, which are often lossless, are 
assigned to the irregularities, thereby reducing the anal- 
ysis of the wave guide to an application of the trans- 
mission line equations.” 

It is natural to attempt a reduction of the single- 
wire line to a uniform transmission line. The following 
analysis indicates that this can be done in many cases. 
The behavior of the single-wire line is essentially 
different, however, from the totally enclosed wave 
guide as far as the higher order modes are concerned. 

The problem considered here consists of a wire con- 
nected between two infinite, perfectly conducting, 
parallel plates as in Fig. 9. The results expressed in 
terms of the radial electric field in the gap, located at 
the transition from the coaxial line to the single-wire 
line. In order to simplify the calculation, the diameters 
of the coaxial lines are assumed to be small so that the 
exciting fields can be considered as delta-function gen- 
erators.'! A solution is found with terminals 22 short- 
circuited, and then, because of the symmetry of the 
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Fic. 8. Radiation field patterns for Ba=2xX 107. 


” Ronold King, J. Appl. Phys. 20, 832 (1949). 

22 MIT Radiation Laboratory Series, Vol. 8 is devoted to the 
analysis of wave guides in terms of lumped equivalent circuits and 
ideal transmission lines. 

'! A formal solution to the problem can be obtained in terms of 


the radial field in the gap, &(p), for any size gap. The expressions 
are rather complex, however. 
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Fic. 9. A single-wire line connecting two coaxial lines. 


structure, an application of the superposition theorem 
results in the general solution. 


Mathematical Formulation 


The problem may be formulated in terms of ¥a 
Green’s function, just as was done in Sec. II. 

The conditions which the Green’s function must 
satisfy are the same as in Sec. II, with the slight change 
in the boundary conditions, 


(0/02z)G(p,p’,z,27,)=0 at z=0; 2=L. (41) 


The Green’s function is 


G(p,p',2,2')=4/2L ¥ [a nee)— fOdna)HiOrnoc] 


XHi(Amp>):cos(mmz/L) cos(mmz’/L)(1—450m), (42) 


where Amn=[6?—(m2/L)*]! and dom is the Kronecker 
symbol 


0, m~0 
1, m=0. 


Om = 


Use of Eq. (15) and Ampére’s law together with the 
Bessel function identity of Eq. (B-5), results in an ex- 
pression for the current as a summation of radial line 
modes: 


I(2) =iAwBa/L(1/¢)* X 6(m0) sma) 


Xcos(mmz/L) 


v= J ‘8(o)dp 


is the driving voltage at terminals 11. 

Equation (43) is not convenient for computation of 
the current at a point z, nor does it increase one’s insight 
into the problem. Later the expression is changed to a 
more useful form. The representation above is conven- 
ient for a discussion of the radiation conductance G). 


(1—340m), (43) 


where 


The Radiation Conductance 


The structure is lossless. Accordingly, the power 


‘supplied by the generator is propagated out from the 


wire, i.e., radiated. This radiated power, to be consist- 
ent with the expressions obtained in Sec. II should be 
associated with a conductance G;. Intuitively, one ex- 
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Fic. 10. The conductance G, as a function of plate separation. 


pects G, to approach the value of G,”{] for the infinite 
line as the length of the line is increased, and this is 
what happens. 

From Eq. (43) it is seen that 


G,= Rei4rBa*/L(y/ ©)! 


m<BL/x 
x } 2 8(Am@) Hi (Ama) 


(1—350m). (44) 


The summation is extended only to m<L/7m be- 
cause the expression is imaginary for m>8L/z. This is 
consistent with the fact that the cut-off modes propagate 
zero power. 

By rationalization of Eq. (44) and use of Eq. (B-6) it 
is'found that 


m<BL/x 


Gi= L F(ém)gm/m+3F (0)x/L, (45) 


m=1 


where ¢,,= mm/L and F(¢) =[88a?/m(u/€)*]| g(Aa) |*. 

This expression is almost identical with the trape- 
zoidal rule for the evaluation of the area under the curve 
F(¢). The only discrepancy is that the area is not divided 
from the end point. Therefore, for large 8L/7, the sum- 
mation would be expected to approach 


f " Rept, 


which is the value of G,; (see Eq. (31). 

The length of line required for a given difference 
|G:—G;,*| is a function of the shape of the curve F(¢). 
The curve rises sharply to a large value for a small 
surface modification of the line, i.e., small Z,, and is 
rather flat for larger values of Z,. No simple limiting 
expression for G, as a function of Z has been found. In 
any specific case, F({) may be computed as a function 
of ¢ and the discrepancy between G, and G,* estimated 
graphically. 

Figure 10 is an example of the variation of G, with 
the plate separation L. For this case the discrepancy 
|G:—G,*| is seen to be only 3 percent for L=10 


_ 4 In this section G,® represents the radiation conductance of the 
infinite line. 
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wavelengths. This variation depends strongly on the 
surface modification ; for instance, each of the peaks is 
infinite for an unmodified, perfectly conducting wire. 

It is unlikely that a curve like Fig. 10 can be deter- 
mined experimentally. It will be masked by the reso- 
nances of the principal mode. 


Transformation of the Current to a Sum of 
Reflected Waves 


As mentioned earlier, the expression of the current as 
a sum of radial-line modes does not admit a simple 
physical interpretation. This expression is transformed 
below to a new form in terms of the results for an infinite 
wire. 

The summation, Eq. (43), may be expressed con- 
veniently as a contour integral in the complex A-plane, 


I(z) = 26aV /(u/e)! f e(da)H (da) 


4 





| —cos{ (6*—?)(z— L)] 
(G— 22)! sin[(#@—22)1L] 


where the contour C, is shown in Fig. 11. 

The first term of the integrand has a pole at A=AXo, 
which of course is not included in the contour. To show 
that the above contour integral reduces to the sum- 
mation of Eq. (43), it is necessary only to perform the 
contour integration according to Cauchy’s residue 
theorem. 

The contour may be deformed to C; provided account 
is taken of the residue at Ao. After transforming to the 
contour Cs, the integration is again transformed to a 
new contour C; (Fig. 2) in the ¢-plane by the trans- 
formation 


pas, (46) 


f= (#—d*)}, A=(P—97)}. 
There are branch points at {= +8, and the necessary 
branch cuts are shown in Fig. 11. 


Then, letting the current J(z) be separated into two 
components, 


I(z)=Io(z)+/'(2), (47) 





POLES X- PLANE 




















Fic. 11. Contours of integration in the \-plane. 
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the components of current may be expressed as 
Io(z) =iVGp cos[_fo(z—L) |/singoL, (48) 
I'(2)= — 26a?V/(u/)! 


xf s(a)Looslr(e—L)Ysing Ls. (49) 


% 


The current Jo(z) is the contribution from the residue 
at Ao and /’(z) is the transformed part. /o(z) is a trans- 
mission-line current and is completely analogous to the 
propagating current of Sec. II; J’(z) can be interpreted 
as a sum of reflected waves by use of the relation 


SLEEK) iF [etieteareteemsne-a1], (50) 
sing L — 


Substitution of this expression in Eq. (49) results in 


«a 


I'(z)= > I’*(2+2nL)+1'*(2(n+1)L—2z]. (51) 


n=0 


I’*(z) is the expression obtained in Sec. II for the 
current on the infinite wire. 

Since J’*(z) decreases to zero for large z, it is to be 
expected that only a finite number of reflections need be 
considered. In fact, if Z is sufficiently large, even the 
first reflected wave will be small compared to the 
transmission-line current Jo(z). In this case the problem 
is réduced to a transmission line with an end effect, 
and the total current is the sum of J(z) and J’*(z). If a 
load is placed at the receiving end, a current J’(L—z) 
will be introduced, in addition to the reflected current 
I)(L—z). Since the auxiliary current is small at a large 
distance from its generating point, the coupling be- 
tween the two ends is predominantly through the 
transmission-line mode. 

The transformation to a sum of reflected waves could 
have been accomplished by applying the method of 
images to the structure Fig. 9. 


Equivalent Circuits 


The general form of an equivalent circuit that replaces 
the single wire can be derived as follows: 
For the given pairs of terminals 11 and 22, 


In= T)(0)+J'(0) = (¥ir°+ Y1)’) Vian, 
To9=Io(L)+1'(L) - (Y12°+ Vio’) Vin. 


By inspection of the equations for Jo(z) and /’(z), it 
is seen that 


(52) 


V 1;°=iGp ctnfoL+ Yi” 

V 12°= —1Gp cscfoLl 

Y 22°= Y,;° 

V3)’ = 2Ba*/(u/e)! f g(Aa)H, (Aa) ctn¢Ldt 
3 
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Fic. 12. Equivalent circuits for the single wire of Fig. 9. 


or 
Vi'=25 I’*(2nL)/V (53) 
n=0 
V 12’ = —28a?/(u/e)! f e(da)H,(da) esc¢ Lat 
3 
or 


Y}.'= 2 . * I’*[(2n+ 1)L)/ V 
Yo2'= VY)’. 


From the form of Eq. (52) the equivalent circuit may 
be drawn as shown in Fig. 12(a), which is equivalent to 
Fig. (12b). The upper network of Fig. 12(b) is equiva- 
lent to a transmission line of characteristic conductance 
Go, propagation constant fo, and length L, with an 
admittance, Y\*=G,*+7B,”, connected at each end as 
shown in Fig. 12(c). The lower network cannot be 
simply represented, because the parameters are a com- 
plicated function of length ZL. An example of the varia- 
tion of one of these parameters is given in Fig. 10. The 
parameter G;,’=G,—G,” is not a physically real con- 
ductance because it can take negative values. 

The equivalent circuit representation in Fig. 12 is 
useful because the parameters of the auxiliary (primed) 
network reduce to zero as the line length is increased. 
In the example given (Fig. 10) it is seen that only a 3 
percent error is introduced by the parameter G,’ of the 
auxiliary network. It can be shown that these param- 
eters approach zero asymptotically as 1/(6z)* for large 
z.** (This asymptotic variation holds approximately 
whenever 7/8L <8—£,, where ¢, is the value of ¢ at 
which the peak of the curve of Fig. 9 occurs.) 


** This follows from Eq. (35). 
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Conclusions 


It is seen that the single-wire line may be treated as a 
transmission line, provided it is sufficiently long. The 
essential difference in this structure and the totally en- 
closed wave guide is the variation of the parameters of 
the auxiliary network in the two cases. For the wave 
guide the higher order modes are damped exponentially 
and the auxiliary network is therefore required only for 
the very short wave guides. In the present case, the 
“higher-order,” or “radiation,” modes form a conti- 
nuum and are not damped rapidly, but for large 6z 
these currents do decrease as 1/(8z)?.** Then in order to 
use the transmission line model for wires of small 
\o’a/Ba (slight surface modification) it is necessary for 
the line to be many wavelengths long (possibly greater 
than 100A in some cases). 

In a practical case where a more efficient means of 
excitation (such as a horn) is used, the auxiliary currents 
are small at the outset because they are not appreciably 
excited, and the system can behave approximately as a 
transmission line even for rather short lengths. In such 
a structure the equivalent circuit is the same except that 
Y,® will not be a simple shunt circuit, but must be 
represented by a 2-network. This 2-network is not de- 
pendent on the length LZ, and can be determined by an 
analysis of the infinite wire connected to a coaxial line 
or to a wave guide, as the case may be. 

The above results have been obtained for a lossless 
structure. Structures with small losses, however, should 
differ only in the attenuation that must be added to the 
properties of the transmission line (Fig. 12(c))—i.e., 
$o is complex. The values of the auxiliary network will 
not be appreciably affected for small losses, but in any 
case, they should approach zero more rapidly with BL. 
The value of the attenuation, resulting from losses, can 
be computed by the usual perturbation method. 
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APPENDIX A 
The Surface Impedance 


Selutions have been obtained for a wire with a 
hypothetical surface impedance Z,, where Z, is a con- 
stant, independent of the integration variable ¢. Such 
a surface impedance does not exist, but there are a 
number of physical problems that approximate this 
condition. Probably the closest approximation is ob- 
tained for the corrugated surface. Another case of con- 
siderable interest is the dielectric-coated wire and this 
is discussed below. 

The theoretical results that have been obtained were 
expressed as contour integrals in the ¢-plane. The sur- 
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face impedance changes the behavior of the integrand 
in the vicinity of ¢=8 and introduces a pole at [={o. 
In general it seems reasonable that the approximation of 
a constant surface impedance is a good one for problems 
that have a surface impedance Z,(¢) which assumes a 
constant value in the vicinity of ¢=8. 

The true surface impedance of a dielectric-coated wire 
is 

As Jo(Asa) No(Aia") —Jo(A:0’) No(Ai@) 
B(u/ e)! Ji(\,a)N(A\,0’) —_ Jo(d:0')N (Aa) 


where a’ is the radius of the conducting wire, a is the 
over-all radius, \;=(8?—°)!=[(e,/o)@—]', with 
e;/e the relative dielectric constant of the dielectric 

coating. 
The above expression is difficult to discuss. but it can 
be reduced to the simpler expression (see reference 1), 
Z ($) = —i(u/e:)—*(A.0)?/Ba loga/a’ (A2) 


provided (A,a)*1. 
Equation (A2) is equivalent to 


Z.(0) (e/e—1)(8a)? 
8 = <=9 
(u/e,)*(B,a)’ 


x] 1+ (“)}) Ja’. (A3) 
—_————|f — oga/a’. 
(e,/e—1) \Ba 


This expression is seen to vary slowly in the region 
where 





ZA6)=% Al) 





11—¢?/8?| K(e;/e—1). (A4) 


Thus, there are two conditions which must be satis- 
fied before Z,(¢) can be assumed constant: 


(a) |(¢/e)(Ba)’—(¢a)?| 1; 
and (A5) 


(b) | (@—&?)/B|<«K(ei/e—1). 


In the integrands involved, the surface impedance is 
always added to another term that is a function of ¢. 
This other term is much larger than Z, except near 
¢=86 and {-«. Therefore, condition (b) of Eq. (A5) 
is hardly necessary since the work has not been con- 
cerned with the values of parameters that depend on the 
behavior of the integrand at {—«. Condition (a) is 
essentially a restriction on the radius a. It has been in- 
dicated by Kornhauser,” however, that condition (a), 


is unduly restrictive, and that it may be replaced by- 


another condition (c)tt (a/a’—1)*«1, which is a 
limitation on the thickness of the dielectric coating. 


3 FE. T. Kornhauser, J. Appl. Phys. 22, 525 (1951). 

tt It seems that Kornhauser has misstated condition (c), and that 
it should read [A\;(a—a’) P<1. The physical interpretation of this 
inequality is that the thickness of the dielectric coating is small 
compared to the “effective wavelength.” Clearly, the condition (c) 
is not applicable to a plane surface, a’—u— ©, while on the other 
hand the above inequality is applicable in this case. 
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In general, good results should be expected by the 
assumption of a constant surface impedance, provided 
the dielectric coating is thin compared to the wave- 
length. 


APPENDIX B 


Below is a list of Bessel function relations. Z,(x) is 
an abbreviation for C,J,(x)+C.N ,(x), where C; and 
C; are arbitrary constants. 


H,(x)=J (x) +iN p(x), (B1) 


d 
—Z (x)= —Z,(x), (B2) 
dx 


d 

—xZ(x)=xZo(x), (B3) 
dx 

No(x)Ji(x) _ Ni(x)Jo(x) = 2/rx, (B4) 
J o(«)Hi(«)—Ji(x)Ho(x) =2/ixx, (B5) 


Re iHo(x)H;*(x)=2/ax forreal x, (B6) 


H ,(pe'*) = —e—?**H ,*(p*), (B7) 
eilz—(ptl) 1/4] 
H ,(x)~———————-_ as_ x &,". (B8) 
' (x/2)! 
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Formulas for the electric field strength parallel to and perpendicular to the magnetic field for an idealized 
cyclotron dee system are derived by use of the Schwarz-Christoffel transformation. A convenient method 
for computing numerical values for any geometry characterized by the ratio of dee gap to dee height is 


presented and applied. 


INTRODUCTION 


N the analysis of the problem of ion transmission 

through a cyclotron, various investigators have used 
data on electric field intensities obtained from electro- 
lytic models,' or have used special properties of the 
conjugate functions that represent field and potential 
lines,? or have assumed uniformity in the dee gap.’ 
The derivation of useful analytic expressions for the 
electric potential and fields at any point within an elec- 
trode system that closely simulates actual cyclotron 
dees is presented in this paper. The results are appli- 
cable, however, to any electrical system consisting of 
two split, parallel planes. 

Theoretical studies of the simultaneous radial and 
axial motion of ions, including the processes of ion 
“grouping” in phase and focusing by the lens system, 
are facilitated by the availability of as accurate values 
of fields as are desired. 


DERIVATION 


The assumed geometry, shown in Fig. 1, consists of 
two parallel conducting planes each located at a dis- 
tance h from the x—z plane, with a split of width 2k 


* Now at North Carolina State College, Raleigh, North Carolina. 
Tt Now at Vanderbilt University, Nashville, Tennesee. 

1 Robert R. Wilson, Phys. Rev. 53, 408 (1938). 

2M. E. Rose, Phys. Rev. 53, 392 (1938). 

*D. Bohm and L. L. Foldy, Phys. Rev. 72, 649 (1947). 


oriented along the z axis. The right and left sides of the 
system are taken to be at potentials Vo and — Vo, re- 
spectively, with the y—z plane at zero potential. For 
purposes of this analysis the electrode system is two- 
dimensional. For ion motion where the shape of the 
electric field is important, the presence of an enclosing 
curved surface has a negligible effect. 

The potential at any point in free space is given by 
Laplace’s equation, V?V =0, or in terms of the complex 
function W = U+iV of the complex variable w= x+y, 


(PW /dx?)+(2W /dy?) =0. 


As shown in textbooks on the theory of complex vari- 
ables,‘ the region of interest is usually mapped by the 
Schwarz-Christoffel transformation into a region for 
which the field and potential lines are obvious, such as 
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Fic. 1. Cyclotron dee geometry. 


#R. V. Churchill, Introduction to Complex Variables and A ppli- 
cations (McGraw-Hill Book Company, Inc., New York 1948). 
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between parallel planes. For this problem, it is con- 
venient to perform the transformation in terms of a 
complex parameter /, i.e., to obtain W(?) and w(t). The 
function w(t) that maps the real axis of the ¢ plane into 
a polygon in the w plane is given by 


w=C | [[(¢—¢,)*/"'d¢. 
t=1 


Angles of the appropriate polygon and the values of 
real / corresponding to vertices in w space, Fig. 2, are 
as follows 


i ls ae 

1 a —x/2 
2 1 2x 
3 +o 0 

4 -1 2x 
5 —a —x/2 
6 0 Tt. 


By substitution, 
w=C f (@-1)(@—a)“Mdt+ K. 


Integration yields 


1—a’? 


t t 
w=C (cosir+ loga+ )+x ‘ 
a a (f—a’)! 





Apply boundary conditions w=0 at ‘=0 and w=k—ih 
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at ‘=1, and solve for the unknown constants. 








C=2h/z, 
K=(—2h/x)loga —ih, 
wk (1—a?)! 
—= cosh—!(1/a)4+—-——_. 
2h a’ 
Thus, 
2h 3 t in 
w= —{ cosh-+— +=), (1) 
T a A(f—-a*)! 2 
16 T T T T T T T 
1.4 - 
1.2 = 
‘. a A ax 7 
0.8 - 
06} 9 aa 
8 
0.4 7 - 
r 
0.2 a f° 
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Fic. 5. Auxiliary iteration graph of AAY. 


where A =a?/1—a*. The polygon 1234 shown in Fig. 3 
may be used to map the region between two infinite 
lines, for which the electric field is linear, onto the upper 
half of the ¢-plane. This standard transformation yields 





W (t)=U+iV =(2V/x)tanh-(t/a). (2) 
Substitution of Eq. (2) into Eq. (1) results in 
2h 
x-+iy=—}cosh™[tanh(u-+ ir) ] 
Tv 
1-2 in 
+ sinh(u-+-iv)-+—}, 
ia? 2 
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where the reduced equipotentials and field lines are 
u=(x/2)(U/Vo) and v=(x/2)(V/Vo). Separation of 
real and imaginary parts may be performed by use of 
trigonometric identities. The symmetric result, letting 
X =(xx/2h) and Y=(ry/2h), is 








sinv 1 
X= tanh )+- sinv coshu, 
coshu A 
| (3) 
sinhu 1 
Y= tan-i( )+- sinhu cosv. 
cosv A 


The electric fields in the x and y directions may be 
obtained by taking the derivative of the function 
a(U,V) with respect to x and y and applying the 
Cauchy-Riemann conditions (@U/dx)=(dV/dy), (8U/ 
dy) =(—9dV/dx). The results are 


E,=xy/(xvy’+xv’), 


E,=xvu/(xv?+<xv"). (4) 
The indicated derivatives in most convenient form are 
Ox Ah 
xy=—=— cosY, coshX,(1—1/AF*), 
OV Vo 
ox Ah 


xy =—=— sinY, sinhX,(1—1/AF*), 
aU 


0 
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Fic. 6. The x component of electric field in example cyclotron. 
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Fic. 7. The y component of electric field in example cyclotron. 
where the following notation is used: 


X,=X-AxX, 
Y,=Y—AY, 

AX=sinhX, coshx,/AF, 

AY=sinY, cosY,/AF, 
F=(cosh?X,—sin?Y;)!. 


It will be noted that the appropriate values of X, and 
Y, to use in the formulas for electric fields at a point 
(X, Y) must be determined by iteration. This process 
is facilitated by use of graphs of AAX and AAY asa 
function of X; and Yj, Figs. 4 and 5. The actual co- 
ordinates X and Y serve as a first trial choice on the 
graphs to determine AAX and AAY;; corrected values 
of X, and Y, may then be computed. The convergence 
of the iteration is rapid, particularly in the vicinity of 
the median plane. 

Figures 6 and 7 show an example of the computed 
x and y components of electric field at various levels in 
cyclotron dees for which k/h=0.6, a=0.90, and A = 4.35. 

Appreciation is extended to Dr. R. S. Livingston 
and Dr. M. E. Rose of this laboratory for their interest 
and suggestions. 





JOURNAL OF APPLIED PHYSICS 


VOLUME 24, NUMBER 1 


JANUARY, 1953 


Current Flow in Cylinders 
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The mixed boundary value problem arising from the flow of current into a right circular cylinder of radius 
a through a perfectly conducting coaxial disk electrode at one end is solved approximately. The boundary 
conditions are met rigorously except that the electrode is not quite plane. A solution valid for all values of the 
disk radius is given for which in the worst case the deviation from flatness is nearly 0.01¢. More exact solu- 
tions are worked out for disk radii }a, $a, and 3a and the first forty coefficients in the Bessel function series 
for the potential in the cylinder are tabulated. A cylinder whose diameter is eight times its length is also 
treated for disk radii }a and 4a and the first forty coefficients in the potential series are tabulated. The 
probable errors in the resistance formulas derived from these solutions are given. 





NE is often asked for solutions of simple mixed 
boundary value problems of practical importance 
which are missing from the literature. Usually the form 
for the expansion in a series of orthogonal functions is 
well known, but the numerical values of the coefficients 
are not. Fifty years ago when many worked in this field 
the labor of finding them was prohibitive. The advent of 
the electrical desk calculating machine and the publica- 
tion of extensive tables! of functions with intervals so 
short that rapid linear interpolation is possible have 
changed this picture. The author has a list of such prob- 
lems and proposes to publish solutions as time becomes 
available to carry out the rather extensive numerical 
work involved. In every case useful solutions appear 
possible. 

The first problem, chosen at random from the list, is 
to find the potential through a right circular homogen- 
eous cylinder of length c, resistivity 7, and radius a when 
a current J enters it via a perfectly conducting plane 
electrode covering one end and leaves via a plane co- 
axial disk electrode of radius b(b<a) at the other. The 
solutions found fit all the boundary conditions rigorously 
except that the disk electrode is not quite plane. Solu- 
tions in which it deviates by more than 0.01a are ex- 
cluded as unsatisfactory. The series given has a rapid 
exponential convergence except at z=0, where both the 
potential and its derivative are given in closed form. 


SOLUTION FOR GENERAL VALUES OF 
ELECTRODE RADIUS 


A solution of Laplace’s equation in the cylindrical 
coordinate system p, ¢, z which gives V =0 at the origin, 
makes the boundary at p=a a line of flow, and gives a 


Ena \. 


2a 
die 











Fic. 1. Long conducting cylinder. Dotted lines are flow lines. 
Heavy lines are equipotential electrodes. 


1For example, Tables of Bessel Functions by the Staff of the 
Computation Laboratory (Harvard University Press, Cambridge, 
Massachusetts, 1947). 


uniform current density, when z is large, is 


@o 


V=r1(ma*)) D Anle**Jo(Rnp)—1]+27, (1) 


n=l 
provided &,, is chosen from the tables? so that 
Ji(kna)=0. (2) 


The same system of units must be used for 7, J, V, and 
length. Since V increases with z, the current flows 
toward the left in Fig. 1. One must choose A, so that 
V=0 when 0<p<b and 0V/dz=0 when b<p<a. 
When b equals a, the current density i» on the electrode 
has the uniform value //(za?); and as b decreases, the 
boundaries become relatively remote so that ip ap- 
proaches the distribution on a freely charged disk, which 
is proportional to (b?— p”)—*. These facts suggest that 
when 0<b<a a combination of these twodistributions 
might work. They must be combined in such a way that 
the integral of io over the electrode area equals —/, 
which requires that 


io=1(ra!)"[C(P— 0-020 +0)]. (3) 


The constant C is to be chosen so that the zero equi- 
potential passes through the origin, terminates at p=) 
and lies as near the z=0 plane as possible when 0< p<6b. 
Note that C= — 3a?/b when 6=0, and C=0 when b=a. 
It will be verified shortly that a suitable choice of C 
leads to 


im —A[-(3) kecaat() | © 


Differentiation of (1) gives, when z=0, 


10V If 
ie --— =| bed wlbep)~1], (5) 


702 rartn=1 


We now equate (5) to (4) when p< and to zero when 
b< p <a,multiply through by p/Jo(k,p)dp,and integrate 
from p=0 to p=a. Because of (2) the summation 
2H. T. Davis, and W. J. Kirkham, Bull. Am. Math. Soc. 33, 760 

_ (1927). These tables give both k,@ and Jo(kna). 
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disappears,* leaving only the mth term. On the other side 
where the integral limits are 0 and 8, the substitution 
p=bsin@ throws both integrals into a standard form.‘ 
When J;(k,b) is written® in terms of sink,b, this yields 


nil a sbr2 
som at _{fP-(*)" Yate 
kat ?(kna)\lb \a 


b 2.5 
+2(-) Ts(bab)}. 6) 
a 


This result is rigorous at b>=0 and at b=a where A, is 
zero. It was also checked at three intermediate values 
(b=4a, b= }a, and b= a) by finding the shape of the 
zero equipotential. This is done by calculating Vo» at 
z=0 for several values of p including p=0 and p=). 
This Vo is small but not zero, and when divided by 
dV /dz as given by (4) it equals the displacement of the 
V=0 surface from the z=0 plane. A negative value 
means a bulge into the cylinder. To get Vo the products 
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Fic. 2. This shows radial sections of the zero. equipotential 
electrodes with current density distribution of Eq. (3) and long 
cylinder of Fig. 1. The vertical scale is greatly expanded to show 
the deviation from a plane. 


of Jo(knp)/LR»Jo(kna) ? by sink,b and J,(k»b) are 
summed separately from n=0 to n= ©. From 40 to 100 
terms are calculated for p=a/16, a/8, etc. The sums of 
successive groups of 4, 8, 8, ---; 8, 16, 16, ---; or 
8, 8, 8, --- terms depending on the periodicity, are 
tabulated and assigned numbers p=0, 1, 2, 3, ---; 
0,1, 2,3, --- or 1,3,5, ---, respectively. As p increases, 
the group sums become proportional to p~’ where r is 
1.5, 2, 2.5, etc., depending on the way the asymptotic 
forms of the Bessel functions* combine, when 
k,—(n+4)x, with sin{(m+4)rb] and J,[(n+4)xb]. 
In most cases the sum to p= can be found directly 
from a table of Riemann zeta-functions.’? In some cases 
where the center of gravity of the group is off center, 

3W. R. Smythe, Static and Dynamic Electricity. (McGraw-Hill 
Book Company, Inc., New York, 1950), p. 177. 

4W. Magnus and F. Oberhettinger. Formulas and Theorems for 
the Special Functions of Mathematical Physics (Chelsea Publishing 


Company, New York, 1949). The second integral on page 30. 

5 Reference 3, p. 186. 

6 Reference 4, p. 22; E. Jahnke and F. Emde, Tables of Functions 
(Dover Publications, New York, 1943), p. 143. 

7H. B. Dwight, Mathematical Tables (McGraw-Hill Book Com- 
pany, Inc., New York, 1944), p. 222. 
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Fic. 3. This shows radial sections of zero equipotential electrodes 
with current density distributions of Eqs. (10), (11), and (12) and 
long cylinder. Note great improvement over Fig. 2. 


fewer terms need be computed if one uses the formula 


Lint) 9= Ln pen 

+40(p+ 1) eDn-Pt— +, 
The potentials found in this way are accurate to the 
fifth place. Sections of the zero equipotential computed 
from (1), (4), and (6) appear in Fig. 2 in which the 
vertical scale has been expanded to make the departure 
from a straight line visible. This is less than 0.001¢ when 
b<4a, but as d increases a groove appears near the outer 
edge which attains a depth of nearly 0.0l@ when 
b= 4a. This is probably the worst case, since the contri- 
butions from the two distributions are about equal here. 
The surface should flatten out again as b approaches a. 
The above expression for A ,, good for all values of b, 
is adequate for many purposes. 


MORE EXACT SOLUTIONS FOR SPECIAL VALUES OF 
THE ELECTRODE RADIUS 


Better values of A, are gotten by inclusion of a p” 
term in io, which gives 
io= (ra!) M 4+ N+PQ], (7) 


where to make the integral of ip over the electrode equal 
—I we must choose 


P=—4b*M—2b°N —2a*b—. (8) 


When the same procedure is applied to (7) as to (4), 
including identical substitutions, the result is 


A n=2[knaJo(kna) |?LM sink b+ (6N+B°P)J i(k nd) 
—2b'knPIo(knb)). (9) 

No simple expression for M and WN as a function of b was 
found, but one notes that as b decreases M—>}a’/6, 
N—P- 0; and as b approaches a M—0, N-1, and 
P—0. M and N were chosen to give the following 
current densities on the zero equipotential : 
b=1a in=—I(rra*)“ 

<[1.986(b?— p?)-?+-0.14295—0.9904p?], (10) 
b=}$a ig=—I(xa")7 

< [0.941(b?— p?)—?+-0.3026—0.5328p?], (11) 
b=3a ig=—I(xa*) 

X [0.500(8?— p?)-?4-0.5321—0.31166p"]. (12) 
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Taste I. The coefficient A, of Eq. (1) divided by a. 








b=a/4 b=a/2 b=3a/4 


—1.37220 +0.07769 -—0.79568 -—0.04147 -—0.22532 +0.00588 
+0.08773 +0.14297 +0.01588 +0.23479 -—0.02004 
+0.04771 +0.28018 +0.03788 —0.16323 +0.02176 
+0.08706 -—0.01579 -0.07932 -—0.01458 +0.05950  -—0.01116 
+0.31453 —0.06538  -—0.17098 -—0.03486 +0.03026  —0.00485 
+0.31356 -—0.07434 +0.05489 +0.01349 -—0.07602 +0.01689 
+0.15429 —0.04069 ; 

—0.04572 +0.01358 -0.04197 -—0.01254 -—0.03184 +40.00960 
—0.17842 +0.05644 -—0.09608  —0.03006 -—0.01527 +0.00412 
—0.19075 +0.06450 +0.03398 +0.01172 +0.04498 —0.01459 
—0.09901 +0.03546 +0.07881 +0.02813 -—0.04553 +40.01612 
+0.03102 -0.01190 -0.02855 -—0.01100 +0.02174  —0.00843 
+0.12456 -—0.04966 -—0.06679 -—0.02643 +0.01005 —0.00358 
+0.13708 -—0.05696 +0.02462 +0.01036 -—0.03184 +0.01284 
+0.07289 -—0.03143 +0.05795 +0.02492 +40.03340 -—0.01427 
—0.02347 +0.01060 -0.02164 -—0.00980 -—0.01651 
—0.09569 +0.04432 -—0.05118 -0.02357 -—0.00744 +0.00316 
—0.10699 +0.05100 +0.01930 +0.00929 +0.02461 J 
—0.05767 +0.02822 +0.04582 +0.02237 -—0.02635 +0.01280 
+0.01888 -—0.00955 -—0.01742 -—0.00883 +0.01331 











Sections of the zero equipotential given by these current 
distributions appear in Fig. 3. Note the great improve- 
ment over Fig. 2. The values of A; to A, for each case 
are given in Table I. These solutions are believed to be 
accurate enough for all purposes. 


A NEARLY EXACT SOLUTION 


The small departures of the zero equipotentials from 
plane in the foregoing solutions will have little effect on 
the potential when z=0 and b< p<a. Thus, a solution 
which is rigorously zero when z=0 and p< and whose 
value agrees with (1) when z=0 and b<p<a should 
give a flow line outside the electrode that coincides very 
precisely with the z=0 plane. In theory, to avoid a po- 
tential discontinuity at p=), the constants M and _N in 
(7) should be chosen to make the zero equipotential pass 
rigorously through z=0, p=b. In practice, it is believed 
no difference could be detected if the values of Table I 
were used. A suitable solution is 


V=I1(xa?)“ > Bat-*"Jo(bemp)+3], (13) 


m=1 


where &,, is found by (2). The coefficients B,, are evalu- 
ated by the standard procedure so that V is zero when 
z=0, p<6 and is given by (1) when z=0, b< p<a. The 
result is 


B,,.= Of kma®J*(kma) Anf(m,n,b), (14) 


n=l 


where A, is given by (9) and 


f(m, n, b)=b(R 2 — Rm?) Lem J o( R nb) I 1(Rmd) 
_ kJ o(Rmb)J (Rk nb) + bem J (Rind) (15) 


f(m, m, b) = —40-J?(Rmb)+bRm J 1(Rmd). (16) 


TABLE II. Probable errors in 2A, 








“Equation (3) Equation (7) 


b ha ha ia ta 4a ja 
Error 0.1% 03% 1% 0.001% 0.04% 0.2% 
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In most cases the Bessel function values obtained by 
linear interpolation in the tables are not accurate enough 
to justify the use of these formulas. More elaborate 
interpolation methods should be used. No such calcula- 
tions were carried out. 


RESISTANCE OF LONG CYLINDER 


In Fig. 1 a plane conducting electrode terminates the 
cylinder at z=c. If z is large enough, the resistance be- 
tween the electrodes is found from (1) to be 


Ver _@ 
R= -(-- > An). (17) 


I xa n=l 


Since neither the equipotential passing through z=0, 
p=0 nor that passing through z=c, p=0 is exactly flat, 
two errors must be considered. The errors at the origin 
end are most easily estimated by noting how the po- 
tential fluctuates as the constants C in (3) or M and NV 
in (7) are adjusted. The probable errors in (A, 
estimated in this way are given in Table II. At the 
z=c end terms of order A,e~*'* are neglected compared 
with c. This is equivalent to the errors in c listed in 
Table III. These two tables show how well (17) applies 
to a given problem. The values of >- A , derived from (7) 


TABLE III. Probable errors in c. 








c/a=1 c/a =2 c/a=3 





b ha ha ja ha ha ja ha ha ja 
Error 3% 1.7% 0.5% 0.1% 0.06% 0.02% 0.001% 0.0006% 0.0002% 











when b is ia, 4a, and 3a are, respectively, —2.05164a, 
—0.5336a, and —0.1060a. 
VERY SHORT CYLINDERS 


It is evident from the preceding section that none of 
the foregoing formulas is accurate when c<a. A solu- 
tion which gives a constant potential V. at s=c and a 
line of flow at p=a is 


V= Ina) : A, sechk,c[ sinhk ,(c—z)Jo(Rnp) 


—sinhk,c]+z}. (18) 
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Fic. 4. This shows radial sections of zero equipotential electrodes 
with current density distributions of Eqs. (19) and (20). Dotted 
lines are flow lines and heavy lines are electrodes, The cylinder 
diameter is eight times its length. 
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The proximity of the electrode at z=c causes a redistri- 
bution of current on the V=0 electrode so A, will be 
different, and even if (7) applies the constants in (10), 
(11), and (12) will not. The expressions for dV/dz at 
z=0 are identical for (1) and (18) so that the whole 
evaluation procedure is unchanged. In the specific 
example worked out, the diameter of the cylinder is 
eight times its length so that c=4a. The same sums can 
be used to find V» but must be corrected to allow for 
differences in the first five or six terms caused by the 
tanhk ,c factor. A suitable choice of M and N in (7) gave 
zero equipotentials for b=}a and b=}a that are satis- 
factory. Sections of these surfaces appear in Fig. 4. The 
b= 4a surface was unsatisfactory and an additional term 
in (7) would be needed to flatten it. The charge densities 
used were 


b=3a ip=—I(wa®)—[1.97(8— p*)-3 


+0.98— 23.687], (19) , 


b= $a ig= —I(xa*)—(0.81(5?— p?)-3 
+1.08— 2.2367]. (20) 


TABLE IV. The coefficient A, tanhknc of Eq. (18) divided by a. 











b=a/4 b=a/2 

—1.22750 +0.07024 +0.05577 —0.60508 +0.05159 —0.02652 
—0.80547 —0.02418 +0.06330 +0.09007 —0.01791 +0.00982 
—0.33108 —0.09436 +0.03446 +0.25599 —0.04547 +0.02480 
+0.08728 —0.10464 —0.01217 —0.06110 +0.01602 —0,00923 
+0.30605 —0.05574 —0.04908 —0.15556 —0.02328 
+0.30320 +0.01940 —0.05594 +0.04373 —0.01449 +0.00870 
—0.04717 +0.08593 +0.01082 —0.00823 

x +0.04382 —0 +0.03352 —0.02074 
—0.18558 —0.01620 +0.05011 +0.02775 —0.01217 +0.00781 
—0.09502 —0.06457 +0.02748 +0.07052 —0.03081 +0.01967 
+0.03201 —0.07290 —0.00974 —0.02344 +0.01127 —0.00743 








The values of A, tanhk,c for n=0 to n=40 appear in 
Table IV. The resistances between the electrodes are 


b=3a R=V/I=(1.957+0.003)r/a, 
b=}a R=V/I=(0.6795+0.0005) r/a. 


The errors were estimated as before and occur entirely 
at the disk electrode end. 
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The Statistics of Liquid Spray and Dust Electrification by the Hopper and Laby Method*t 


Epwarp E. Dopp ¢ 
Department of Physics, University of California, Berkeley, California 
(Received July 24, 1952) 


The electric charges created upon individual microscopic particles of an aerosol during its generation have 
been determined by the Hopper and Laby oil drop method. In the spraying of nonconducting liquids, the 
charges produced upon droplets in the diameter range 2-50 microns are found to follow a normal distribution 
with the average charge zero and the mean square charge proportional to droplet volume. This result favors 
the electrification mechanism of statistical fluctuation of electrolytic ion concentration among the droplets 
rather than the more prominent Lenard mechanism. The charge distribution among clean mercury droplets 
in the diameter range 1-6 microns sprayed from a glass sprayer is asymmetric because of contact effects at 
the mercury-glass interface: the average droplet charge is positive, relatively large, and increases with drop- 
let diameter. The dependence of dispersive dust charging upon particle surface roughness is illustrated by 
observations made with relatively smooth microscopic glass spheres and compared with data for rough 


crushed quartz particles. 


INTRODUCTION 


LTHOUGH it is well known that electric charge is 
generally created upon the individual particles 
of an aerosol during its generation, investigations of the 
simultaneous size and charge of individual droplets of a 
liquid spray or particles of a powder dispersed into a dust 
cloud have been very scarce because of the lack of 
suitable methods. 
Charging of liquid droplets has usually been explained 


* Supported by the ONR and the Research Corporation o 
America. 

{ Based upon the thesis submitted in partial fulfillment of the 
requirements for the Ph.D. degree in Physics at the University of 
California. 

t Now at the National Bureau of Standards, Corona, California. 


by the Lenard' spray electrification mechanism, 
(“waterfall electrical effect’), as arising from the elec- 
trical double layer? of a liquid surface at an air boundary. 
In fact, the existence and nature of such a double layer 
has been investigated by studies* of the charged sub- 
microscopic droplets (having diameters generally less 
than 10~* cm) formed in the rupture of liquid surfaces 
by bubbling and spraying. It is found that many liquids 

1P. Lenard, Wied. Ann. 46, 584 (1892); Ann. Physik 47, 463 
(1915). 

*N. K. Adam, The Physics and Chemistry of Surfaces (Oxford 
University Press, London, 1941), Chap. 3, Sec. 10, and Chap. 5. 

3A. Coehn and H. Mozer, Ann. Physik 43, 1048 (1914); W. 
Busse, Ann. Physik 76, 493 (1925); A. Buhl, Ann. Physik 83, 1207 
(oan 84, 211 (1927) ; 87, 877 (1928); A. Buhl, Kolloid-Z. 59, 346 
(1932). 

4S. Chapman, Phys. Rev. 52, 184 (1937); 54, 520, 528 (1938). 
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have a negatively charged surface layer with a positively 
charged layer underneath. Electrolytic ions present in 
the liquid are drawn into the double layer and in suffi- 
cient quantity will cause neutralization. The negative 
surface layer of pure water, for example, extends to a 
depth of about 20 molecules with an excess of one elec- 
tron for every 10‘ or 10° molecules, and the positive 
layer extends to about the same depth below the nega- 
tive layer. When submicroscopic droplets are torn 
entirely from the outer surface layer as they are in 
gentle bubbling, some of them will carry a single nega- 
tive electronic charge, and virtually none of them will 
be positively charged. On the other hand, more vigorous 
bubbling or spraying may produce submicroscopic 
droplets from the positive layer as well, although in 
relatively less numbers. 

Charging of microscopic liquid droplets (having 
diameters generally greater than 10° cm), according to 
the Lenard mechanism, should not exist, since liquid 
from both layers enters into their formation. Whenever 
charge does occur on microscopic droplets, it should be 
because their formation is sufficiently deep within the li- 
quid to exclude the negative layer, so that in rare in- 
stances a singly charged positive microscopic droplet 
might appear. 

However, Chapman® determined the charges of in- 
dividual microscopic sprayed droplets by the Millikan 
oil drop method and, in contradiction to expectations 
based on the Lenard mechanism, found relatively high 
charges of both polarities. This result was confirmed by 
later observations‘ of both charge polarities appearing 
on large droplets formed by bubbling and spraying. 

Thus, it is apparent that other electrification proc- 
esses are dominant in the spraying of microscopic 
droplets, but in order to establish the nature of such 
processes, more abundant data are required than are 
obtained from the Millikan method, which is tedious 
and therefore yields somewhat meager data. 

Solid particle charging has been studied mainly with 
regard to their net frictional electrification occurring 
after dispersal. Investigations of the simultaneous size 
and charge of individual microscopic particles as a 
result of their dispersal into a dust cloud have been as 
scarce as they have been for liquid droplets (although 
Sachsse® observed individual particles by the Millikan 
method). 

The Hopper and Laby’ method for the determination 
of the electronic charge affords an accurate and efficient 
method for analyzing large samples of the microscopic 
particles of a spray or dust cloud, and with the intro- 
duction of this method interest was renewed in the 
mechanism of static electrification of dusts and sprays. 
Possible mechanisms were discussed by Loeb,’ and 


5S. Chapman, Phys. Rev. 5, 150 (1934). 
® H. Sachsse, Ann. Physik 14, 396 (1932). 


7 V. D. Hopper and T. H. Laby, Proc. Roy Soc. (London) A178, 
243 (1941). 


8 L. B. Loeb, Science 102, 573 (1945). 
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gp Hansen® and Kunkel'® investigated the charging of 


powders disperesd into dust clouds by the Hopper and 
Laby method. 

A mechanism of dust electrification was proposed by 
Loeb and developed by Kunkel!® wherein the extreme 
pressure between powder particles at submicroscopic 
surface irregularities causes an intimate bridging or 
welding of the particles. Then there exists a probability 
that lattice imperfections result in a net electron trans- 
fer" at this junction when it is ruptured by the dispersal 
of the powder, thus leaving charges upon the dust 
particles. Statistical analysis of this mechanism is found 
to agree satisfactorily with experimental dust charging 
data.!° 

In the present investigation, the Hopper and Laby 
method is applied to the analysis of sizes and charges of 
individual microscopic droplets produced by the spray- 
ing of liquids in order to obtain sufficiently abundant 
and reliable data to help resolve the current uncertainty 
concerning spray electrification mechanisms. Further, 
some observation of the charging of dispersed glass 
beads is made as illustrative confirmation of the above 
mentioned theory for dust electrification. 


EXPERIMENTAL 


In the Hopper and Laby method, the aerosol particles 
are introduced into an analyzing chamber where they 
settle in still air between two vertical plane parallel 
electrodes. Under the influence of gravity and a con- 
stant horizontal electric field, each particle has a Stokes’ 
law velocity whose vertical component depends upon 
the particle size and whose horizontal component de- 
pends upon the ratio of particle charge to its size. 
Intermittent dark field illumination of the particles 
allows their paths to be photographed as a line of equally 
spaced spots, from which the velocity components and 
thus the simultaneous size and charge of the particles 
can be obtained. (Similar methods developed by Fuchs 
and Petrjanov™ and Rosenblum"™ utilize continuous 
dark field illumination with the time scale provided 
respectively by periodic field reversals and sinusoidal 
field variation with time during particle observations. 
Both methods suffer from the lack of polarity discrimi- 
nation for each particle charge and admit more light into 
the analyzing chamber than does the Hopper and Laby 
method.) 

The apparatus was adapted by minor modifications 
from the one built and described by Kunkel and 
Hansen" and was operated in essentially the same 
manner. 

J. W. Hansen, “The Electrostatic Charge on Insecticidal 
Dusts” (thesis, University of California, Berkeley, 1948). 


10 W. B. Kunkel, J. Appl. Phys. 21, 820 (1950). 

uP. E. Shaw and C. S. Jex, Proc. Roy. Soc. (London) A118, 97 
(1928). 

#2 N. Fuchs and J. Petrjanov, Zhur. Fiz. Khim. 4, 567 (1933); 
Kolloid-Z. 65, 171 (1933). 

13.N. Rosenblum, Tech. Phys. U.S.S.R. 4, 564 (1937). 


4 W. B. Kunkel and J. W. Hansen, Rev. Sci. Instr. 21, 308 
(1950). 
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STATISTICS OF LIQUID SPRAY 


The particles analyzed obeyed Stokes’ law, the upper 
diameter limit taken to be that given by Arnold.% 
Cunningham’s® correction was not needed since 
particles of diameter less than about one micron were 
not analyzed in order to avoid Brownian motion, undue 
length of time for particles to settle into the analyzing 
region, and increased susceptibility to errors caused by 
minute air currents. 

Instrumental errors in the determination of the diam- 
eter and charge of an individual aerosol particle 
amounted to about 1 percent. However, rather than 
carefully measuring the film recorded particle paths, 
nomographic devices were used for simplicity. Although 
this increased the diameter error to about 5 percent and 
the charge error to about 10 percent, the error was of 
random sign and thus was not so large for the average 
values of a large number of particles. 

This method of analysis actually reveals the initial 
particle diameters and charges only in so far as changes 
in these quantities or selective removal of certain par- 
ticles does not occur between the times of aerosol origin 
and analysis. Various processes which might cause such 
error were carefully considered in order to determine 
their effect during the particle settling period. 

Coagulation!’'* of particles resulting from contacts 
caused by Brownian motion or electrostatic interaction 
and charging'*!® of particles by ion diffusion to the 
particles were found to be negligible for the low particle 
charges, concentrations, and settling times encountered. 

The stray field above the deflection plates may cause 
lateral removal of settling particles having a high ratio 
of charge to diameter so that this class of particles es- 
capes analysis. This effect was avoided by successively 
alternating the polarity of the applied field from one 
periodic observation to the next and by adjusting the 
field strength, duration, and field interval. Values of the 
ratio charge to diameter as high as were needed were 
easily obtained for any diameter particle analyzed. 

A prominent source of error in the analysis of droplet 
diameters was the rapid evaporation of small droplets. 
This process can be approximated*® by 


~—dS/dt=8xpMD/pRT=C, (1) 


where S=droplet surface, ‘=time, =droplet vapor, 
pressure, M=droplet vapor molecular weight, D= 


1% H. D. Arnold, Phil. Mag. 22, 755 (1911). 

16 E. Cunningham, Proc, Roy. Soc. (London) A83, 357 (1910). 

17N. Smoluchowski, Physik. Z. 17, 557, 585 (1916); Z. physik. 
Chem. 92, 129 (1917); N. Fuchs, Z. physik. Chem. A171, 199 
(1934) ; W. R. Harper, Trans. Faraday Soc. 32, 1139 (1936); W. B. 
Kunkel, J. Appl. Phys. 19, 1053 (1948); N. Tunitzki, Zhur. Fiz. 
Khim. 13, 1141 (1939). 

18R. Whytlaw-Gray and H. S. Patterson, Smoke: A Study of 
Aerial Disperse Systems (Edward Arnold and Company, London, 
1932). 

19W. B. Kunkel, J. Appl. Phys. 21, 833 (1950); P. Lissowski, 
Acta Physicochim. U.R.S.S. 13, 157 (1940); Zhur. Fiz. Khim. 14, 
521 (1940) ; Tunitzki, Sarinski, and Petrjanov, Acta Physicochim. 
U.R.S.S. 13, 327 (1940); Zhur. Fiz. Khim. 14, 542 (1940). 

20R. Whytlaw-Gray and H. Whitaker, Proc. Leeds Phil. Soc. 
1, 97 (1926). 
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droplet vapor diffusion coefficient in air, p=droplet 
density, R=molar gas constant, and T=absolute 
temperature. 

Evaporation rates calculated form (1) have negligible 
deviation from complete evaporation theory”! for dia- 
meters above about 20 microns and are only slightly 
high for diameters down to the order of one micron. 
However, experimentally observed evaporation rates 
often disagree with (1) because of surface impurities, 
etc., and hence should not be used for evaporation cor- 
rections. Nevertheless (1) can serve as a guide in select- 
ing slowly evaporating liquids. e.g., for water droplets 
in air (1) give C=10~ cm?/sec, so that a 100-micron 
diameter water droplet might evaporate into a one- 
micron diameter droplet in the order of a few seconds. 
In fact, sprayed water droplets evaporated completely 
before reaching the analyzing region. 

Using Stokes’ law and —dS/dt=C, it follows that an 
evaporating droplet undergoes a constant change in the 
fourth power of its diameter while settling through a 
fixed distance H, 


Ad‘= const = 36nCH/z pg, (2) 


where n= coefficient of air viscosity and g= gravitational 
acceleration. Although H was not strictly fixed owing to 
the initially disperse nature of the aerosol, an approxi- 
mate value for the apparatus used in this investigation 
was adopted. 

Partial neutralization of charged particles can be 
expected if they contact the inner surfaces of the 
grounded settling chamber in which the aerosol is 
formed. Care was taken to eliminate this effect, and it 
was found that most particles, especially the smaller 
ones, were carried past surfaces in the stream lines of 
moving air or shielded from surfaces by the adjacent 
static air cushion. A dust particle or oily droplet which 
does contact some surface generally remains attached 
there and hence does not contribute error to the analysis. 

Statistical errors occur when only a finite number of 
particles are observed. In the case of a Gaussian distri- 
bution in charge among particles of a certain diameter 
with an average charge Q and a standard deviation S, 
there is an even chance” that the average charge @ of a 
sample consisting of a number » of these particles differs 
from Q by as much as 0.674—S/n' and for a large 
sample (say m>10) that the standard deviation s 
differs from S by as much as 0.674—S/(2n)!. 

It was initially apparent that the distribution in 
charge among the particles included a wide range of 
charge and depended upon the particle diameter. In 
order to obtain good sampling, several hundred particle 
observations should be made in each of many small 
diameter ranges. Since insufficient data were obtained 


21'N. Fuchs, Physik. Z. Sowjetunion 6, 224 (1934); Bradley, 
rN and Whytlaw-Gray, Proc. Roy. Soc. (London) A186, 368 
1946). 
( 80) E. Deming and R. T. Birge, Revs. Modern Phys. 6, 119 
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Fic. 1. Comparison of histograms for charges on di-n-butyl 
sebacate of different diameter ranges with Gaussian curves having 
zero averaged charge and dispersions equal to the mean square 
charge of the droplets. 


from the analysis of a single spray or dust dipsersal, 
many runs were made, each in the same manner, and all 
data for each substance were combined. Data from indi- 
vidual runs were satisfactorily consistent in view of the 
disagreement to be expected between such small 
samples. In general, as the number of particles of a 
sample increases, its average charge and standard 
deviation approach the aerosol values, and in this in- 
vestigation the sample values were used as the estimate 
of the aerosol values with the recognition that these 
values were subject to purely statistical inaccuracies. 


RESULTS 


Size-charge observations of sprayed droplets were 
made for the following liquids: 1. di-n-butyl sebacate— 
Eastman White Lable Grade. 2. dibutyl phthalate— 
reagent grade further purified by multidistillation. 3. 
oleic acid—reagent grade. 4. Paraffin oil—narrow 
fraction, aromatic and unsaturate impurities removed 
by sulfuric acid treatment, double distilled (mostly 
normal dodecane). 5. nitrobenzene—reagent grade. 6. 
mercury—highly purified. 

The dibutyl esters and oleic acid were chosen in 
anticipation of negligible evaporation effects (P~5-10~* 
3-10-*, and 10-* mm Hg, respectively). Paraffin oil was 
used to determine the charging of a nonpolar liquid free 
from molecular double bonding. Since these liquids all 
have low dielectric constants, nitrobenzene was tried in 
order to have some information about a high dielectric 
constant liquid in the hope that it would be possible to 
avoid evaporation effects. Mercury was chosen as a 
typical conducting liquid. 

A glass sprayer was used (Parke Davis and Company 
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“Glaseptic Nebulizer’) with a spraying duration of 30 
seconds at reproducible pressure for each experimental 
run. 

The data for the nonconducting liquids analyzed were 
segregated into the following diameter ranges in microns: 
1.0-1.4, 1.5-1.9, 2.0-2.8, 2.9-3.9, 4.0-5.6, 5.7-7.9, 8.0- 
11.2, 11.3-15.8, 15.9-22.3, 22.4-31.6, and 31.7-44.6. It 
was found that the numbers of positively and negatively 
charged droplets in each diameter range were approxi- 
mately equal, as were their average charges, and the net 
charge in each diameter range was approximately zero. 
This indicated the spray electrification distribution in 
charge among the droplets to be symmetrical and net 
neutral. The following description of the di-n-butyl 
sebacate droplet analysis is typical of the treatment of 
data for the other liquids. 

The distribution in charge among the droplets in each 
diameter range (normally to unit probability) was 
indicated by histograms to be closely Gaussian (except 
as mentioned later). Gaussian curves having zero 
average charge and dispersions equal to the mean square 
charge of the droplets in each diameter range were 
superimposed upon the histograms. This comparison is 


shown in Fig. 1 for the two most populated diameter 


ranges. 

Further indication that the distribution is Gaussian is 
the close agreement between the average absolute 
charge {|q|) of the droplets in each diameter range and 
the value derived from their mean square charge on the 
assumption of a Gaussian charge distribution, (| q|) 
= (2¢/n)}. 

Because of the Gaussian shape of the data histograms 
and the good agreement between the average absolute 
charges and their values calculated from the mean 
square charges, it was assumed that the charge distri- 
bution among droplets in each diameter range was 
actually Gaussian without further “goodness of fit” 
tests. 

The droplet analysis is given in Table I, which lists 
the ranges of diameter d in microns, the numbers of 
droplets observed m, the average absolute charges in 
electrons as observed and as calculated from the mean 
square charges, and the statistical probable errors 
p.e.~0.674—(|q|)/(2n)*. The numbers of droplets in 
diameter ranges not included in Table I are less than in 


TABLE I. Di-n-butyl sebacate droplets 











d n (lal) 2q2/n)t p.e. 
2.0-2.8 77 7.5 
(5.1) (+0.28) 
2.9-3.9 181 8.2 8.1 +0.29 
4.0-5.6 396 12.2 12.4 +0.29 
5.7-7.9 138 22.1 22.4 +0.88 
8.0-11.2 76 33.3 33.0 +1.82 
11.3-15.8 30 72.7 74.4 +6.33 
15.9-22.3 12 120.6 111.4 +16.6 
22.4-31.6 5 153.0 151.3 +25.8 
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those included and are considered too meager for satis- 
factory sampling. 

The average absolute charge was found to be propor- 
tional to the } power of droplet diameter except for a 
deviation in the smallest diameter range listed in Table 
I. Here a discrepancy between the computed and the 
observed average absolute charges suggested that the 
analyzed charge distribution might not be Gaussian. 
In fact, the histogram of data in this range had a defi- 
nite depression at zero charge, as shown in Fig. 2, which 
not present in the larger diameter ranges. 

If we assume the true distribution to be Gaussian, a 
deficiency of neutral droplets in the smallest diameter 
range was occurring before their analysis in some 
manner as yet unexplained, resulting in an observed 
average absolute charge which was too large. It was 
found that the first half of the total number of droplets 
which settled into the analyzing region did not exhibit 
so pronounced an effect as did the second half. Therefore 
this effect was considered to be a time dependent samp- 
ling error rather than a true effect of the spray electri- 
fication mechanisms, although the sampling errors 
previously considered did not explain this effect. 

The true average absolute charge was estimated by 
approximating the true charge distribution as shown 
by the dashed curve in Fig. 2, and this estimate was 
inserted (parenthetically) into Table I. Then a relation 
of the form (|q|)= Ad? fit the corrected data, as shown 
in Fig. 3, giving A~1.26 electrons/micron!. 

Analogous data were obtained for the dibutylphtha- 
late. The smallest diameter range had to be corrected 
for evaporation by (2). Then for this liquid (| ¢|)= Ad! 
with A=4.16 electrons/micron!. Evaporation and de- 
ficiency in neutral droplets reduced accuracy for the 
smallest droplet diameter in oleic acid but the larger 
diameters gave A =1.31 electrons/micron?. Paraffin oil 
caused trouble in spraying because of its high viscosity 
and loss of small droplets by evaporation ; data limited 
to a smaller range of droplets yielded A = 0.32 electrons/ 
micron!. Data for nitrobenzene were very meager and 
required extensive evaporation correction. The (|q|) 
= Ad* law did not fit a// nitrobenzene data well for any 
a. When a= $ was used, the two most populated diameter 
ranges gave A=0.97 electrons/micron!. Aniline and 
glycerol were tried and found unsuitalbe for analysis by 
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Fic. 2. Histograms 
for small droplets of 
di-n-butyl sebacate, 
compared with Gaus- 
sian distribution 
showing deviations 
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Fic. 3. The absolute averate charge in therms of electrons of di- 
n-butyl sebacate plotted against the diameter in microns indicating 
a strongly linear trend. ; 


this apparatus, and no attempt could be made to evalu- 
ate A for these liquids. 

The presence of relatively large charges with a net 
neutral Gaussian distribution among the droplets in- 
dicates that the Lenard liquid-air interface spray elec- 
trification is not dominant in the electrification by 
atomization of the microscopic droplets of liquids here 
observed. This result must be interpreted as follows: 

No doubt all sizes of droplets are found and some 
particles down to 10~7 to 10~* cm diameter are created 
as Chapman noted. These must exhibit the spray charg- 
ing with finer particles negative and larger ones positive. 
Such relatively fine particles may be present floating 
around in the settling chamber but are not detected. 
In spray electrification the net negative charge in the 
air, i.e., the total negative charge in the finest spray less 
the total positive charge on the somewhat coarser, but 
still fine particles, must be compensated by a net posi- 
tive charge on the sprayer liquid and the very large 
drops such as observed here. The net negative charge 
may be relatively small with these liquids and the com- 
pensating positive charge could reside largely on the 
sprayer and thus leak to ground. The fine negative 
charge eventually reaches the settling chamber walls, 
and can be studied only with a device like the Erickson 
tube. These observations showing no effective net posi- 
tive charge on the droplets studied, i.e., symmetry, 
means that the net negative spray charge may be small 
for these substances, and that relatively the number of 
large particles of net neutral charge here studied is so 
great that the residual positive charge distributed over 
the mass plus that on the sprayer may not be noticed. 

To account for the homogeneous charging which in 
this instance is a true volume effect with (|g¢|)« V# or 
@=« V, where V is the droplet volume, Loeb suggested 
that this charging would be expected to result from 
statistical fluctuations of the electrolytic ion concentrations 
of both signs present in relatively low concentrations com- 
pared to those in aqueous solutions. Statistics described 
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Taste II. Correlation of charging to dielectric constant. 














Dielectric A in electrons/ 
Liquid constant micron! 
Paraffin oil 2.1 0.32 
Di-n-butyl sebacate 4.4 1.26 
Dibuty! phthalate 6.2 4.16 
Oleic acid 2.5 1.31 
Nitrobenzene 35.7 0.97 








by Margenau and Murphy” are readily adapted to the 
analysis. Let the positive and negative ions be univalent 
and have equal concentrations in the liquid. Then the 
probability that a droplet with ions has m positive 


ions is P,,(m)= (*) / (2™-2"-™). As n becomes large, 


P(m) tends towards P(m)=const. exp.[—(m—m?/m], 
where mm is the mean value of m. The droplet charge is 
q=2m—n so that m=(gq+n)/2 and P(g)=const. 
exp[ — (q—4)?/4m]. 

A droplet of volume V may contain any number of 
ions n, but the average number will by %=2VN, where 
N =the ion pair concentration= concentration of disso- 
ciated molecules. Thus m=7/2=VN and g=(2m—7N) 
=(. Thus, it is clear that P(q)=const. exp(—q’?/4VN). 

The droplet charge probability is a net neutral Gaus- 
sian distribution with a standard deviation of S= 
(2VN)*. Accordingly g?=2VN and (|q|)=(2/7)*(S) 
=(4VN/x)'. Empirically it was seen that (|q|)= Ad! 
so that N=4A?. For dibutyl sebacate the value of A 
was 1.26 electrons/micron! yielding N=2.3X10" ion 
pairs per cm*. This is of the order of the number of 
ion pairs to be expected in a relatively pure substance of 
low dielectric constant. 

It was logical following the success of this approach 
to consider studying these liquids with known but varied 
ion concentrations. Before this was undertaken it was 
discovered that in 1949 Natanson™ working in the 
U.S.S.R. had made a rough study of sprayed transformer 
oil droplets by means of the previously mentioned Fuchs 
and Petrjanov method. With droplet idameters of 1 to 
4.2 microns the value of g~*/V was found to vary line- 
arly with the conductivity of the transformer oil. The 
references cited by Natanson indicate that at various 
times publications not listed in Physics Abstracts had 
theoretically considered this type of charging largely, 
however, in relation to electrolytic solutions. Actually 
Natanson was the only one to apply this experimentally 
to homogeneous charging of sprayed droplets. As early 
1911 H. Bateman,” in an endeavor to illustrate the 
usefulness of certain statistical methods developed by 
him, had arrived at the quantitative relations above and 
had indicated that they might be applied to the anlaysis 
of charges produced when electrolytic solutions were 


*% H. Margeau and G. Murphy, The Mathematics of Physics and 
Chemistry (D. Van Nostrand Company, Inc., New York, 1934), 
p. 422-424. 

% G. L. Natason, Zhur. Fiz. Khim. 23, 304 (1949). 

% H. Bateman, Phil. Mag. 21, 745 (1911). 


dispersed. In 1946 Leontovich”* in the U.S.S.R. applied 
the theory of fluctuations to the free energy of electro- 
lytic solutions, and Natanson”’ in 1946 applied the Boltz- 
mann probability to the energy of formation of a 
charged spherical region within an electrolytic solution 
in the presence of thermal motions. They also obtained 
a net neutral Gaussian charge probability withg=2VN. 
It was thus believed that the work of Natanson on 
transformer oil strongly indicated the accuracy of the 
inferences made independently here when considered 
in the light of the relatively accurate data obtained 
from the Hopper and Laby method. 

It must be pointed out that the statistical analyses 
apply only to “droplets to be” within the bulk liquid. 
If they are to apply to separated droplets, the act of 
spraying must not change the concentration probability 
by liquid conductivity during the finite separation time. 
Such changes were not apparent in this investigation. 

It has been indicated by Chapman’s early studies 
that the greater the dielectric constant of pure sprayed 
liquids, the higher the charge for a given diameter 
droplet. Table II indicates the dielectric constant of the 
substances here studied in relation to the constant A. 
It is seen that the highly purified paraffin oil and dibutyl 
esters do show charge increase with increasing dielectric 
constant. In contrast oleic acid with a low dielectric 
constant gave a large A, indicating that it has a larger 
concentration of ions. This is what is to be expected, 
since the oleic acid was reagent grade and not very pure. 
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Fic. 4. (A) Sample histograms for strongly discharged mercury 
droplets compared with a Gaussian distribution. This was obtained 
by high pressure spraying. (B). The effect of reducing spraying 
pressure and discharging by the walls on mercury droplets. The 
histogram observed is compared with two Gaussian distributions; 
(1) about net zero charging (homogeneous) ; and (2) asymmetric 
charging from the surface. 


26 M. Leontovich, Compt. rend. acad. sci. , 111 (1946). 


U.R.S.S.53 
27 G. L. Natanson, Compt. rend. acad. sci. U.R.S.S.53, 115 (1946). 
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The position of nitrobenzene is also highly improper. It © 


was reagent grade with a high dielectric constant. 
Much impurity thus should have given high concentra- 
tions of ions and a large A. The causes for its deviation 
are perhaps many. Actually the data really apply to too 
few substances for any proper conclusions to be drawn. 
It appears as noted by Chapman® that for the pure 
substances the value of A increases as the dielectric 
constant increases. If this is correct, it can only mean 
that for a generally constant concentration of certain 
types of ionizable impurities in the first three liquids the 
concentration N of dissociated molecules is larger the 
higher the dielectric constant. Such action should 
follow on the principle that dielectric constant is largely 
responsible for electrolytic dissociation by reducing the 
electrostatic forces between ions in molecules. This 
interpretation of the general role of dielectric constant 
presents a naive view. High polarizability, meaning 
large molecular dipole moments of buiky molecules, 
does not suffice to reduce ionic binding forces in mole- 
cules surrounded by these, since much stronger linkages, 
such as the hydrogen bond, are the effective dissociating 
agents in substances like water. This most likely ex- 
plains the behavior of nitrobenzene. Any relation be- 
tween dielectric constant and A in homogeneous charg- 
ing if present can only depend on the effect of the di- 
electric constant on N, if any. 

Very carefully purified Hg was studied by atomizing 
with the same sprayer used on the other liquids, but the 
high density and surface tension required a much larger 
air pressure for the same rate of conversion of liquid to 
spray. A preliminary check with a quadrant electrom- 
eter revealed that sprayed droplets of pure Hg had a 
net positive charge, while the glass sprayer and the 
bulk mercury remained negative. These findings agreed 
with those of Coehn”* on pure Hg and are in line with 
the other data on dust and sliding electrification, for 
glass has a higher “work function” than Hg. 

It was anticipated that statistical fluctuation would 
yield a symmetrical Gaussian distribution, about an 
average net positive charge on Hg droplets. The data 
were segregated into diameter ranges of 0.75-0.95, 
1.0-1.45, 1.5-1.9, 2.0-2.8, 2.9-3.9, and 4.0 to 5.6microns. 
Beyond this range reliable statistics could not be ob- 
tained. Sample histograms are shown in Figs. 4(A) and 
4(B). The curves are neither Gaussian nor symmetrical. 
The peak of Fig. 4(A) is near zero charge, although there 
is a preponderance of positively charged droplets. In the 
case of Fig. 4(A) the distribution is marked by strong 
discharging to the walls of the grounded settling 
chamber. This occurred because the spray projected 
too far from the sprayer and the inertia of the dense 
Hg droplets reduced the cushioning effect of air. Shaw 
and Jex'! and others have observed impact discharging 
of electrified Hg droplets. By reducing the spraying pres- 
sure with proper orientation in the chamber, the effect 


28 A. Coehn and E. Duhme, Z. Physik 27, 358 (1924); A. Coehn 
and A. Curs, Z. Physik 29, 186 (1924). 


TABLE ITI. Mercury droplets. 











d q of pos. peak 
0.75-0.95 36 
1.00-1.45 80 

1.5-1.9 125 
2.0-2.8 175 
2.9-3.9 275 
4.0-5.6 430 








was reduced as shown in the histogram of Fig. 4(B). 
Comparison of the two histograms shows how contact 
with the walls reduces the positive peak of the distri- 
bution and adds to the zero peak. Table III lists the 
positive charges at which peaks of the weakly discharged 
distributions occurred in each diameter range. These 
charges and, hence, probably the average charges of the 
initial distributions vary nearly linearly with droplet 
diameter. The conducting Hg droplets in the process 
of formation have a common potential as long as they 
are in contact with the bulk liquid. At the instant of 
separation the charge will be proportional to the 
capacity of the droplet which is its radius. This would 
imply that the whole Hg surface in contact with the 
glass has a uniform positive potential resulting from the 
loss of electrons to the glass and that the charging is 
done before separation of the Hg droplets. 

The result in any event shows that the average charge 
of these sprayed droplets is positive, relatively large, and 
increases with the diameter. The number of carriers 
(free electrons) is so great that statistical charging of 
the droplets as described for nonconducting liquids is 
precluded. Hg droplets formed at an Hg-gas interface, 
as in the case of spray electrification of H,O, cannot 
carry off the superficial negative charge of the free 
electron cloud. The reason for this is twofold. The elec- 
tron cloud is bound spatially close to the ionic lattice, 
and the work function is very great. It would, thus, take 
a much greater concentration of energy per unit area 
in the mass of impacting gas than any mechanical energy 
concentration that is available in the gas blast to tear 
from the surface particles small enough to take an ex- 
cess of the surface electron cloud away. The contact 
effect of glass, on the other hand, may be regarded as 
producing a reduction of the work function at the Hg- 
glass interface by means of lattice imperfections in the 
glass into which electrons from the Hg may migrate. 
Thus, positively charged metal droplets are formed at 
the interface and removed on separation leaving the 
negative charge on the glass. 

To verify the statistical law for electrification of 
blown dusts, a dust composed of soft soda glass beads 
(Minnesota Mining and Manufacturing Company 
Superbrite Type 118") dispersed from a Pyrex cup was 
analyzed. These beads were quite spherical, presumably 
as a result of “fire polishing.” Thier diameters lay 
mostly in the range of from 20 to 50 microns. Electron 
microscope and direct microscopic observation indicated 
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Fic. 5(a). An electron 
microscopic profile of a 
blow hole on a spherical 
droplet showing the other- 
wise smooth surface. 














Fic. 5(b). A microscopic silhouette of a typical bead indicating 
a blow hole but showing the general smooth spherical surface. 


that except for occasional small pits caused by eruption 
of vapor the surfaces were quite smooth as shown in 
Figs. 5(a) and (b). Difficulties consisted of the large 
size and rapid fall of the particles, which made measure- 
ments inaccurate, and the relatively greater effect of 
surface contact with the Pyrex cup for smaller numbers 
of large beads. Data were recorded only for 27-40.5- 
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micron diameter beads. The charge distribution was 
Gaussian, with an average charge of —135 electrons 
and a standard deviation of 625. Since this average 
charge is about at the limit of error in reading charges 
for particles of this size, it may not even be real. On the 
other hand, when earlier measurements had been made 
with the beads rolling along the Pyrex container during 
dispersal, strong net asymmetric negative charging was 
observed. Thus, the net small negative charge noted 
above may be regarded as being spurious. The quantity 
of a statistical significance was the standard deviation 
of 625 electrons. Applying Kunkel’s'® theory, i=S* 
= 625?=3.9X10* electron transfers per glass bead of 
ad of 27 to 40.5 microns. Kunkel’s data gave (| q|)= 81.2 
electrons for irregular quartz with a d of 3 to 4 microns. 
This yields i= 10.4X10* electron transfers per quartz 
particle of 3 to 4 microns. Since the electron transfers 
per particle in Kunkel’s work increased more rapidly 
than diameter squared, it follows that for quartz 
particles in the range from 30 to 40 microns 7>10® 
transfers per quartz particle. The glass beads with their 
smooth surfaces thus transfer charge about an order of 
magnitude less than the very rough quartz. Stated 
otherwise, the average surface area wherein an electron 
transfer occurs is about an order of magnitude larger for 
smooth glass, than for crushed quartz with its many 
asperities ; to wit: 9.1 10-" cm? relative to something 
less than 3.5 10~-" cm*. The actual area is not revealed 
but may be of the order of the 10-” cm? estimated by 
Kunkel for quartz. 

Further study of the effect of water vapor on these 
smooth spheres was made. Beads in equilibrium with 
P.O; dried air showed no significant difference in 
charging relative to beads in air of 69 percent relative 
humidity. This result is not surprising since it agrees 
with Kunkel’s observations. It is also consistent with 
Peterson’s”® findings in this humidity range. The in- 
fluence of water vapor on glass beads is to change sur- 
face conductivity. In rolling contact this conductivity 
affects the rate of charge accumulation. If, as postulated 
in these analyses, most of the electrification is that of 
separation of surfaces in close contact, an operation 
consuming a very short time, alteration by surface 
conductivity and, thus, by humidity will be. negligible 
as observed. 

CONCLUSION 


In conclusion, the author gratefully acknowledges 
his indebtedness to Professor L. B. Loeb, who suggested 
this investigation, for helpful discussions and encour- 
agement. 


29 J. W. Peterson, work currently in progress in Professor Loeb’s 
laboratory. 
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Temperature Dependence of the Elastic Moduli and Internal Friction of Silica and Glass 
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The dynamic Young’s moduli and the internal friction of fused quartz, Pyrex glass, and soft glass rods 
were measured at a frequency of 37 kilocycles, in longitudinal vibration, within the temperature range 
— 170° to 1000°C. The moduli of Pyrex and quartz increased with rising temperature, up to the softening 
point of the glass, while that of soft glass decreased. All three moduli were approximately linear with re- 
spect to the temperature over most of the measurement interval. Internal friction maxima were noted 
at high temperatures, while at the lowest measurement temperatures a significant increase in background 
damping occurred. A brief recapitulation of existing theory is given and employed to interpret the internal 
friction data. It is suggested that, in microscopically inhomogeneous media, the diffusion measurement by 
internal friction methods is not equivalent to the determination by other techniques. 





INTRODUCTION 


N aseries of excellent review articles Weyl! and, more 
recently, Fitzgerald? have summarized the present 
status and immediate potentialities of internal friction 
and related elastic moduli measurements as applied to 
the study of the structure of glasses. These vitreous 
materials occupy a theoretically interesting position, 
intermediate between the crystalline solid state and the 
less well-understood liquid state, and it is to be hoped 
that measurements on this intermediate state will 
prove of value in formulating new theories, or examin- 
ing existing theories, of the liquid state. 

A damping peak, or internal friction maximum, was 
observed as early as 1914 by Guye and Vasileff.* In 
1941 Rotger* made a systematic study of the tempera- 
ture dependence of the damping of glass at frequencies 


of 1.6 and 80 cycles per second. He interpreted the. 


damping peak he observed in terms of the stress induced 
migration of sodium ions, and computed an effective 
activation energy of 17.8 kilocalories for the process. 

In the present investigation, the temperature de- 
pendence of the internal friction and dynamic elastic 
moduli of fused quartz (transparent), Pyrex glass, and 
a soft glass were determined at a measuring frequency of 
37 kilocycles. The measurements were extended from 
about —170° to 1000°C for fused quartz, and from 
about — 150°C to well above the normal softening point 
for the two glasses involved. Similarities between these 
materials may be reasonably ascribed to their common 
silicon-oxygen network, while their deviations may be 
attributed primarily to the different concentration of 
alkali ions. 


EXPERIMENTAL PROCEDURE 


Both the Young’s moduli and internal friction were 
measured by a modification of the piezoelectric driver- 


* Department of Mining and Metallurgical Engineering, Uni- 
versity of Illinois. 

t Physics Department, University of Illinois. 

'W. A. Weyl, Research 1, 50 (1948). 

*J. V. Fitzgerald, J. Am. Ceram. Soc. 34, 314, 339, 365, and 
390 (1951). 

3c. E. Guye and S. Vasileff, Arch. Sci. phys. nat. 37, 214 (1914). 

‘HH. Rotger, Glastech. Ber. 19, 192 (1941). 


gauge method previously employed by one of the pres- 
ent authors, and described in detail elsewhere.’ The 
development of piezoelectric resonators in general is 
based upon the work of many authors, and a bibli- 
ography of the pertinent references is given in the pre- 
ceding publication. 

A block.diagram of the essential circuit elements and 
the composition of a 3-component resonator unit is 
shown in Fig. 1. An 18.5° X-cut a-quartz bar of square 
cross section, with full length adherent electrodes, acts 
as the mechanical transducer, or driver. A nearly 
identical a-quartz bar, with electrodes covering only 
the central third of its X faces, is cemented to one end 
of the driver crystal so that the electric axes of the two 


SPECIMEN 





DUMMY |: 






































BAR 
osc 
DRIVER f= 
CRYSTAL | VTVM 
‘¢ DRIVER 
F] GAUGE 
7 CRYSTAL =| VTVM 
Y 
| GAUGE 














1 + 


Fic. 1. Block diagram showing composition and essential cir- 
cuit components of a composite resonator. In these measurements 
the specimen was simply an extended section of the dummy rod. 





5 J. Marx, Rev. Sci. Instr. 22, 503 (1951). 
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are perpendicular. In the present case, the fundamental 
frequencies of the two bars were matched to within 
0.02 percent at 37.0 kilocycles. This driver-gauge unit 
was then mounted as shown in Fig. 2, and a specimen 
rod, also frequency matched to the driver-gauge com- 
bination, was cemented to the free upper end of the 
driver. 

Fine tungsten wires, seated in shallow notches in the 
electrode faces of both driver and gauge crystals, 
served to suspend the resonator assembly at displace- 
ment nodes within its vacuum chamber, and provided 
the necessary electrode contacts. Copper tubes, capped 
with Kovar seals, acted as shielded entry ports for 
circuit leads. High impedance Hewlett-Packard Type 
400C vacuum tube voltmeters were used to determine 
driver and gauge signals. The oscillator and frequency 
calibration unit, designed by Michener,*® was capable of 
a relative frequency resolution of less than 0.1 cycle, 
with an absolute frequency drift of about 1 cycle per 
hour after warm-up, at 40 kilocycles. 

* Each set of measurements required two specimen 
rods. The first was cut and ground until its fifth har- 
monic matched the fundamental frequency of the 
driver and gauge crystals, the second was prepared so 
that it was one fundamental length shorter, i.e., its 
fourth harmonic met the frequency matching condi- 
tions. The internal friction and frequency changes of 
both: rods were then measured over the same tempera- 
ture ranges, employing a fixed geometry furnace or 


* J. W. Michener and J. Handloser, U.S.A.E.C. Bulletin MDDC 
1428. 
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cryostat arrangement, as shown in Fig. 3 and Fig. 4. 
Assuming that both sections of specimen material are 
identical, the behavior of the extra multiple of funda- 
mental length may be readily determined from the 
differences in the two sets of readings. This segment of 
the longer rod lies in a region of relatively homogeneous 
temperature, while the effects of the temperature 
gradient in the intermediate rod sections, between speci- 
men segment and driver crystal, are effectively nullified. 

Furnace and cryostat temperatures were controlled 
by thermocouples supported in space, immediately ad- 
jacent to the center of the specimen segment. The 
specimens were presumed to be in equilibrium for each 
furnace setting when the resonant frequency of the unit 
became constant. All measurements above room tem- 
perature were made in a 10-5 mm vacuum; low tem- 
perature measurements were made initially in high 
vacuum, then repeated in an atmosphere of 75 to 100 
microns of dry air to secure lower temperatures and 
avoid excessively long waits for thermal equilibrium. 
A supplementary investigation indicated the high tem- 
perature determinations were correct to within +2°C, 
while the larger uncertainty of about +4°C below 
—100°C apparently constituted the largest source of 
error in the data. 

The specimens were in the form of cylindrical rods 
of 5- to 6-mm diameter, and the multiples of funda- 
mental length were chosen so that about a foot of 
dummy section separated the driver crystal from fur- 
nace or cryostat. After cutting and grinding the ends to 
length, the glass specimens were annealed at about 
500°C for 3 hours, and the fused quartz at 1000°C for 
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Fic. 3. Furnace arrangement for duplicating measurements on 
rods of specimen material which were different multiples of the 
required fundamental length. 
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2 hours, both in air. Since the driver-specimen interface 
was maintained within about 10° of room temperature 
during the measurements, a mixture of beeswax and 
rosin proved very satisfactory as a cement. 

The relationships involved in making the measure- 
ments have been derived in detail in the article previ- 
ously referred to,5 and only the results will be stated 
here. The maximum vibrational strain amplitude is 
directly proportional to the gauge signal, and the 
resonant frequency of the combination (f;) is measured 
simply by noting the oscillator frequency at which the 
gauge signal is maximized. The total logarithmic decre- 
ment of the composite resonator, defined for values of 
less than 10~ as the ratio of the energy dissipated per 
half-cycle to the total stored vibrational energy, is 
given by 


5:= (K/mif?)(Ve/Vo). (1) 


Here m, is the total mass of the resonating system, Va 
the voltage applied to the driver, V, the gauge signal, 
and, for a given driver-gauge system, K is a constant 
which may be initially determined by measuring the 
half-width of the resonance peak. If a specimen is 
attached during the half-width determination, it is im- 
portant that its decrement be amplitude independent. 
The decrement of the specimen segment, i.e., the 
extra multiple of fundamental length, is obtained from 
the total decrements of the 4- and 5-multiple systems, 
measured at the same temperature, as follows: 


é,= (ms55s— 44) /m,. (2) 


The effective mass of the specimen segment, m,, may 
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Fic. 4. Schematic cryostat arrangement. 


TABLE I. Approximate composition of specimens in 
weight percent. 











Fused Pyrex Soft 

Component quartz glass glass 
SiO. 99.9 80.6 69 
BO; see 11.9 3 
Al.O; ee 2.0 3 
Na,O tee 4.4 14 
Others 0.1 1.1 8 

(CaO) 








be taken as one-fifth the mass of the 5-multiple rod as 
long as the diameter is uniform. 

A formally identical expression may be used to com- 
pute the effective resonant frequency (/,) of the speci- 
men segment. Here 


fa=(msfs—mafs)/m,. (3) 


Once preliminary measurements have indicated the 
elastic behavior of the specimen, rods may easily be 
prepared to give 1 percent frequency matching between 
specimen segment and driver-gauge units, in any por- 
tion of the temperature interval employed. 

The absolute determination of Young’s modulus, 
with any degree of precision, requires accurate values of 
specimen length, density, and mass. The procedure 
described here is more suited to the measurement of 
fractional changes in Young’s moduli than to the abso- 
lute determinations of these quantities. For a rod of 
isotropic thermal expansion the relevant expression is 


E/Eo=(1+aAT)“(f,/ fo). (4) 


Here E and f, are the modulus and resonant frequency, 
respectively, of the specimen segment at any tempera- 
ture; Eo and fo are the same quantities at some refer- 
ence temperature; AT is the difference between meas- 
urement and reference temperatures; and a@ is the 
effective linear expansion coefficient over this interval. 
In the present measurements the reference temperature 
was taken as 25°C. 


EXPERIMENTAL RESULTS 


The approximate compositions of the three materials 
used are indicated in Table I. The significant difference 
is believed to be the concentration of metallic ions. 
The soft glass exhibits a generally higher internal fric- 
tion than Pyrex glass, as shown in Fig. 5, and both 
materials show maxima in the interval 315° to 320°C 
at a measuring frequency of 37.1 kilocycles. In soft 
glass the maximum is less well defined, tending to be- 
come obscured by the rapidly increasing background. 
At the maxima the soft glass decrement was about 2.1 
times that of the Pyrex. Above 500°C the internal 
friction of both increased to very large values. 

Measurements were carried out on soft glass up to 
694°C, and on Pyrex up to 785°C. At these tempera- 
tures the specimens were deforming visibly under their 
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Fic. 5. arithmic decrement of Pyrex and soft glass as a 


function of the temperature, employing a measuring frequency 
of about 37 kilocycles. 


own weight. The decrement increase indicated in Fig. 5 
was continued until values of approximately 10~', 
about ten times the magnitude of the ordinate scale 
used in that figure, were reached at the highest measure- 
ment temperature. Subsequent remeasurement of the 
slightly deformed bars at room temperature indicated 
that the geometric changes made only a trivial con- 
tribution to these high decrements. The high tempera- 
ture increase was approximately linear. 

Both glasses showed internal friction minima at low 
temperatures. In soft glass the minimum occurred in 
the vicinity of —60°C, while the much broader Pyrex 
minimum lay between — 25°C and —50°C. Below these 
temperatures significant decrement increases occurred. 
A number of measurements were made at the lower 
temperatures, and it was ascertained that the decre- 
ment increases were independent of the cooling rate, 
which would indicate that they were not the result of 
thermal strain. 

If the decrement of fused quartz were plotted on the 
scale of Fig. 5, the curve would be indistinguishable 
from the abscissa over most of the range. The silica 
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Fic. 6. rithmic decrement of fused quartz, as a function 


of the temperature, at about 37 kilocycles. 
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decrement is shown in Fig. 6, and it is noted that, at 
room temperature, the glass decrements are more than 
a hundred times as large as that of the silica. A small 
maximum is observed at about 646°C, followed by an 
irregular increase above 700°. Even at 1000°C, how- 
ever, the quartz decrement is only a third of that of 
Pyrex at room temperature. 

The decrement increase at low temperatures is par- 
ticularly striking in the case of silica. A decrement 
minimum was reached in the neighborhood of —50°C, 
followed by a sharp increase which showed no sign of 
leveling off at the lowest reliable measurement tempera- 
ture of —173°C. Special attempts were made to secure 
lower temperatures with the existing equipment. In 
these supplementary measurements the thermal equi- 
librium was so disturbed that no reliable temperatures 
can be reported. However, the decrement rise was ob- 
served to continue below —173°, and values of about 
40X10-5 were indicated in the vicinity of —190°C. 
This is more than three times the value of the highest 
cold point shown in Fig. 6. 

The fractional change in the Young’s moduli E/E, 
is shown in Fig. 7. The temperature variation is seen to 
be approximately linear over most of the range, with 
the principal deviations from linearity occurring above 
500°C, in the case of the two glasses, and below about 
— 25°C for all specimens. In the nearly linear regions 
the moduli of Pyrex and silica increase with rising tem- 
perature, while that of the soft glass decreases. The 
values of (1/Eo)(dE/dT) in the linear range are re- 
corded in Table IT. 

The internal friction of a-quartz crystals is known to 
be nearly independent of the vibrational strain ampli- 
tude at room temperature. A similar amplitude inde- 
pendence is observed for fused quartz, both at room 
temperature and at 940°C, as shown in Fig. 8. Both 
Pyrex and soft glass exhibited virtually amplitude in- 
dependent decrements at 25°C, and high temperature 
measurement of this type were not made on the latter 
materials. A constant strain amplitude of about 10-* 
was maintained throughout the temperature meas- 
urements. 


DISCUSSION 


Neglecting the damping caused by magnetic fields, it 
appears that the mechanisms responsible for the internal 
friction of solids may be placed in one of four categories: 
(1) stress-induced thermal inhomogeneity in the me- 
dium; (2) the motion of dislocations; (3) shear dis- 


. placement across viscous layers; (4) reorientation, with 


respect to the stress axis, of those microscopic com- 
plexes whose presence produces an asymmetric strain 
within the medium. 

Largely as the result of a detailed theoretical treat- 
ment by Zener,’ the contribution of the Type 1 proc- 
esses is probably better understood than any of the 


7C. Zener, Elasticity and Anelasticity of Metals (University of 
Chicago Press, Chicago, Illinois, 1948). 
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others. To a very good first approximation, the thermal 
lag mechanism may be regarded as temperature inde- 
pendent. For this reason it is assumed that, in the 
present case, Type 1 processes were not significant 
factors. 

Our knowledge of dislocation damping is based upon 
the pioneer investigations by Read* on metal single 
crystals. Read’s observations have been extended by 
many investigators, and recent theoretical work by 
Koehler,’ based on the concepts of Seitz and Read, 
Cottrell, and Eshelby, postulates an explicit model for 
the process which promises to be of great value in the 
interpretation of the acoustical loss produced by dis- 
location motion. However, it is very unlikely that a 
Type 2 process is important in the case of glass or silica, 
particularly since dislocation damping is characterized 
by a marked amplitude dependence even at strains of 
less than 10-*. 

It would seem that the results of the present measure- 
ments are best explained in terms of Type 3 or Type 4 
processes, or a combination of the two. The theory of 
Type 3, or viscous, damping in solids has been de- 
veloped in detail through the work of Zener’ and his 
associates, notably Ké,!° who presented rather convinc- 

TABLE II. Temperature coefficients of the dynamic Young’s 


moduli, over the temperature interval in which they were ap- 
proximately constant. 











(1/Eo)(dE/dT) Interval 
Specimen deg 105 
Soft glass —6.7 —120 to 520 
Pyrex glass +5.0 —60 to 590 
Fused quartz +6.7 —50 to 1000 








ing evidence of viscous damping attributed to the inter- 
crystalline layer between the grains of metal poly- 
crystals. If vitreous materials are regarded as a mass 
of microscopic crystallites, then the regions of dis- 
registry at the crystallite boundaries might be expected 
to make viscous contribution to the damping, analogous 
to that of the grain boundaries in metals. It is at least 
possible that the general high temperature increase in 
background decrement may be attributed to viscous 
damping. 

However, the great disparity between the low tem- 
perature decrements of fused quartz and the two 
glasses, which differed by a factor of more than a 
hundred at room temperature, indicates that viscous 
damping is not the major contributor here. Most 
significantly, the room temperature decrement of fused 
silica was found to be about twice as great as that of a 
single crystal of a-quartz of the same mass, a relatively 
small increase when one considers the great increase 
that would be expected in purely viscous damping upon 
going from the crystalline to the vitreous SiO». 

8 T. A. Read, Phys. Rev. 58, 371 (1940). 

* J. S. Koehler, article in Imperfections in Nearly Perfect Crys- 


tals (John Wiley & Sons, Inc., New York, 1952). 
10 T. S. Ké, Phys. Rev. 71, 533 (1947). 
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Fic. 7. Fractional change in Young’s modulus, as a function of 
the temperature, at about 37 kilocycles. 


The major factor in the damping behavior below the 
softening points of the glasses appears to be the com- 
position, rather than the gross physical structure, which 
indicates a Type 4, or diffusion, process. Rotger,‘ as 
noted previously, interpreted his data on glass in terms 
of the migration of sodium ions. As part of his general 
development on internal friction and related properties 
of metals, Zener’ has greatly refined the formal theory, 
based on the interstitial diffusion model postulated by 
Snoek," and extended its application to the reorienta- 
tion of pairs of substitutional solute atoms. More re- 
cently Korn” has applied the reaction rate theory of 
Eyring and his co-workers to the problem of calculating 
the acoustical loss in glass. 

A close analogy is to be expected between that por- 
tion of the internal friction caused by the stress-induced 
migration of ions in glasses and the dielectric losses in 
these materials. The mechanical stress becomes the 
counterpart of the electric field, the energy dissipation 
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Fic. 8. Logarithmic decrement of fused quartz as a function of the 
vibrational strain amplitude at 28° and 940°C. 


1 J. Snoek, Physica 8, 711 (1941); Physica 9, 862 (1942). 
2G. A. Korn, J. Acoust. Soc. Am. 21, 270 (1949). 
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TaBe III. Comparison of the most probable activation ener- 
gies for Na diffusion, as indicated by internal friction methods. 
The last entry is the effective value over the whole temperature 
range. 
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Reference cal X107% "< 
3,4 18.3 27 to 53 
4 17.3 53 to 109 
4, present 13.2 109 to 317 
Mi cheve 15.0 27 to 317 








may be presumed to occur by essentially the same 
atomic mechanism in both cases, and the anisotropy 
of the internal strain about each interstitial particle 
plays the role of the effective electric dipole moment. 

Because of the microscopic inhomogeneity of glass, 
it is not to be expected that the activation energies for 
any process would be even approximately unique. In- 
deed, it seems very unlikely that absolutely unique 
activation energies exist for any solid state process in 
real materials. For the special but important case of 
diffusion in dilute solutions of interstitial atoms in 
b.c.c. metals, the distribution of activation energies is 
so narrow that the data may be adequately treated by 
assuming a unique energy requirement, as Zener and 
his co-workers have shown. However, the very broad 
damping peaks shown in Fig. 5, and their low frequency 
counterparts as reported by previous investigators, 
obviously do not correspond to monoenergetic reac- 
tions, even though the migration of sodium ions is be- 
lieved to be the essential contributor. It seems quite 
probable that some of the indicated spread in activation 
energies is due to interactions between the solute par- 
ticles, in view of the rather large concentrations in- 
volved, but it is anticipated that measurements on 
dilute solutions would also show very broad maxima. 

Gevers and Du Pre” have developed a general theory 
of dielectric loss for the case of a continuous variation 
in activation energies, and it would appear that their 
treatment may adequately describe the internal fric- 
tion as well. The simplest case is that in which the 
energy loss results from the motion of a single kind of 
particles or complexes, which lie in potential wells of 
varying depth clustered about some most probable 
value, where the energy losses per atomic process are 
additive. The relevant logarithmic decrement (6;) then 
becomes 


8=5 5j=A;L cf | (5) 


+ wr é 


where w is the angular frequency of the applied stress, 
C; is the effective concentration of complexes having 
relaxation times r;, and A; is a proportionality constant 
which includes the relaxation strength, assumed to be 
the same for all processes denoted by the subscript 7. 
Both C; and 7; are functions of the activation energy 


4 M. Gevers and F. K. Du Pre, Philips Tech. Rev. 9, 91 (1947). 
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qi, with the relaxation times determined by the well- 
known relation 


1/7;= Byve—asl*? (6) 


Here the proportionality factor B; includes the number 
of equivalent diffusion paths available to the j re- 
actants, v is a presumably constant atomic frequency 
factor, and the other symbols have their conventional 
meaning. 

If it is assumed that the distribution of the g; among 
the reactants may be represented as a continuous 
Gaussian function about some most probable energy 
g;, the fraction of reactants having activation energies 
between g and g+dq becomes 


dC/C;=N exp—s*(q—4;)*. (7) 


Here N is a normalizing factor, C; is the total concen- 
tration of j reactants, and the parameter s determines 
the dispersion. 

The summations in Eq. (5) may then be replaced by 
integrals, and a relaxation peak of arbitrary tempera- 
ture width obtained by adjusting the value of s. The 
maximum in this peak will occur when w7;=1, where 
7; is the relaxation time associated with g;. Activation 
energies are normally computed from relaxation peaks 
by noting the temperature shift in the maxima when the 
measuring frequency is changed, employing the relation 


In(fo/ fi) = (9/k)(T1*-T3), (8) 


an approximation which assumes a constant atomic fre- 
quency factor. It follows that g, determined in this 
fashion for the model described above, would corre- 
spond to gj. 

The data of Fig. 5 and Fig. 6 may be interpreted in 
terms of a general decrement 


b9= 6Nat+ 5si02+ >> 6;, 


where 6Na represents the sodium ion contribution, dsi02 
indicates a relaxation characteristic of the silica lattice, 
and the summation refers to processes other than the 
two explicitly named. The location of the maximum for 
each contributing term is determined by the value of 
G; for the process. These peaks are superimposed on a 
background which increases nonlinearly with rising 
temperature. The high temperature background may be 
caused by unresolved peaks, associated with atomic 
processes included in the summation terms, or to an 
actual viscous damping of the Zener-Ké type. 

If sodium diffusion is assumed to produce the broad 
glass maxima shown in Fig. 5, as well as those reported 
by Guye and Vasileff* and Rotger,‘ all of this data may 
be used to calculate a value of gNa over a much wider 
temperature range than the original experiments per- 
mitted. The effective value over the entire interval, 
from 27° to 317°C, is found to be about 15 kilocalories. 
However, if Eq. (8) is applied separately to each pair 
of points, the magnitude of gNa appears to be decreasing 
at high temperatures, as shown in Table III. 
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All of these values are significantly less than the 21 
kilocalories reported for Na diffusion in similar glasses 
when tracer techniques are employed. The general dis- 
crepancy permits of a very interesting interpretation. 
Internal friction depends upon diffusion between adja- 
cent lattice sites; tracer techniques measure the net 
transfer of material over macroscopic distances. In a 
microscopically inhomogeneous medium, where a large 
spread of activation energies exists, both small and 
large g; processes contribute to the internal friction 
maximum, and the effective rate is determined by some 
most probable value, g;. For the net transport of ma- 
terial over macroscopic distances, on the other hand, the 
rate controlling factor may well be the frequency with 
which the migrating ions can surmount the highest 
potential barriers in their path. Hence g;, as measured 
by internal friction methods, would be smaller than 
the macroscopic transport activation energy, measured 
by other techniques. If the distribution of activation 
energies is very narrow, the energy requirement deter- 
mined by internal friction should be essentially the same 
as that measured by other methods. 

At about —50°C, Gevers"* has observed a minimum 
in the dielectric loss of a lead glass. This corresponds 
closely to the damping minima observed here for both 
glasses and silica. The latter is particularly significant, 
in that Gevers attributed the low temperature dielectric 
loss increase to the silica components of the glass struc- 
ture. The rapidly increasing internal friction of silica 
below —80°C (Fig. 6) appears to corroborate his 
deduction. 

Lower temperature determinations are most urgently 
indicated, and it is to be presumed that these would re- 
veal the existence of both internal friction and dielectric 
loss peaks below about — 200°C in silicate glasses and, 
especially, in silica, for frequencies of the order of 10* 
cycles. Thus one may anticipate activation energies of 


4M. Gevers, Philips Research Rep. 1, 456 (1946). 


the order of 5 kilocalories or less. A possible model for 
this process would be the shifting, or reorientation, of 
the unoccupied interstices of the silica structure. This 
would not involve the migration of a metallic ion and 
might reasonably be expected to require a lower activa- 
tion energy than metallic diffusion. 

In Fig. 6 a major general rise in the decrement of 
fused quartz is observed over the temperature interval 
from about 500° to 640°C. This interval includes the 
a—B transition temperature (573°) for crystalline 
quartz. The slight peak between 640° and 650° may 
possibly be related to this phase change, but no mecha- 
nism can be suggested at this time. 

The difference in sign between the temperature co- 
efficients of the dynamic Young’s moduli, indicated in 
Fig. 7 and Table II, clearly seems attributable to the 
alkali ion concentration. An obvious inference is that, 
for some intermediate composition, the dynamic modu- 
lus would be temperature independent. The theoretical 
treatment of Zener’ would call for a relaxation effect 
in the moduli observed here, but where the Na damping 
peak is extended over almost the whole measurement 
interval, as in the present case, no marked anomaly is 
to be expected and none is observed. 

The authors wish to thank Professor J. S. Koehler 
of the Physics Department, for making available much 
of the equipment employed in these measurements and 
for helpful discussions throughout the investigation. 
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operation of Professor H. L. Walker, department head, 
and Professor C. A. Wert, of the Department of Mining 
and Metallurgical Engineering, is gratefully acknowl- 
edged. This research was supported by the Department 
of Metallurgical Engineering and the Physics Depart- 
ment of the University of Illinois, in part through funds 
provided by the Office of Naval Research. 
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Method of Time-Free Solutions for Radioactive Decay and Radionuclide Production* 


Louis GoLp 
Lincoln Laboratory, Massachusetts Institute of Technology, Cambridge, Massachusetts 


(Received September 15, 1952) 


A time-free recursion formula development for the classical radioactive decay leads to a distribution form 


of solution for both natural and artificial chains. 





HE classical solution of the radioactive decay 

series by Bateman! can readily be extended to 
the problem of radionuclide production via artificial 
transmutation as, for example, by irradiation in a 
neutron flax.? The present writing concerns a somewhat 
different approach which leads to an entirely different 
form of solution in which the time dependency need 
not necessarily appear, i.e., the concentrations or ac- 
tivities of the diverse members of the radioactive chain 
can be conveniently expressed in terms of some refer- 
ence standard as the residual ratio of the initial member 
of the chain. 


TIME-FREE SOLUTION FOR RADIOACTIVE DECAY 


The system of differential equations expressing the 
rate of disappearance-build-up of species V,, No, V; 
-++N,, with decay constants Aj, Ae, As + An is 


—dN, dt= ALN,, 


—dN2/dt=2N2—-\Ni, (1) 
—dN ,/dt=\3N :—d2N 2, 
—dN ,/dt=dnNn—dn-rN n-1. 
The elementary solution for , is 
Ni=Noe", (2) 


while for Nz, a time-independent solution results di- 
rectly from 
dN2/dN,—1/N;- N= —_ 1, 





pinta lhe (3) 
in the nature of a 
V1 
N2=Ny’ (—1)Ny"dN,, (4) 
No 
so that 
Ny’ 
N2= (No'"— N1'-”). (5) 
1—r 


A generalization of (4) for x>3 gives the recursion 


formula 
Ni 
N2iNy “dni, 


N,= — rae f 
No 


* The research in this document was supported jointly by the 
Army, Navy, and Air Force under contract with the Mass- 
achusetts Institute of Technology. 

1H. Bateman, Proc. Cambridge Phil. Soc. 15, 423 (1910). 

2 W. Rubinson, J. Chem. Phys. 17, 542 (1949). 


(6) 


where now 
Az 
eee To.3 =—, 


At 


m1=)o/M,  12=As3/M1, 


If we write out explicit results of (6) in the form 





























Lal 1 
N;3/No=—- Ro (R-"2— 1) 
~~ Fe" Fe 
1 
+ aryl, @ 
1—rs 
TP) R-"—1 Ri-s—]1 
N,/No= Re a etc. 
1—r (ri—1r2)(r71—T13) (1—r2)(1—rs) 
R’-"3—1 1 1 
= 
fo—f3 \mi—re 1—fe 
If oF) Rn 1 
N;/No= — Re| 
1-7, (r:—r2)- ++ (r71—714) 
R-"-1 Re-"—]1 
(1—r2)---(1—r4) (ro—13)(r2—14) 
1 1 R’-"—1 
x( " - s}, (9) 
M1i—-r2 1—fe 13-14 
with 
R=N,/No=e", 
1 1 
S= _- 
(r71—12)(r71— 1) (1—r2)(1—rs) 
1 1 1 
To—-173\1%1—T2 1—r2 


then a more effective recursion formula is evidently 


x—2 
(— 1)*R'= II ‘; 








™ j=2 = ma Ne-1 
N /N e= . N gh "2th re-1 
x—3 , N 
No 0 
ons 1Rrs- : 
(—1)*"*R»* TT »; 
j=2 


‘Nye r1gN,. (1 1) 


In this manner we arrive at the general solution for 


88 








(7) 


(8) 


(9) 


(10) 


ly 


(11) 


pn for 
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(1) in the form of a distribution function 


z—2 Rtz-1— 1 Ri--1-—]1 





N./No=(—1)"R™ TI 13 ~ 


j=1 


x-—2 x—2 
II n-—7; II 1-7; 
j=2 j=2 

















Rrz-'s-1—] R’s'=-1—] 
-$;— ~ Se err 
x-—2 x-—2 
II 2-17; II 13-7; 
j=3 j=4 
R'z-2-'z-1—1 
aol gence , *#>3, (12) 
2-2-7 2-1 
where 
1 
S,=—_-—, 
M—. 1—fe 
1 1 
S2= 





1 ( 1 1 ) 
(r2—r3) m—r. 1—?Pe 


Sf] (1-1-1 (1—r;)'-S, Il (r2—rj)* 


j=2 j=2 1=3 


z—2 
—S2 TT (s—1j)7*+ + > —Ssa(re-s—re-2). (13) 


4 


TIME-FREE SOLUTION FOR RADIONUCLIDE 
PRODUCTION 


If we represent the production rate as P, then the 
system of differential equations has for the first step 


—dN,/dt=\,N,—P (14) 


with the subsequent stages described by (1). Here for 
N, we have the simple solution 


Ni=P/\(1—-e™), (15) 


whereas for V2 a time-independent solution can be had 
from 


dN2/dN 3+ )2/P—\N1- N2o=A\N1/P—-AwN1 (16) 


via 
N1 
N= (P=N)™-ds f (P—AiN1)-“t"Y dN. (17) 
0 
Thus we find 


[(P—\N))"— PH") 
Ai Az. 





N2= (P—aw)n| 


1 
i Si . (18) 


2 


Now generalizing (17) for x>3 leads.to the recursion 
formula 


N.z=(P—\1N1)*"-Az-1 


M1 


x f Nz-31(P—\N1)- “dM. (19) 
0 
The replacement 

Z=P— N= Pe" (20) 


transforms (19) to 
Zz 
N.= — reve f No1Z~ “tv dz, (21) 
P 


which is analogous to (6). Accordingly, we derivé such 
representative results as NV; and N,: 


P(D'-"—1) 
(Ar—Az)(A1—As) ods 


D-"—1 





N;= -~ AD” | 








Dri-nr—1 
ay aside ; (22) 
Ao—Asz 
P(D'-"*—1) D-"—1 
Ne=AaD”4 
(Ar—Aa)-**(Ar— Aa) Aaa 
D-3s—1 Dre-"—1 
—J% —Jy ; (23) 
(A2—Az)(A2z—Aa) As—Aa 
where 
D=2Z/P, 
Ji=P/M—d2t1/r2, (24) 


J2= P/(\i—2)(A1— As) — 1/Arvs— J 1/A2—Ass, 


whence we recognize a more direct recursion formula 
than (21) to be 


x-—2 
(—1)*D TT 
j=2 


N.= 





x—3 
(—1)*"*D= TT); 


j=2 
Pi-te-ttre-1 Zz 
ss —f Nz-1 ° Zie-2-12-1-qZ, (25) 
Ai P 


which is very much like (11). 
Thus we deduce the general formula for the con- 





90 LOUIS GOLD 


centration of species x in radionuclide production as 
D"=-1—1 D-t=-1—1 
P on 


z—2 


N.=(—1)7D™ J] A, 
m2 





[a-s) I (-)-%, 








j=2 j=? 
Drr-re-1—1 Drr-rz-1—]1 Drz-2-'2-1—] 
—J; —Js Hing), £2, OE 
~ . %2-2—-T 2-1 
I] Q2—A;) ~— IT Gs—A,) 
j=3 j=4 
with 
z—1 z1 z—1 zl 
Jo2=P II (—-A,)?—-T] (— 1)?*A;7-J, II (A2—A;) 1—Je II (As—A,;) 1 — ii — J o3(Az-2—Az-1) 1. (27) 
7=2 j=2 1=3 7=4 
This solution is quite obviously closely allied to the results (12) and (13) derived for radioactive decay. 
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Preparation of Uniformly Dispersed Specimens of Particulate Matter 
for Electron Microscopy 
R. E. HartMan, T. D. Green, J. B. Bateman, C. A. SENSENEY, AND G. E. Hess 
Camp Detrick, Frederick, Maryland 
(Received September 2, 1952) 


The transfer of monolayers of proteins to solid surfaces from a liquid substrate is now a well-established 
procedure. It has been found that if particulate matter is present in the protein solution from which the 
monolayer is to be formed, the surface streaming set up by the spreading of the protein over the surface of a 
liquid substrate causes the particles to be distributed uniformly throughout the available surface. They can 
then be transferred to a solid surface along with the protein monolayer. This procedure has been used in the 
preparation of specimens for electron microscopy by raising previously immersed collodion-coated wire mesh 
screens, attached to glass microscope slides, through the interface occupied by the monolayer. Micrographs 
of viruses, bacteria, and other bodies mounted in this manner have been obtained. The method commends 
itself by virtue of the simplicity of the procedure, the uniform dispersion of the particles, the elimination of 
interference from extraneous dissolved substances, and the high quality of the micrographs obtained. 


INTRODUCTION 


HE process by which a soluble protein, applied to 
a point on an aqueous surface, spreads spon- 
taneously to form an insoluble monolayer affords a 
convenient means for bringing about a uniform distri- 
bution of particulate matter in two dimensions. When 
the monolayer with its embedded particles, formed from 
a suspension of particles in a dilute protein solution, is 
transferred to a solid surface by the now familiar 
method of Blodgett,’ one obtains specimens that are 
easy to manipulate for the purpose of inspection by 
various methods. 

Our primary desire in developing this procedure has 
been to improve upon existing methods of preparing 
specimens of biological materials, bacteria and viruses 
in particular, for morphological examination by light 
microscopy and electron microscopy, and if possible to 
determine the absolute particle concentration in the 
parent suspension by counting particles in the mono- 
layer specimen. The present paper deals with the quali- 
tative aspects of the technique, while the results of 
particle assay will be presented elsewhere. 


1K. B. Blodgett, J. Am. Chem. Soc. 57, 1007 (1935). 


METHODS 
1. Film Tray 


The monolayers are formed by applying a protein 
solution to a clean liquid surface. For this purpose we 
have found it convenient to use a stainless steel tray 
0.7 cm deep, 21.5X6.5 cm?, provided with a well, 6.2X 
1.4 cm? in area and 5.0 cm deep, situated 1.3 cm from 
one end of the tray. The tray is coated with a rubbed- 
down layer of paraffin wax. The liquid surface is freed 
from contaminating films by means of stainless steel 
sweepers. 


2. Liquid Substrate for Monolayers 


It is desirable when possible to spread the mono- 
layer upon a liquid containing very little nonvolatile 
matter so as to obviate the necessity for washing the 
film after its transfer to a solid surface. Most proteins 
spread rather slowly upon distilled water. The addition 
of zinc chloride, 10 mg per liter® gives very satisfactory 
results. 


* Langmuir, Schaefer, and Wrinch, Science 85, 76 (1937). 
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3. Maintenance of Constant Film Pressure and 
Measurement of Change of Film Area 


During transfer of the monolayers to a solid surface 
it is necessary for the film pressure to be kept constant. 
This is usually done by means of a substance of constant 
spreading pressure (“piston oil’’),? the pressure being 
transmitted to the monolayer across a flexible floating 
barrier formed by a waxed thread which traverses the 
liquid surface. We have continued to use piston oil in the 
present work but have replaced the conventional flexible 
barrier by a closed loop of single strand Nylon thread. 
This is much more satisfactory than the earlier form, 
since the danger of leakage of piston oil into the mono- 
layer is much less. It has also the important advantage 
of permitting accurate measurement of changes in 
monolayer area at constant pressure by the following 
simple method. The piston oil occupies the liquid sur- 
face delineated by the closed loop. The loop is circular 
as long as the surface pressure outside the loop is less 
than the surface pressure of the piston oil. As soon as the 
surface pressure becomes equal to that of the piston oil, 
for example, by virtue of the presence of a monolayer, 
any reduction in total area occupied by the monolayer 
and piston oil must occur at constant pressure; under 
these circumstances the monolayer area must remain 
constant, and the change in total area must take place 
wholly by change in the area of the piston oil drop. The 





_ Fic. 1. Polystyrene latex (Dow 580G, lot 3584) dispersed by 
incorporation in a protein monolayer. Representative field. 
Chromium showdowed. 7750. 


oo a and V. J. Schaefer, J. Am. Chem. Soc. 59, 2400 





Fic. 2. Southern bean mosaic virus. Same as Fic. 1. X23 000 


loop assumes an irregular shape. In practice, quite 
small: distortions can be detected by eye, and it is 
therefore a simple matter to measure the area occupied 
by a monolayer at constant surface pressure by deter- 
mining the total area (varied by means of a rigid 
movable barrier) at which the loop resumes its circular 
form. The monolayer area is then equal to the total area 
delineated by three sides of the film tray and movable 
barrier minus the area of the circular loop. This method 
has been used to determine the changes in monolayer 
area that take place when monolayers are transferred 
to solid surfaces. A much more sensitive device would 
consist of a rigid wire bent in the form of a nearly 
closed circular arc, the opening being closed by a fine 
flexible thread. By this means changes of monolayer 
area at constant pressure of a few square millimeters 
could be detected. 


4. Spreading Technique 


We have usually used a 0.05 percent solution of bovine 
serum albumin as the medium for the particle suspen- 
sion. A film of convenient area is obtained by delivering 
0.025 ml to the liquid surface from a micropipette; loss 
of protein below the surface can be minimized by 
applying the solution to a strip of glass placed across 
the tray, with its lower edge immersed in the liquid 
substrate. The piston oil is tri-m-cresyl phosphate with 
a spreading pressure of about 9 dynes/cm. 


5. Transfer of Films to Solid Surface 


In preparing specimens for microscopy it is desir- 
able to transfer only a single unimolecular layer of 
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Fic. 3. Phage resistant strain of E. coli. Scraped from agar 
slant, suspended in distilled water, and dispersed by incorporation 
in a protein monolayer. Representative field. Uranium shadowed. 
< 6000 


protein with its embedded particles. We have usually 
used a B-layer* prepared by withdrawing through the 
film-covered surface a clear glass slide previously 
lowered through the clean surface and allowed to re- 
main immersed while the film is formed. When the 
transferred films were intended as specimens for elec- 
tron microscopy, the glass slide carried three or four 
wire mesh screens, covered in the usual way with a 
collodion film. 


6. Preparation of Specimens for Microscopic 
Examination 


We have prepared film specimens of E. coli, S. mar- 
cescens, and type III pneumococci. Twenty-four to 48 
hour cultures were used. These were washed once with 
distilled water and mixed with the protein solution to 
give a final cell population of about 4.5X10° per ml 
and a protein concentration 0.5 mg per ml. The spread- 
ing of 0.025 ml of such a suspension over an area of 
140 cm?* should give a film containing about 8000 
bacteria per mm*. After transfer of such films to the 
specimen slide they were dried and stained for light 
microscopy or shadowed with chromium for electron 
microscopy. A similar procedure was adopted in pre- 
paring specimens of PR-8 influenza virus, Southern 
bean mosaic virus, and Dow polystyrene latex 580 G, 
lot 3584, but in these instances particle concentrations 
were adjusted empirically to give a suitable number of 
particles per field of observation in the final specimen. 


BATEMAN, 


SENSENEY, AND HESS 





Fic. 4. An enlargement of a dividing organism taken from a 
representative field as shown in Fic. 3. Uranium shadowed. 
x 18 000 


EXAMPLES AND DISCUSSION 


The qualities of specimens prepared by the mono- 
layer method are illustrated in four micrographs, each 
of which is representative of the entire specimen from 
which it was taken. 

Figure 1 shows the very uniform distribution of 
polystyrene latex particles when dispersed in a protein 
monolayer, while Fig. 2 illustrates the same point in 
the case of Southern bean mosaic virus. The distri- 
bution functions have been examined quantitatively, 
and the results will be reported later in connection with 
the particle assay problem. 

The micrograph of E. coli reproduced in Fig. 3 is 
intended to illustrate the fact that even when applied 
to a specimen containing a large proportion of soluble 
nonvolatile extraneous material, the spreading tech- 
nique provides in a single operation a film entirely free 
from the nonvolatile residues that in other methods of 
specimen preparation necessitate special washing opera- 
tions. Figure 4 shows the excellent definition obtained 
at higher magnification. 

In this laboratory the monolayer technique is finding 
many applications in the study of particle morphology, 
in the investigation of particle interactions, and in 
attempts to elucidate the mechanism of action of radia- 
tions upon single isolated bacterial cells. 
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‘ Tracer Diffusion in the Ground in Radioactive Leak Location 


ANDREW GEMANT 
Engineering Laboratory and Research Department, The Detroit Edison Company, Detroit, Michigan 


(Received August 18, 1952) 


The diffusion in the ground of a radioactive tracer gas, used for locating leaks in buried pipes, has been 
calculated, and the results are presented in the form of graphs. It is shown how the information can be used 
to obtain the amount of radioactivity needed in a test for both beta-emitters (C-14 in carbon monoxide) and 


gamma-emitters (Br-82 in methyl bromide). 





INTRODUCTION 


METHOD using radioactive tracer gases for 
locating leaks in buried pipes was recently de- 
scribed by the author.!? In short succession a few other 
papers were published on the same subject, notably by 
Brock-Mannestad,’ Klein,‘ and Guéron and Pagés.® 
One of the chief factors affecting the efficiency of the 
method is the diffusion of the tracer gas in the ground 
after it has escaped from the leak. This factor deter- 
mines the concentrations reached in the ground and the 
amounts of radioactivity required for specific cases. 

In the present paper the equation that controls the 
diffusion of the gas in the ground is derived under cer- 
tain simplifying assumptions. Next, a few graphs are 
presented, showing the progress of diffusion as a func- 
tion of several essential variables, such as depth below 
the surface, time elapsed, and diffusion coefficient of the 
gas. Finally, a few numerical computations will illus- 
trate the usefulness of the information for calculating 
amounts of radioactivity needed. 


TRANSIENT DIFFUSION EQUATION 


The leak in the pipe is considered as a point source 
in an infinite medium. It is realized that when the gas 
reaches the ground surface, conditions, chiefly because 
of convection, will change. A high water table level will 
also affect the results. The derived equation is, therefore, 
approximate; the shorter the elapsed time since the 
start of diffusion, the better is the approximation. For 
an instantaneous point source of strength M;, one has 
in analogy of the thermal equation® for the gas concen- 
tration c, 


M; 


“wa (1) 


where /=time, x=diffusivity of gas, r=distance from 
source, and c,=gas capacity of soil. 
Two of these variables x and c, involve the soil 


1 Andrew Gemant, Conference on Electrical Insulation, (Pocono 
Manor, Nov. 1-3, 1950). 
ws Hines, and Alexanderson, J. Appl. Phys. 22, 460 
*L. Brock-Mannestad, Teleteknik 2, 28 (1951). 
*N. Klein, Bull. Research Council Israel 1, 110 (1951). 
5 J. Guéron and A. Pagéts, Cables et Transmission 6, 96 (1952). 
* H. S. Carslaw and J. C. Jaeger, Operational Methods in A pplied 
Mathematics (Clarendon Press, Oxford, 1941), p. 107. 


porosity P (ratio of air volume to total volume). If & is 
the diffusion coefficient of the tracer gas in air, then the 
coefficient &, in soil is given by 


k= Ph, (2) 


since the average free cross section per unit area is also 
P. The capacity c, is the amount of gas that can be 
stored in the unit volume; hence, 


c.=P. (3) 
Since the diffusivity x=k,/c,, it follows that 
xk=k, (4) 


Equation (1) is now applied to the time differential 
dt, for which M ;=md1, if m is the efflux of gas per unit 
time. If the gas escapes during the interval /, to /2, and 
if to is the time of observation, then 

m te 
c=———- J (t—?t) exp—r*/[4k(to—2) ]dt. (5) 
8(rk)§P Jr, : 


With suitable substitutions, this integral can be 
solved and yields 








m r r 
c= er —er . (6) 
ee SMa J Mten =) 


Integration of the amount of gas over the total space 
results in the total efflux, i.e., 


iP f cr’dr=m(te—1t,), (7) 
) 


as may be verified by means of Eq. (6). 


GRAPHS SHOWING PROGRESS OF DIFFUSION 


For numerical calculations the amount of gas will be 
expressed in microcuries uC. Since k is expressed in 
cm?/sec, and r in cm, the efflux m is measured in uC/sec, 
and the concentration is obtained in wC/cm*. 

In order to present the graphs in a rather general 
form, the quantity ¢; is introduced by the equation 


c=mc,/ P. (8) 


This quantity c, is plotted as the ordinate in the graphs, 
and if P and m are given, c can be calculated. The 
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Fic. 1. Concentration of tracer gas in the ground vs time, 
with distance from the leak as variable parameter. 


abscissa is the time (¢9 —¢,) elapsed since the gas started 
leaking. There are then three parameters: the diffusivity 
k, the distance from the leak r, and the duration of the 
efflux Ai= (t.—?,). The expression (f)—/2) in Eq. (6) is 
then given by (to —4;) — At. 

Figure 1 shows — loge, as a function of (¢)—¢;) in 
hours with the variable parameter r in the range from 
1 to 10 feet. The duration of efflux is taken as 4 hours 
and k as 0.2. The concentration always rises for the first 
4 hours, thence going through a maximum; the larger 
the distance the later this occurs. 

In Fig. 2, the variable parameter is A/, ranging from 
1 to 8 hours, while & again is 0.2 and r is specified as 3 
ft. They show the same characteristic as the previous 
curves; the longer the duration of the outflow the later 
the maximum occurs. 

In Fig. 3, the diffusivity k varies from 0.06 to 0.6, 
r being 3 ft and A?, 4 hours. With increasing diffusivity 
the maxima shift to shorter times ; the concentrations for 
short times become larger, and for long times smaller. 


THE CARBON MONOXIDE METHOD 


The information can be used for the CO method, as 
developed by the author and Hines.'? Carbon-14 is a 
soft beta-emitter ; labeled CO is introduced into the pipe, 
then pumped out from bore-holes in the ground and 
collected on filters.’ Experiments showed that 1 uC 
produces with a thin-window Geiger counter about 4000 
counts per min. 


7 For further experimental details, the paper quoted under 
reference 2 should be consulted. 


Let it be required that a certain distance r from the 
leak C counts per min be obtained in order to permit 
location. This means that C/4000 microcuries must be 
removed by pumping. The volume of gas removed by 
pumping is designated by v; its magnitude will be es- 
timated below. If the concentration of the tracer is c, 
one has the requirement 


C/4000= ve. (9) 
If Eq. (8) is introduced, one has 
C/4000= vmc,/ P. (10) 


The total activity M needed for the test is related to m 
by 
M=nmAt, (11) 


where » is a forcing factor, determined by an additional 
leak introduced into a distant man-hole in order to 
accelerate the travel of the tracer in the pipe. The factor 
n is defined as the ratio of the tracer gas arriving at the 
leak to the amount flowing into the ground. From (10) 
and (11) one has in microcuries 


M=nPCAt/40000c;. (12) 


In order to use this equation, » must be known. 
Using a small pump for about 10 minutes, the amount of 
air pumped out of the soil (clay of a pore diameter® of 
about 10-* cm) can be estimated from our previous 
experimental data.? The rate of efflux in one test 
was m=6.3X10~ wC/sec. A representative value for 
the porosity is 0.2, since dry soil has a porosity about 
35 percent, and the moisture content of the soil is about 
15 percent. Thus, from Eq. (8), c=0.3210-*c,. The 
pumping took place 5 hours after the tracer started to 
flow into the ground; hence, fo—?,;= At=5 hr. 

In Table I are first listed the distances from the 
artificial leak, and the observed counts per min, both at 
bore-holes along the pipe and away from the pipe. 
These data indicate a pumping volume in the clay soil 
of about 2 liters, as the following columns show. They 
list cy as calculated from Eq. (6), the concentration of 
the tracer in the soil, the microcuries pumped out in 2 
liters, and the counts expected with those activities. 
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Fic. 2. Concentration of tracer in the ground vs time, 
with duration of outflow as variable parameter. 


8 Arnold Eucken, Zahlenwerte und Funktionen (Verlag. Julius 
Springer,iBerlin, 1952), vol. III, p. 359. 
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It is seen from the last row that observed counts 
away from the pipe are more in keeping with the trend 
of calculation, than those along the pipe, as is to be 
expected. The surface of the pipe provides a by-pass for 
the tracer, actually facilitating its detection in a manner 
not accounted for by the diffusion theory. 

The value of »>=2X10* cm is now used in Eq. (12), 
as well as P=0.2. In this manner one has in millicuries 


M=0.025X10-*(nAIC/c1). (13) 


This last equation can be used for evaluating the 
amount of CO activity needed for locating a leak in a 
pipe containing 120-kv cables. If the original length of 
the tracer column is 10 ft, it will spread? in 10 days to 
about 60 ft which, without forced drive, takes 24 hours 
to pass the leak. Hence, At= 24 hr, and for the purpose 
of calculations we might take f9= 24 hr also. The actual 
value of f) is obviously not known. It is now required 
that at a 10-ft distance, in undisturbed soil, pumping 
should yield 200 counts per min. With this requirement 
fulfilled, measurable counts can be expected even at 
20 ft from bore-holes along the pipe. From Eq. (6), ¢ 
is calculated for k=0.2, the diffusion coefficient of CO 
in air, r=305 cm, (t49—t2)=0 and (to)—t;)=24X3600 
sec. The result is 1.4X10~, and with n=1, Eq. (13) 
gives 3.1 millicuries. 


GAMMA-EMITTER TRACERS 


Some authors ** recommend the use of gamma- 
emitters, particularly methyl bromide labeled by 
bromine 82, emitting betas of 1.04 Mev and having a 
half-life of 35 hours. 

If C counts per min are wanted on the ground surface 
over the leak, then the gamma-radiation intensity at 
that point is approximately C/3000 milliroentgens per 


TABLE I. Estimate of pumping volume from experimental data. 











Observed 
counts 
per min 
Away Calculated 
r Along from ¢c pC counts 
ft pipe pipe C1 uC/cm? pumped ss per min 
1 1900 1900 1X10? 3.2X10~* 0.64 2500 
5 60 24 2x10 64x10°* 13x10? 52 
10 19 0 4x10 1.5x10-* 3x10°% <1 
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Fic. 3. Concentration of tracer in the ground vs time, 
with diffusivity as variable parameter. 


hr. If the contamination of the soil surface is assumed 
to be uniform, this contamination is given (in uC) by 
0.5X10~ C per cm* soil. This last relation follows from 
data® relating water contamination to intensity at the 
surface. 

This last figure may be identified with mc, (P cancels 
out) ; hence, 

m=0.5X10C/c, 


and, as before, in millicuries 





nA&tC 
M=0.5X10-° , (14) 
C1 


Because of the short half-life of Br-82, forced drive 
is advantageous; say, m=3. C, as before, is taken as 
200. With the tracer column traveling fast, At and 
may be taken as 1 hr each. If the pipe (telephone cable, 
for instance) is buried 3 ft below ground, r=92 cm. The 
diffusion coefficient of methyl bromide is somewhat less 
than 0.2. With these data c,=6X10~, and M=18 
millicuries. Gases like methyl bromide may be partially 
adsorbed by the grains of the soil, a circumstance not 
considered by the diffusion theory as presented. 


* Atomic Energy Commission, The Effect of Atomic Weapons 
(U. S. Govt. Printing Office, Washington, D. C., 1950) p. 262. 
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This paper describes the use of an electromechanical analog to examine the limiting values of various 
parameters needed to destroy a predominantly subharmonic oscillation of order one-third, existing in a 
nonlinear system. The results of the analog are then compared with the limiting values suggested by exist- 


ing theory. 





INTRODUCTION 


N any oscillatory system having a nonlinear restoring 
force there is always the possibility of generating a 
periodic oscillation whose frequency is a submultiple of 
the frequency of the forcing function. If the Fourier 
component having this subharmonic frequency has an 
amplitude larger than all other Fourier components we 
have the phenomena of predominantly subharmonic 
oscillations. Although some work! has been published 
on the conditions under which one can experimentally 
generate subharmonics little has been written on the 
experimental conditions by means of which these oscil- 
lations can be destroyed. Several theoretical conditions? * 
have been proposed and experimental investigation has 
been suggested. It is the purpose of this paper to pre- 
sent some experimental results on the extinction of pre- 
dominantly subharmonic oscillations in nonlinear sys- 
tems and then compare the experimental conditions 


COEFFICIENT OF VISCOUS DAMPING 
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Fic. 1. Calibration curve of damper. 


1C, A. Ludeke, J. Appl. Phys. 22, 1321 (1951). 

2 J. J. Stoker, Nonlinear Vibrations (Interscience Publishers, 
New York, 1950). 

3N. W. McLachlan, Ordinary Non-Linear Differential: Equa- 
tions (Oxford University Press, London, 1950). 


under which extinction takes place with the conditions 
proposed by theory. 


EXPERIMENTAL PROCEDURE 


Because of the existing theoretical results it was de- 
cided to study a system represented by the equation 


6+ c6+00+ B= H coswi—G sinwt, (1) 


where #=displacement (angular), c= coefficient of vis- 
cous damping, a=coefficient linear restoring force, 8B 
= coefficient cubic restoring force, w= angular frequency 
of forcing function, F=G?+ H?= magnitude of forcing 
function. 

This equation was set up on an analog, previously 
described,* to which had been added a calibrated elec- 
tromagnetic damper. The calibration curve of the 
damper is shown in Fig. 1. For no current in the damper 
the residual damping in the system equals only 0.03 of 
critical damping. 

The first studies were made by generating the sub- 
harmonic of order 4 and then destroying it by in- 
creasing the value of c. Results were obtained for sys- 
tems having different values of a and for a whole set 
of values of F. The question then arose as to whether 
the point of extinction depended only upon the value 
of c or whether it was someway dependent upon the 
fact that the value of c was being changed during an 
oscillation rather than the value of F. To settle this 
question the experiments were repeated using a fixed 
value of c and lowering F until the subharmonic dis- 
appeared. The results showed that for a particular a 
and 6 there was a limiting relationship between c and 
F, and it mattered not whether c was increased to its 
upper limit or F was decreased to its lower limit. The 
data showed some differences of course, but it must be 
kept in mind that the exact point of extinction was very 
difficult to locate because a short transition period 
occurred before the subharmonic ceased completely. 

Finally, considerable data were taken by decreasing 
w until extinction occurred. The results shown in Table 
II were taken with no current through the electro- 
magnetic damper. Further experiments with current in 
the damper indicated that the lower limit of w was 
only slightly dependent on the value of c for the range 
of c being utilized. 


*C. A. Ludeke and C. L. Morrison, J. Appl. Phys. (to be 
published). 
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THEORY AND CONCLUSIONS 


From the theory,® the interesting result with regard 
to the effect of viscous damping is the inequality 


c<9BAF/32wa, (2) 


in which A is the amplitude of the subharmonic, and c, 
a, B, w, and F are parameters of Eq. (1). The physical 
significance of this result is that it indicates an upper 
limit on the amount of viscous damping a system may 
have and still be able to have subharmonic solutions of 
order 3. This inequality was derived, however, with 
the assumption that 6 was a small quantity. Most of 
the experimental results do not satisfy that assumption. 
It is unlikely therefore that the inequality should still 
be valid for large values of 8. 

Before making such a comparison let us express 
inequality (2) completely in terms of the parameters of 
Eq. (1). In order to do this we make use of the ampli- 
tude-frequency relationship® 


w= 9(a+0.928A?), (3) 


which has been shown to be in good agreement with the 
experimental results on predominantly subharmonic os- 
cillations of order 4. If the amplitude A is expressed 
in terms of a, 8, and w, inequality (2) may be written as 


F 9a ; 
-sy]- 
10.22a w 


Thus for a particular value of a, 8, and w, we have a 


c~< 





TABLE I. Experimental results showing the limiting relationship 
between the extinction value of ¢ and F. 











Parameters Upper limit of c 
of Eq. 1 ¢c from inequality 
(a, B, w) F (experimental) (4) 
a=11.06 2.24 0.261 0.364 
2.36 0.288 0.388 
B=843 3.02 0.493 0.497 
3.23 0.545 0.531 
w= 12.57 3.96 0.635 0.651 
(rad/sec) 
a=5.84 0.87 9.261 0.284 
B=571 2.01 0.405 0.657 
w= 12.57 3.28 0.595 1.072 
a=5,53 0.98 0.261 0.417 
1.31 0.293 0.557 
B=843 1.38 0.332 0.587 
1.56 0.412 0.664 
w= 12.57 2.11 0.493 0.887 
2.24 0.545 0.953 
2.99 0.635 1.271 
a=5,.53 0.97 0.261 0.561 
B=1515 1.34 0.450 0.774 
w= 13.01 1.92 0.570 1.109 
2.76 0.635 1.595 
a=0 0.99 0.408 
1.19 0.450 
B=843 1.27 0.460 
1.43 0.490 
w= 12.57 1.71 0.595 
2.21 0.635 


PREDOMINANTLY SUBHARMONIC OSCILLATIONS 











5 Reference 2, page 109. 
® Reference 1, Eqs. (18) and (19). 
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TaBLe II. Experimental results showing the limiting rela- 
— between the angular frequency w and F for various values 
of a and £. 











(experimental) 3 [a+21/ 
a, B F rad /sec 1004( BF? /a?)}* 

a=11.06 2.37 9.73 10.32 
B=843 2.95 10.15 10.50 

4.14 10.38 11.01 
a=5.53 2.35 8.70 8.82 
B=843 2.79 8.85 9.46 

3.39 9.72 10.44 
a=5,53 1.23 8.87 7.97 
B=1515 2.08 9.46 9.47 

3.39 10.94 12.45 
a=5,53 1.51 8.81 8.85 
B=2070 1.97 9.25 9.93 

2.71 10.20 11.91 
a=5.53 1.23 8.79 8.62 
B=2675 1.91 9,22 10.45 

2.71 10.51 13.00 
a=0 1.76 7.46 
B=843 2.36 8.69 

2.77 9.26 








limiting relationship between c and F. This does not 
however specify the minimum extinction value of c. 

We note that the experimental results shown in 
Table I are in good agreement with inequality (4). 
For a=11.06, 8B=846, and w=12.57 rad/sec, the ex- 
perimental extinction value of c for a given value of F 
is in the neighborhood of the limited value specified by 
the inequality. However, the larger nonlinearity the 
value of c for which extinction takes place is approxi- 
mately one-half of the value given by relationship (4). 
In the case of a=0, the experimental results cannot be 
checked against inequality (4). 

Turning now to the results shown in Table II, we 
find that the lower limit of w is a function of a, 8, and 
F. According to theory’ the subharmonic vibration of 
order 3 exists only for 


w>3(a+21/168A")!, (5) 
in which A is the amplitude of the harmonic component 


and may be replaced by —F/8a. In terms of the pa- 
rameters of Eq. (1) inequality (5) becomes 

w> 3[La+21/1004(BF?/a*) }}. (6) 
Thus we have a theoretical lower limit of w expressed in 
terms of a, 8, and F, with the assumption that £6 is 
small. 

A comparison of the results of experiment with in- 
equality (6) indicates a very good agreement in spite 
of the fact that 6 is not a small quantity. We note 
again that the theory does not account for the lower 
limit of w when a=0. 
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7 Reference 2, page 106. 
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It is shown that, for vortex trails in a nonviscous fluid, the mean longitudinal spacing a and mean trans- 
verse spacing / are invariant. It follows from this and other known facts, that the periodicity of a vortex 


trail is unstable, not the ratio h/a. 


In a viscous fluid, a is invariant but / increases. This fact explains various known experimental obser- 


vations. 


A rough explanation is given for the order of magnitude of the Strouhal number S, based on the inertia 


opposed by the wake to transverse oscillations. 


Finally, using the theory of logarithmic potential, it is shown that, even in a nonviscous fluid, the con- 
centration of vorticity is limited to circles whose diameter is about a/4. 





1. CONVENTIONAL THEORY 


T is very well known that, at intermediate Reynolds 
numbers R, there is a periodic wake behind a 

vertical cylindrical obstacle of diameter d, held in a 
uniform stream moving horizontally with velocity »v. 
This periodicity was first studied experimentally in 1878 
by Strouhal,' while in 1907-8 Mallock and Bénard 
showed that this periodicity was associated with two 
(nearly) parallel rows of equally spaced rectilinear 
vortices behind the obstacle. Such a “vortex street” 
had been previously observed qualitatively by other 
scientists. 

If a complex z-plane (assumed that of this sheet). is 
chosen perpendicular to the cylinder, with the (real) 
x-axis parallel to the flow, then the vortex configura- 
tion resembles that of Fig. 1. If the vortices are assumed 
to be exactly periodic, and concentrated in points, then 
this configuration involves three free parameters: the 
longitudinal space period a, the transverse distance h 
between the rows of vortices, and the vorticity? « of 
each vortex center. The parameters can also be taken 
as the ratio h/a, the Strouhal number S=Nd/v, and 
the rate K at which vorticity is discharged downstream, 
per unit time, by each row of vortex centers. 

Von Karman showed in 1911-1912, in celebrated 
papers,’ that such “vortex streets,” and analogous con- 


* Work done under Project XXII of Contract N5Sori-76 with 
the ONR. The author is especially indebted to Professor Louis 
Rosenhead for many stimulating discussions in the summer of 
1950; see his “Vortex systems in wakes,” to appear in vol. 3 of 
Advances in Applied Mechanics. 

?'V. Strouhal, Ann. Physik Chem. 5, 216-251 (1878); A. Mal- 
lock, Proc. Roy. Soc. (London) A79, 262-265 (1907); H. Bénard, 
Compt. rend. 147, 970-972 (1908). P. Schwarz, Publ. Sci. Techn. 
du Ministére de l’Air 100 (1937), 133 pp., gives on pp. 8-9 refer- 
ences going back to Leonardo da Vinci; see also F. Ahlborn, 
Mechanismus des hydrodynamischen Widerstandes (Hamburg, 
1902), pp. 26-7 and Fig. 47. 

2 The vorticity is the circulation $d¢ around the vortex. The 
time period r=1/N is more accurately definable experimentally 
than the space period, which increases steadily downstream. See 
S. Goldstein, Modern Developments in Fluid Dynamics (Oxford 
University Press, Oxford, 1938). 

%See von Karman and Rubach, Physik. Z. 13, 49-59 (1912); 
also von Karman, Gott. Nachr., Math.-Phys. Klasse 509-517 
(1911) and 547-556 (1912); or H. Lamb, Hydrodynamics (Cam- 
bridge University Press, Cambridge, 1932), sixth edition, Sec. 156 


figurations with vertically aligned vortex-pairs P; and 
Q:, were the only arrays consisting of two periodic 
vortex rows, which were in equilibrium moving longi- 
tudinally. He further showed that the equilibrium had 
first-order instability (i.e., exponentially growing per- 
turbations), except for vortex streets with h/a=0.281 
-++, corresponding to 


cosh(rh/a)=v2, or tanh(rh/a)=1/V2. (1) 


Experimentally, somewhat larger values are found, in 
the range 0.28<4/a<0.50. Von Karman also deduced, 
from momentum considerations, the drag coefficient as 


Cp= {0.7999v,/v—0.323(»,/2)?}(a/d), (2) 


where », is the velocity of the whole array, relative to 
the fluid at infinity. This is 


v,= (xr/a) tanh(hx/a), (3) 


which reduces in the stable case to v,= xr/V2a. 

In a less well-known paper,’ Heisenberg attempted 
an @ priori estimate of the rate K of vorticity discharge. 
In a nonviscous fluid, K should equal the initiai rate 
K,=) 0? of discharge of vorticity from the bound- 
ary layer. By boundary layer theory, K;=}0,’, where 
v, is the velocity at the separation point, since 
Ki= JS (du/dy)udy, in the usual boundary layer nota- 
tion. Heisenberg set »,;= 2, as in the usual free stream- 
line (“‘wake’’) theory.® 

Prandtl,> applying Bernoulli’s theorem to the fluid 
outside the wake, pointed out that one should replace 
v=, by 1;2=(1+Cw)v?, where Cw is the wake under- 
pressure coefficient (p;—pw)/}pv", py being the free 


and L. M. Milne-Thomson, Theoretical Hydrodynamics (Mac- 
millan Company, Ltd., London, 1938), Sec. 13.72. 

4 See S. Goldstein, reference 2, pp. 568-569; the best data are 
due to A. Fage and F. C. Johansen, Proc. Roy. Soc. (London) 
All6, 170-197 (1927), and E. Tyler, Phil. Mag. 11, 849-890 
(1931). See also Rosenhead and Schwabe, Proc. Roy. Soc. 
(London) A129, 115-135 (1930); Richards, Aer. Res. Council 
R. and M. 1590 (1934), and Phil. Trans. A223, 279-301 (1934). 

5 Heisenberg, Physik. Z. 23, 363-366 (1922), and comments 
thereto on p. 366, by L. Prandtl. For critical comments see S. 
Goldstein, reference 2, p. 564; also L. Prandtl and O. Tietjens, 
Applied Hydro- and Aeromechanics, p. 132. 

® See G. Birkhoff, Hydrodynamics, Chapter II. 
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stream pressure and p, the wake pressure. Hence 
Prandtl deduced the theoretical formula 


A= 3(1+Cw). (4) 


This agrees very well with direct measurements of K, 
by Fage and Johansen,’ which show \,=1 for a flat 
plate and circular cylinder, but near 0.67 for a long 
ogive. 

The actual evaluation of K thus involves the ratio 
B=/x. More precisely, let u+iv be the complex 
velocity, let {= 0v/dx—0u/dy be the plane vorticity, 
and let 2K(X)= f'| ¢| udy be the average rate at which 
scalar vorticity flows across a transversal X units 
behind the obstacle. 

It is known (Milne-Thomson, reference 3, Sec. 19.11) 
that, even in viscous plane flows, D¢{/Di=vV?¢. From 
this it follows that, although the total vorticity f’ {dk 
=JS Sf t¢dxdy may be diffused, it is neither created nor 
destroyed, except in so far as vorticities of opposite sign 
annihilate each other: hence, if the vorticities of oppo- 
site signs are localized into non-overlapping regions, 
then K(X) should be independent of X. In so far as 
vorticities of opposite signs are mixed by diffusion (and 
this should occur increasingly as the flow becomes more 
turbulent at higher Reynolds numbers), K(X) will, 
however, decrease by a factor 6(X). Prandtl asserted 
that, empirically, 6(X) = K(X)/K(O) has decreased to 
about one-half where the first vortex-centers appear. 

This idea has been integrated into a rather complete 
conception of the mechanism whereby “vortex streets” 
are formed, which will be referred to subsequently as 
the conventional theory. 

According to the conventional theory (Goldstein, 
reference 2, p. 38), the two vortex sheets, formed by the 
boundary layer as it separates from the obstacle on 
either side, are subject to small periodic disturbances, 
presumably due to an unexplained downstream peri- 
odicity. As first described quantitatively by Helmholtz® 
in 1868, and as effectively computed by Rosenhead in 
1931, the amplification of these disturbances in an 
ideal fluid causes each vortex sheet to “roll up” into 
local periodic concentrations of vorticity. Photographs 
by Homann, reproduced in Goldstein, reference 2, 
p. 552, seem to confirm this picture. 

Some of the vorticity will be conveyed into the wake 
just behind the obstacle, where it will be annihilated 
by turbulent mixing and friction (viscosity), as de- 
scribed above. Assuming a fraction 6 to survive,’ we 


7A. Fage and F. C. Johansen, Phil. Mag. 5, 417-441 (1928), 
and S. Goldstein, reference 2, p. 555. The introduction of Cw 
in (2) largely explains the apparent contradiction referred to in 
Goldstein, p. 555, lines 11-15. The values of Cw are of course 
empirical; compare Goldstein, pp. 420-424. 

* H. Helmholtz, Wiss. Abh. 1, p. 152; L. Rosenhead, Proc. Roy. 
Soc. (London) A134, 170-192 (1931); F. Homann, Forsch. 
Gebiete Ingenieur. 7, 1-10 (1937). 

*H. Jeffreys, Proc. Roy. Soc. (London) A128, 376-393 (1930), 
esp. p. 383, foot, assumes 8=4, because the disturbances grow 
symmetrically initially. This symmetry is temporary (see Rosen- 
head, reference 8, p. 171); however, 8=} is still usually quoted. 


FORMATION OF VORTEX 
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should expect to have 
K=6K,=38(1+Cw)v?, or A=38(1+Cw). (4’) 


It is clear that the preceding considerations predict, 
at least roughly, two of the three free parameters in- 
volved in the empirical “vortex street” prediction. 


2. REFINEMENTS 


Before introducing any radically new ideas, some re- 
finements in the conventional theory may be noted. 

First, consider the dimensionless ratio e=2,/v. By an 
obvious computation (Goldstein, reference 2, p. 563), 
K=(x/a)(v—2,). Multiplying both sides by tanh(rh/a), 
and using (3), we get for any h/a 


K tanh(2h/a) = 20,(v—2,). 
Dividing by 20”, and interchanging sides, we deduce 
e(1—e€)=4) tanh(rh/a). (5) 


Using von. Karman’s stability condition (1), we get the 
quadratic equation of Heisenberg-Prandtl 


e(1—e)=)/2v2. 


It should be commented that Heisenberg and Prandtl 
arbitrarily chose the root less than one-half, but there 
seems no theoretical basis for this.” 

Formula (5) does not seem to have been carefully 
correlated with empirical values of ¢. In fact, the experi- 
mental data on this point are not too consistent ;!! 
values from 0.03 to 0.40 being reported. From (5) 
and (4’), 


e(1—¢) =48(1+Cw) tanh(rh/a). (5*) 


This agrees qualitatively with the trend to higher e 
with short, flat obstacles, which have a large Cw. 
There is also a marked tendency for ¢ to decrease as 
the Reynolds number R increases. This is presumably 
due to an increase in mixing (decrease in 8), because 
of increased turbulence. This effect may be accentuated 
by the three-dimensional instability of vortex lines.’ 
Another minor correction has been suggested by 


10 J. L. Synge, Proc. Roy. Irish Acad. 37, 95-109 (1927), 
avoided it on p. 108. 

In Goldstein, reference 2, p. 568, «=0.14 is quoted for a 
circular cylinder, and e=0.20 for a plate, from Karman and 
Rubach. See also Tyler, reference 4; Walton, Sci. Proc. Roy. 
Dublin Soc. 18 (1928); and H. Benard, Proc. Int. Congress Mech. 
Zurich 502-503 (1926). 

12 See L. Rosenhead, Proc. Roy. Soc. Al27, 590-612 (1930), 
and Rosenhead and Schwabe, ibid. A129, 115-135 (1930); also 
Goldstein, reference 2, pp. 565, 568. This type of instability was 
apparently first considered by Kelvin. 
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Synge” and von Mises;" it involves replacing the 
infinite rows of vortices considered in Sec. 1 by semi- 
infinite rows behind the obstacle; according to Synge, 
this increases the Cp by about 5 percent. 

Similarly, the effect of channel walls has been 
analyzed by Rosenhead™ and Tomotika. 

More disturbing modifications in the conventional 
theory concern von Karman’s stability condition (1). 
Although (1) is necessary and sufficient for first-order 
stability (i.e., the absence of exponentially growing per- 
turbations), the Karman configuration with h/a=0.281 
seems to have higher order instability.“ From an ab- 
stract point of view, this is hardly surprising; in a 
conservative Hamiltonian system, a limit of unstable 
equilibrium points should ordinarily be unstable. 

Although it would be interesting to pursue this 
question further, we shall instead show in Sec. 4 that 
the ratio h/a of mean transverse to mean longitudinal 
spacing is a dynamical invariant. This remarkable fact 
leads to such a basic reorientation of ideas, that we 
shall proceed to it directly. Thus it asserts that all 
(mean) spacing ratios are stable; it is the periodicity 
which is unstable. 


3. SPACING OF VORTICES 


The conventional theory of vortex streets considers 
the rolling up of a single vortex sheet, into (periodic) 
concentrated centers of vorticity. The break-up of two 
parallel vortex sheets with opposite vorticity, which 
much more closely resembles the wake immediately 
behind an obstacle, has never been analyzed. 

We shall show, in Sec. 4, that the mean é/ransverse 
spacing of vorticity is always constant, in a nonviscous 
fluid. Hence, if the vortex sheets are initially d* apart, 
the mean transverse vortex-spacing h will always re- 
main d*. This result is approximately observed experi- 
mentally (Goldstein, reference 2, Plate 32). 

In the case of an infinite longitudinal array of point- 
vortices, the mean longitudinal spacing a is trivially 
invariant (the velocities of the vortices being bounded). 
Hence, for a given obstacle in a nonviscous fluid, the ratio 
h/a is an invariant. In particular, the Karman ratio 


4% R. von Mises, Z. angew. Math. Mech. 15, 71-76 (1935). 

“For these and other references, the reader is referred to 
L. Rosenhead’s summary “Vortex systems in wakes,” to appear 
in Advances in Applied Mechanics. 

%N. Kochin, Doklady U.R.S.S. 24, 19-23 (1939); strong 
numerical evidence of instability had previously been given by 
C. Schmieden, Ing. Archiv. 7, 215-221 and 337-341 (1936). For 
another kind of instability, see E. A. Coddington, M.I.T. J. Math. 
Phys. 30, 171-199 (1952). It may be relevant that von Karman 
himself first deduced 4/a=0.365, as the condition for stability 
with respect to other perturbations. 

For the stability of vortex streets, see also W. Durand, Compt. 
rend. 196, 382-385 (1933); B. Dolaptschiev, Z. angew. Math. 
Mech, 17, 313-323 (1937) and 18, 263-271 (1938) (comments by C. 
Schmieden at end), also Doklady Akad. Nauk S.S.S.R. 77, 985-988 
(1951) and 78, 29-32 and 225-228 (1951). (Math. Revs. 13, 81 
(1952).) 

For the abstract mathematical theory of stability, see G. D. 
Birkhoff, Am. J. Math. 49, 1-38 (1927). 


h/a=0.281 cannot be approached, unless it is initiated 
by factors unrelated to stability.’ 

In a viscous (real) fluid, we shall show ‘that the 
moment hK* (K* being the mean vorticity per unit 
length) is constant. Since K* decreases, through the 
mutual annihilation of vorticities of opposite sign, the 
transverse spacing must increase continually. This is 
observed experimentally." 

The tendency for a to stay nearly constant in a real 
vortex street, sometimes cited as an experimental law, 
follows from the smallness of e=»,/v, which gradually 
decreases to zero downstream. For the number N of 
vortices crossing a transversal line fixed relative to the 
obstacle, per unit time, clearly satisfies 


a=(v—v,)/N=(1—e)0/N. (6) 


The smallness of ¢ may also be the practical reason 
why vortex streets, although their periodicity is theo- 
retically unstable, persist for a considerable distance 
downstream. If ¢ is only 5 percent to 15 percent, then 
a configuration should change extremely gradually, if 
fairly near to an equilibrium position. Thus, the rela- 
tive velocities of vortex-centers might well be 1 percent 
of v, or even less! This idea will be discussed further 
in Sec. 5. 


4. MAIN INVARIANCE THEOREM 


The preceding results are corollaries of the general 
principle that, if the vorticities of opposite signs are 
equal in magnitude, then the moment of the vorticity 
is constant for any plane flow satisfying the Navier- 
Stokes equations. This result is relatively easy to prove 
when the total vorticity f/S|¢|dxdy= Sf |dK| is 
finite, because the moment of the vorticity distribution 
is then proportional to the vector momentum,’ rotated 
through 90°. 

The proof is somewhat more delicate in the case 
corresponding to an infinite vortex trail. To prove it, 
we shall make the following plausible mathematical 
assumptions: 


rota C-) 
(i) f dx f |¢|dy<H, where H is independent 
z0 oo) 


of xo. (I.e., the total vorticity in a period is 
bounded.) 


16 This contrasts with the classical idea (von Karman and 
Rubach, reference 3, p. 51) of “stabile Anordnungen von isolierte 
Wirbelfaiden . . . , die als Endprodukt der aufgelésten Wirbel- 
schicht betrachtet werden kénnen.” 

17 See Goldstein, reference 2, p. 569 and P. Schwarz, reference 1, 
p. 126. Hooker, Proc. Roy. Soc. (London) A154 (1936), esp. p. 88, 
ignores the tendency of K* to decrease, when he asserts that 
viscous diffusion leaves the centers of vorticity fixed. 

18 See Milne-Thomson, reference 3, p. 341, top. It is also nearly 
a corollary, in a nonviscous fluid, of the well-known invariance 
of the total vorticity and center of vorticity. The results of Secs. 
4-5 were first announced in [7]. G. Birkhoff, “A new theory of 
vortex streets,” Proc. Nat. Acad. Sci. 38, 409-10 (1952). 
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L © 
(ii) f dx f ¢dy is uniformly bounded. (I.e., the 
-L —2 


mean vorticity per period is zero: vorticities of 
opposite signs cancel.) 


(iii) ¢ and all its derivatives tend rapidly to zero, as 
lyl>+e. 


If assumptions (i)—(iii) hold, then the moment of the 
vorticity per unit length 


yim — fax f dy=Lim F(L)/2L, (7 
=s xf yfdy Lim F(L)/ (7) 


does not change with time. 


Proof 


It follows from (i)—(iii), though we shall not present 
the details, that the vector velocity u+-iv also dies away 
rapidly as |y|—+ 0, and is bounded except near 
where ¢ becomes infinite. Hence one can find an infinite 
sequence of line-pairs x=+L;, where L-—>+ ©, across 
which the convection f{uyfdy of vortex moment is 
uniformly bounded. It therefore suffices to show that 


CT AS, J 


is arbitrarily small at a given time, where R; is the 
strip —L,;=x=L,, in order to prove the conclusion of 
the theorem. (We assume that the limit in question 
exists initially.) 

But, by Leibniz’ rule for differentiating definite in- 
tegrals, since area is invariant, since D¢/Dit=vV*¢, and 


since Dy/ Di=v 


2LG(L)=» f f yV*¢dxdy+ f f vdxdy. 
Ri Ri 


But yV?s=0(ydt/dx)/dx+ d(ydt/dy—$)/dy. 
by the divergence theorem 


© or z=L; 
f f yV*¢dxdy= f [>| dy 
Ri —o & OF , 


r=—L; 





Hence, 


is bounded, using assumption (iii). 
To evaluate {’ f vf{dxdy, we express velocity in terms 
of vorticity, using 


woe f f ¢(e!)(e—2!)dx'dy’, 


where the integrand is convergent by (i)-(ii), but not 
absolutely so. We then write v=2,+ 12, where 2; is the 
contribution from vorticity in R;, and v2 the remainder. 
As in the usual proof of Kirchhoff’s equation (Lamb, 
reference 3, p. 220), /'r;f 01¢dxdy=0 by direct cancel- 
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lation. Further, by (i)-(ii), | v2] =N/(Li— 
N is a constant independent of x. Since |v.|=M any- 
way, we get 


|x|), where 





f J esavay = 
Ri 


Substituting in (8), we get 
2L,G(L;)=O0(LnL,;), whence G(L,)-0. 


This completes the proof, at least in outline. 

Corollary 1. In a nonviscous fluid, the mean trans- 
verse spacing of vortices is constant. 

Corollary 2. In a viscous fluid, the mean transverse 
spacing h of vortices, in any vortex trail, must increase 
with time. 

For the effect of viscosity is to decrease the total 
vorticity 7 of each sign, per unit longitudinal distance. 
Since the moment rh stays constant with time, and r 
decreases, # must increase with time. 

Analogs of the known facts about rectilinear vortices 
(plane flows) have been proved to hold for circular 
vortices (Lamb, reference 3, Secs. 162, 166). An analog 
of the theorem stated above should therefore also hold. 
Hence the vortex sheath behind a disk, or other similar 
axially symmetric obstacle, should have a mean radius 
which grows slowly under the action of viscosity. This 
also seems to be observed experimentally (Goldstein, 
reference 2, p. 579 and Plate 35). 








f ff erase sary LnL). 
Ri 


5. STROUHAL NUMBER 


From the point of view of the parameter problem 
(Sec. 1), the net effect of the considerations of Secs. 3-4 
is to substitute the equation h=d* (where d* is the 
somewhat indeterminate ‘‘wake diameter’) for the 
Karman relation h/a=0.281. Both equations refer to 


- an ideal, nonviscous fluid. Von Karman’s deduction of 


h/a=0.281 differs from my deduction of h=d*, in 
being independent of the body-fluid interaction. 

Assuming that (4’) gives a sound basis for pre- 
dicting K, the following question is left unanswered. 
If h/a=0.281 is mot necessarily approached by an 
arbitrary initial vortex configuration, why is the 
Strouhal number S such that d*/a (or h/a) is initially 
about 0.3? 

A very rough answer to this question may be based 
on the crude visual observation that, behind the 
cylinder, the wake swings from side to side, somewhat 
like the tail of a swimming fish. 

Using this idea, one can predict the order of magni- 
tude of the observed Strouhal number S= Nd/v, where 
N is the number of complete periods (pairs of vortices 
shed), per unit time.'® 

For a lamina inclined at an angle a to the stream, it 


18 This explanation bears no relation to the interesting acoustic 
explanation recently suggested by R. A. Shaw, in Aer. Res 
Council Report 12, 696. The “seitliche Schwankungen” of the 
wake were already observed by Ahlborn, in reference 1, pp. 15, 26. 
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is well-known that the theoretical lift coefficient Cz is 
2ra, by the Kutta-Joukowsky theory, and that the 
observed C, is somewhat less (Goldstein, reference 2, 
p. 442). Hence the cross-force is about mpv*a per unit 
length; the transverse displacement is however za, 
where / is the distance behind the cylinder. Assuming 
the width of the wake to be d*= kd, we get by Newton’s 
second law 


pdla=mpv?a, or N=v/2(2d*t)}, (9) 


since a=cosw(t—t,), where w*= rv*/d*t. Hence the pre- 
dicted Strouhal number is 


1 d\} 
$=Na/e=-—(—) , (10) 
2(a)*\ Ri 


This agrees with the observed value” S=0.2, at inter- 
mediate Reynolds numbers, for = 2d/k. Thus k= 1.33 
and /=1.5d would predict the correct value. Here ? is 
the average length of the waving portion of the wake. 

At lower Reynolds numbers R, it is well known that 
S is considerably less, and this can be attributed either 
to the greater length of the waving portion of the wake, 
or to the greater effective inertia of the wake, due to its 
viscous resistance to deformation near the separation 
points. The latter explanation agrees with the empirical 
fact, noted by Krzywoblocki,”! that S varies with R in 
the case of curved obstacles, much more than in the 
case of separation at fixed sharp edges. 

Before considering other Reynolds numbers (i.e., 
viscosity and turbulence) effects, some other corrobora- 
tions of the preceding ideas should be mentioned, which 
are independent of R. 

Thus the preceding model explains the empirical pro- 
portionality S « 1/b sin@ [4 and 5 ] between the Strouhal 
number S and the horizontal projection 6 sin@ of a flat 
plate inclined at an angle @ to the stream. According 
to the concept described above, the wake breadth d* de- 

termines the scale of distance relevant to wake be- 
havior; the obstacle itself only serves to anchor the 
forward end of the wake. Hence the modified Strouhal 
number 





S*=Nd*/v= [t=k*d*] (11) 


k*)3 


should be nearly constant. 

The observed” rapid increase in S=S*d/d* near the 
critical Reynolds number, may also be attributed quali- 
tatively to the well-known rapid decrease in d* which 
occurs in this range. It would be interesting to deter- 
mine whether the period of flag flapping or sail flapping 
could be estimated in a similar way, by taking account 


20 See Goldstein, reference 2, pp. 419, 421, 570-571. The data 
are due to Relf and Simmons, Aer. Res. Council R. and M. 917 
(1924); also Phil. Mag. 42, 175 (1921), and 46, 509 (1925). The 
first measurements of S were made by Strouhal, reference 1. 

#1 Krzywoblocki, J. Aer. Sci. 12, 51-62 (1945). 


of the inertia of the cloth being flapped (Milne- 
Thomson, reference 3, Sec. 4.21). 

Combining the preceding ideas, a formula predicting 
h/a roughly can be derived, which is independent of 
stability considerations. By (6), Na=v(1—e); while 
Bh=d* by Sec. 4. Substituting in (11), we get 


S*=Bh(i—e«)/a, or h/a=S*/B(i-—e). (12) 


Although the preceding considerations are very rough, 
they may point the way to a more exact explanation of 
the (admittedly complex) experimental facts. It would 
be interesting to test them in cases where forced oscilla- 
tions (both transverse and, in the case of a circular 
cylinder, rotational) were used.” 

Consideration of the transverse oscillations of the 
wake, also throws new light on experimental data of 
Schiller and Linke,?** concerning (mean) velocity dis- 
tributions and inferred vorticity distributions. It sug- 
gests that part of the thickness of the shaded “‘mixing 
zone”’ is due to the sidewise meandering of the vortex 
sheet into which each boundary layer flows. 


6. CONCENTRATION OF VORTICITY 


The preceding ideas suggest another modification in 
the conventional theory (Sec. 1) of the “rolling up” of 
vortex streets. There is an important @ priori limitation 
on the concentration of vorticity, which is independent 
of the diffusion of vorticity by viscosity, already 


' analyzed by Hooker.” This limitation is imposed by the 


infinite kinetic energy of a point-vortex. 

The kinetic energy of a system of rectilinear vorticity 
is given, up to a constant factor, by (Lamb, reference 3, 
p. 217, (5)) 


T=- f Lnrdkd«’ = — f vd, (13) 


where y= S Lnrdx is the stream function, and r is the 
distance from dx to dx’. At all events,* T is a constant. 

Consider now the “rolling up” of a uniform vortex 
segment of length one, of constant vorticity, the in- 
tegral (13) is 


J | J "slalom siinalp 


=—2 1—¢#) Lnédt=1.5. (13’ 
Jo ) Lnédé (13") 


Thus, in this case, the average value of —Lnr is 1.5, 
averaged over a single segment. 


* Transverse oscillations have been studied by Camichel and 
Teissié-Solier, Compt. rend. 200, 704 (1935), and by L. Castag- 
netto, Ann. Fac. Sci. Toulouse 3, 71-153 (1939). 

#% Schiller and Linke, Z. Flugt. Motorluftschiffahrt 24, 193- 
198 (1933); Physik. Z. 32, 900-914 (1931); Goldstein, reference 2, 

555-6 


23 Hooker, Proc. Roy. Soc. (London) A154, 67-89 (1936); see 
Goldstein, reference 2, pp. 569-570. 
* H. Villat, Legons sur la théorie des tourbillons (Paris, 1930). 
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We now suppose the vorticity to become concen- 
trated in a circle of radius c. Since the integral (13) is 
constant, the total vorticity is conserved; hence the 
average of —Lnr will still be 1.5. 

But the average of —Lnr is minimized by the equi- 
librium distribution of logarithmic (i.e., two-dimen- 
sional) potential theory.” And this is well-known to be 
a uniform distribution on the circumference. For this 
distribution, the average of Lnr is evidently 


1 fr’ 6 i f* 6 
- f in( 2 sin. )d0— In2c+— f log sin—d@ 
WT +0 2 T#o 2 


2” 6/0 
= In2c+— f log sin-d(-) =Inc, 
To 2 2 


using formula 868.1 of Dwight’s Table of Integrals. 
Hence the average of —Lnr is at least —Lnc, whence 
we infer 


—LneS—(Lnr),,= 1.5, 


(14) 


or cme 420,223. (15) 


Since the distribution of vorticity will in fact be 
centered, we conclude that the diameter of a segment of 
uniform vorticity cannot shrink to less than about 45 per- 
cent of the original length of the segment, unless additional 
energy is supplied from some outside source. 

The preceding calculation can be considered as apply- 
ing very crudely to the alternating wake behind a 
circular cylinder. Since the points of separation oscillate 
back and forth with the wake, and the boundary layer 
is correspondingly detached most rapidly from the side 
where Cw is greatest (the pressure is least), it may be 
asserted that the boundary layer is shed in bursts. The 
“rolling up” of an individual segment of vorticity can 
then proceed more or less in isolation; it would be in- 
teresting to base calculations on this model. 

It is, however, perhaps more satisfactory to consider 
the rolling up of ‘wo parallel vortex sheets, separated by 
a transverse distance h, each having vorticity o per unit 
length. The value of (13) per unit length is then ho’, 
since the velocity of the channel (straight jet) between 
the sheets is o, so that y jumps by do across the channel. 
The average of y is thus —ho/2 for each vortex sheet 
taken separately. 

Now suppose this has rolled up into a “street” of 

* Ch. de la Vallée-Poussin, Le potentiel logarithmique (Paris, 


1949), p. 83. The “equilibrium distribution” is simply that of 
charge on a cylindrical conductor. 
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circles of radius c, whose centers form a Karman vortex 
street. As we have already seen, 4 must be preserved. 

By symmetry, all circles of vorticity make the same 
contribution to the integral (13) ; per unit vorticity, this 
contribution is the average value of y on the circle. By 
Gauss’s theorem of the arithmetic mean, this average is 
the value at the center of the circle. 

But” the complex potential at a vortex at z=0, due to 
all other vortices of one row, is 


ik 2 «x 

-—| log sin~—logs| =— log—. 

2a a 2x a 
Hence the contribution to » (which is the same as for 
circles with the same center) is y=(x/2)log(x/a). 


That due to the vortex itself is (x/2) loge. That due to 
the opposite row of vortices is?’ 


K ah 
—— log sinh—. 
2r a 


Summing, the average of ¥ on each circle is 
K ™C th 
“| log—— log sinh— . 
2a a a 
But by the conservation of vorticity, x=oa; by the 


conservation of energy (13), therefore 


—} log——log sinh— } = ——, 


a WC wh ho 
a a 2 


2a 
or, by elementary algebra 
c 1 wh 
—=— sinh—e~*"2, (16) 
arn a 
In the Karman case, sinhah/a=1, and so 


c/a= —¢ 08 
Tv 


or c=0.13a. (16’) 


Thus the diameter of the circles in which the vorticity 
is concentrated, must be at least 52 percent of the longi- 
tudinal spacing a/2 between successive vortices. 


26 See Lamb, reference 3, p. 224. 
27 See Milne-Thomson, reference 3, p. 340. 





JOURNAL OF APPLIED PHYSICS 


Letters to the Editor 








Formation of a Vortex Ring by Giving an Impulse 
to a Circular Disk and then Dissolving it Away 
G. I. TAYLoR 


Trinity College, Cambridge, England 
(Received September 15, 1952) 


ONSIDER a flat circular disk of radius ¢ in a fluid (density p) 
suddenly moved forward with velocity « along the axis of 
symmetry, in a perfect fluid, without separation of flow. 
The kinetic energy’ is 


T= oct (1) 
The radial velocity at the surface of the disk is 

a a. , (2) 

Cc c 


the +r sign refers to the side towards which the disk is moving. 
The impulse is 
P=—=-peU. 3 

Ti 3h (3) 
If the material of the disk were suddenly annihilated, the motion 
might be described as being due to a distribution of circular vortex 
lines over the plane of the disk. The total strength of the vortices 
in the circular plane annulus between r and r+-6r is, from (2), 


a F - ae (4) 


The vortex elements at different radii will act on one another in 
such a way that the vortex lines where they are strongest in the 
part of the sheet near the edge, tend to roll up the weaker parts 
near the center round them. Thus the vorticity will tend to con- 
centrate inside a ring. If we assume that the vorticity in this ring 
becomes nearly constant inside a circle of radius a, i.e., that the 
vorticity is distributed in a core of mean radius R and radius of 
cross section a, we may express the energy 7” in terms of R, a and 
K, the total circulation around the core. Lamb gives the formulas 
(2) for T’ and V’, the velocity of the ring, as 


T’ = Ref 10 nA (5) 
K 8R rt 
ai torerts ” 
The impulse is 
. P’=7pKR?. (7) 


It seems that the redistribution of velocities involved in diffus- 
ing the vorticity within the core of the vortex ring is not likely to 
change the energy much or impulse at all, so that a useful approxi- 
mation may be obtained by assuming that 


T=T’, P=P’. (8) 


The rolling up of the vortex sheet does not change the circulation 
around the core so that 


= 1-8 I Jom = 106 (9) 

From (3), (7), (8), 
sp0U = pK Rt (10) 

From (9) and (10), 
any &F R=0816.. (11) 
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From (1), (5), and (8), 





8R 7 4 7, 8eU? 
te 5 BR gat 3 RR 
Using (9) and (11), 
8R 1 wc 
loge = i+ welt, .01=3.76, (12) 
so that 
R a 0.816 
—=5. -=——=0.152. 
- 37 or = 537 0.152 (12a) 
From (6), (9), and (12), 
V'= Xo. 76—0.25) =0.436U. (13) 


The three parameters V’, a, R, of the vortex ring have therefore 
been determined in terms of the two parameters U and c of the 
disk from which it has been formed. 

1 Lamb, Hydrodynamics (Cambridge University Press, Cambridge), sixth 


edition, Sec. 102, p. 139 Eq. (20). 
2 See reference 1. Sec. 163, p. 241. 





The Initial Yield in Iron 


H. W. Paxton 


Department of Physical and Theoretical Metallurgy, 
The University, Birmingham 15, England 


(Received October 13, 1952) 


N a recent letter, Holden and Kunz! describe tests made on iron 
single crystals to produce an upper yield point in a specimen 
which had not been plastically deformed. The purpose of this note 
is to describe a series of experiments made some time ago on single 
crystals and polycrystals of iron and to suggest a different explana- 
tion for the similar behavior noted. 

It is known that in polycrystalline iron, the upper yield point is 
sensitive to testing technique and to the surface condition of the 
specimen. By increasing the radius of curvature on the test piece 
fillets, using a highly polished surface and good axiality of loading, 
Haigh? was able to obtain an upper yield stress 18 percent higher 
than the ultimate tensile strength. These observations were con- 
firmed by Docherty and Thorne.’ Sylvestrowicz and Hall‘ were 
able to obtain an upper yield stress almost double the lower yield 
stress by electrolytic deposition of suitably shaped ends on wire 
specimens. 

These and other experiments indicate that the upper yield 
stress is much influenced by experimental factors leading to stress 
concentrations. Thus, if these can be reduced, a higher yield stress 
is to be expected. 

A recent theory of yielding proposed by Cottrell’ suggests that 
a certain small amount of plastic deformation occurs before the 
upper yield point stress in both single crystals and polycrystals. 
Plastic “‘nuclei” are formed at the points of most intense stress 
concentration, but these do not propagate until the upper yield 
stress is reached. Local stress concentrations are reduced by flow 
at these plastic nuclei. It should be then possible to immobilize 
the dislocations in the nuclei by aging the specimen after stopping 
the test before the upper yield point. On a subsequent test, one 
would expect the value of the upper yield stress to be raised, while 
the lower yield stress remains constant, since the bulk of the 
material is still undeformed. 

In the first series of experiments, mild steel wire (2 mm in 
diameter) of nominal composition (C, 0.1 percent; Si, 0.15 percent; 
S, 0.05 percent; P, 0.05 percent; Mn, 0.35 percent) with a grain 
size of 50 per linear mm was extended in a hard beam testing 
machine with a strain rate of 2 10~*/minute. The wire was soft 
soldered axially into mild steel endpieces attached to the loading 
shackles through flexible Bowden cable and ball seatings. The 
upper and lower lengths of Bowden cable were of opposite twist to 
eliminate rotational torque. 
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Fic. 1. High stress portions of the stress-strain curve of polycrystalline 
iron. Brackets indicate range of upper yield,stress observed. Left-hand side 
represents normal testing technique with no interruptions; right-hand side 
was prestressed to the value shown, unloaded to 10 kg/mm?, aged 1 hour 
at 100°C, and retested. 


The lower yield stress (L. Y. S.) was 31.7+0.6kg/mm!. The 
upper yield stress (U.Y.S.) in a normal test was never greater 
than 34.6kg/mm? and more usually 33.7 kg/mm*. The stress 
drop at the upper yield point was thus on the average 2 kg/mm?, 
with a range from 0 to 3.6 kg/mm. 

If the specimens were given an initial prestress to 32.3 kg/mm’, 
which is above the L.Y.S. but below the usual U.Y.S., unloaded 
to 10kg/mm?, and aged for 1 hour at 100°C, the U.Y.S. was 
raised into the range 37 to 39 kg/mm? with a subsequent drop in 
load of 5 to 7 kg/mm. The lower yield stress, as predicted, was 
exactly the same as in specimens which had not been subjected to 
this prestressing treatment. Typical graphs are shown in Fig. 1. 

The U.Y.S. is not raised by any of the following treatments: 
(a) Prestress below the L.Y.S., unload to 10 kg/mm?, age 1 hour 
at 100°C, and retest. (b) Prestress to above the L.Y.S., unload to 
10 kg/mm?, and immediately retest. (c) Prestress to above the 
L.Y.S., completely unload, age 1 hour at 100°C, and retest. It is 
not possible to raise the U.Y.S. above 37 to 39 kg/mm? by a 
series of prestressing and aging treatments, at increasingly higher 
values of prior stress. 
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Fic. 2. Typical stress-strain curves for single crystals of iron grown from 
(left) Armco and (right) decarburized mild steel. The arrows represent the 
various levels of prestress used. 


All the above experiments indicate that stress concentrations 
caused by imperfect testing technique can be eliminated by 
suitable prestressing and aging treatment. In the experiments in 
which the specimen was completely unloaded before aging, the 
advantage of prestressing is lost since the axiality has been 
disturbed. The maximum value of the U.Y.S. which is attained 
would seem to be that characteristic of a straight specimen 
axially aligned. 

Similar experiments were conducted on single crystals grown 
from Armco iron and decarburized mild steel. About 0.003 percent 
was introduced after growing. The experimental curves are shown 
in Fig. 2. A series of loads were used with aging for 1 hour at 100°C 
after each load application and partial unloading. The loads are 
indicated by arrows. The percentage load drops were 16.5 per- 
cent for ATC 109 and 16.3 percent for PXG 8 with lower yield 
point extensions of 0.4 percent and 0.8 percent, respectively. 

It has also been possible to produce load drops up to 13 percent 
in these crystals without prestressing and aging, but a more usual 
figure is 6 to 8 percent. This again indicates that the main function 
of the prestressing is to minimize certain of the stress concentra- 
tions (of which the most important are probably those caused by 
nonaxiality), and hence increase the chance of a large load drop. 

In an investigation of the metallography of yielding in single 
crystals, definite evidence of some plastic deformation before the 
upper yield point has been obtained. It is hoped to publish a full 
report in the near future. 

The author’s thanks are due Professor D. Hanson and the 
University of Birmingham for provision of facilities and financial 
support and Professor A. H. Cottrell for valuable discussions 
and advice. 


1A. N. Holden and F. W. Kunz, J. Appl. Phys. 23, 799 (1952). 
2 Haigh, reported in Edwards, Phillips, and Liv, J. Iron and Steel Inst. 
147, 145P (1943). 
3 J. G. Docherty and F. W. Thorne, Engineering 132, 295 (1931). 
an — and E. O. Hall, Proc. Phys. Soc. (London) B64, 
5 A. H. Cottrell, Solvay Conference on Solid State, Brussels, 1951, p. 487. 





Electron Optical Image of an Electron Beam 


LupwiG MAYER 


Components and Systems Laboratory, Wright Air Development Center, 
Wright-Patterson Air Force Base, Ohio 


(Received October 21, 1952) 


N the course of a study devoted to electron optical images of 
potential distributions on surfaces, such as contact potentials, 
it has recently been realized that the method used is also well 
suited to accomplish pictorial representation of electron beams. 
The method used is similar to one applied for depicting surface 
potential distributions and worked out as early as 1938 by G. 
Hottenroth, R.Orthuber, T. Mueller, W. Schaffernicht, E. Steudel, 
the author, and others, and reported by R. Orthuber.! The 
method has been used again in the past year, mainly for the in- 
vestigations of surface phenomena on metals and semiconductors. 
The results of this study shall be reported later. This letter shall 
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only point out very briefly the possibility of obtaining an image 
of an electron beam by electron optical means. 

The method and the device used are shown schematically in 
Fig. 1. The illuminating electron beam No. 1 (to be used for ob- 
taining the image of the electron beam No. 2) originates from a 
conventional cathode-ray tube gun system Cj, is deflected by a 
magnetic field H normal to the plane of the drawing, enters an 
electron optical system O, and is reflected on the potential surfaces 
in front of the electron mirror M which is generally a few tenths 
of a volt negative with respect to the cathode of C,. The returning 
electrons, after again traversing the electron optical system O, are 
now deflected in the opposite direction by the magnetic field H. 
The resulting image can be viewed on the fluorescent screen S\. 

The object, the electron beam No. 2, also originates from a con- 
ventional cathode-ray gun system C2. This electron beam No. 2 
crosses the illuminating electrons in front of the electron mirror M, 
and finally impinges on an anode screen S2. The electrons of beam 
No. 2 have a high velocity in front of the mirror M because they 
originate from the cathode of C2, which is on a negative potential 
of, e.g., 2500 volts with respect to cathode of beam No. 1 and, 
therefore, also with respect to the electron mirror M. The electrons 
of the illuminating beam No. 1 have a very low velocity of the 
order of one ev in front of the mirror M. It is the use of such low 
velocity electrons which permits pictorial representations of elec- 
tron beams carrying currents well below one ma. For the low 
velocity electrons of the illuminating beam, the space charge of 
the beam No. 2 has the effect of a rod with a refractive index 
different from that of the surrounding medium. It is this distortion 
of the refracting index which is pictured by means of the accelera- 
ting field and the electron optical system O in front of the mirror 
M. As electron optics is always to be considered as an optics of 
smallest apertures, the focal depth is large and the parameters of 
the systems primarily determine the magnification, the sensitivity, 
and the resolution. 

Figure 2 shows the electron beam No. 2 in front of a mirror. 
The net on the mirror is caused by different contact potentials, 
not by geometrical elevations. (The mirror is composed of a 
polished nickel surface on which, through a wire net, gold is 
evaporated in a thickness of about 100A.) 

Two properties of the image of the electron beam are most 
easily recognizable. First, the electron beam appears somewhat 
darker than its surroundings; second, one sees through the 
electron beam the net distorted by the presence of the afore- 
mentioned “electron rod,” having a different refractive index than 

















Fic. 2. Electron beam approximately 0.2 ma. Magnification about 15. 
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Fic. 3. Electron beam approximately 0.2 ma. Magnification about 15. 


its surroundings. This effect is actually much more impressive on 
the screen than on the photograph, particularly if one moves the 
electron beam by deflecting it parallel to the plane of the mirror. 

Figure 2 shows another electron beam, this time in front of a 
mirror charged to a higher negative potential than in Fig. 1. 

A recent publication by H. M. Smith and S. Hansen? prompted 
the author to publish his findings because it might be advantageous 
to utilize the sensitive method described here which enables one 
to obtain actual electron optical images of electron beams by 
using electrons of very low velocities. 

It is intended to report more in detail on this subject at a 
later date. 


1R. Orthuber, Z. angew. Phys. 1, 79 (1948). 
2H. M. Smith and S. Hansen, J. Appl. Phys. 23, 1045 (1952). 





A Note on Information Theory 
S. KuLLBAcK 


Statistics Department, The George Washington University, Washington, D. C. 
(Received August 18, 1952) 


N view of the importance of information theory in modern 

communication theory,'? the following exposition, which 
considers an approach to the subject from certain aspects of 
probability theory and the statistical problem of discrimination, 
may be of interest to students of the theory. 

Properties of the measures defined in Eqs. (1), (2), and (3) 
below were derived by the author and Leibler’ in a paper general- 
izing Shannon‘ and Wiener’s® definition to the abstract case. The 
following discussion, however, is in terms of a special case leading 
to known results of interest in communication theory. 

If two bivariate statistical populations 7, and 72 have the 
respective probability densities p:(x, y) and p2(x, y), then 


p(x, y) P(x;|x, y) P(m1) 
] wiles = 
Coax, y)  ’P(ws|x, 9) PCa)’ 


is defined as the information in (x, y) for discrimination between 
a, and m2, where natural logarithms are used and P(x;) and 
P(x;\x, y) are, respectively, the a priori and a posteriori prob- 
abilities of x;, 7=1, 2. The mean information for discrimination 
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between x; and 72 per observation from 7; is defined by 


1(1:2)= f putx, y)log andy 





pale, 9) 
) 
a P(m;|x, y) _ yf (m1) 
J re, Moe Ia, 9) ERGs? 


with a corresponding definition for J(2:1). (See Reich.*) 
As a measure of the ease of discriminating between the two 


populations, the “distance” or “divergence” between =; and m2 
is defined by 


J(1i, 2) =7(1:2)+/(2:1) 
= f(x, pale, » loge! and 


p2(x, y) 
P(m,|x, y) ©) 
= f (pi(x, y) — po(x, MMB Galz, 9)” 


It has been shown that® (a) 7(1:2)>0, J(1,2)>0, with the 
equality holding if and only if p:(x, y) = po(x, y); (b) 7(1:2) and 
J(1, 2) are additive for independent random variables; (c) 7(1:2) 
and J(1, 2) are invariant for reversible transformations; (d) (1:2) 
and J(1, 2) cannot be increased by any nonreversible transforma- 
tion and will not be decreased only when special conditions are 
satisfied (the statistical concept of sufficiency). 


For the special case in which ;(x, y) is the bivariate Gaussian 
density” 


cae wee eee 
bs, 9)=5—— Ga exp 2(1—p*)\o2? a ay =). @) 


and p2(x, y) is the oe case of independence, 


x2 1 y? 
P(x) p(y) = aie ex| - 45] "Cn)te, ex|- 35], (5) 
it has been shown that® 


(1:2) = —4 log(1—p*), (6) 
J(1, 2) =p?/(1—p*). (7) 
(For a relation between autocorrelation and entropy see Elias.) 
Assuming Gaussian densities, if x is the transmitted signal and 
y the received signal where the latter is taken to be the transmitted 
signal with noise added, then the independence of the transmitted 
signal and noise implies that 
P(x, y) = p(x): p(y—2). (8) 
Since the density in (4) may be written as 


1 rf. cs 1 
(Qx)to, PL 20,24(2e(1—p*)) 40, 


1 po, \? 
xew| saa y]; 9) 


comparison of (8) and (9) yields 
Cy o:? S$ 
= 1 => = 
“ » o of S+N’ 
where S is the mean transmitted signal power and NW the noise 


power.”:!° Using (10) in (6) and (7) there is derived as the mean 
information for discrimination and the divergence, per observation, 


(10) 


1(1:2)=—4 log 1-5) = 1+), (11) 
S/S+N)__S 
J(1, 2)= “1-S/S+™)~ N° (12) 


Since J(1:2) and J(1, 2) are additive for independent observa- 
tions,? and using the sampling theorem," for signals limited to the 
band width W and the time interval T, the mean information for 
discrimination and the divergence are 


1(1:2; W, T)=WT log(1+(S/N)], (13) 
J(1,2; W, T)=2WTS/N =2TS/No=2E/No, (14) 
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where N=WWNo, with No the mean noise power per unit band 
width, and £ is the total transmitted signal energy. The inter- 
pretation of (13) as channel capacity is well known.+4!%" From 
(14) we infer that the ease with which one may discriminate be- 
tween the case in which transmitted and received signals are 
correlated and the case in which transmitted and received signals 
are incoherent (under the conditions assumed above) is measured 
by twice the ratio of total tramsmitted signal energy to mean noise 
power per unit band width. Davies” studies mean existence prob- 
abilities, which are essentially the a posteriori probabilities of (1), 
determines these as functions of the value given in (14), and 
considers their engineering implications. 


1E. C. Cherry, Proc. Inst. Elec. Engrs. 98, 383 (1951). 
? Proc. Inst. Radio Engrs. 40, 399 (1952). 
3S. Kullback and R. A. Leibler, Annals Math. Stat. 22, 79 (1951). 
4C. E. Shannon, Bell System Tech. J. 27, 379, 623 (1948). 
5.N. Wiener, Cybernetics (John Wiley and Sons, Inc., New York, 1948). 
*E. Reich, J. Math. Se 30, 156 (1951). 
7J. L. Lawson and G. Uhlenbeck, Threshold Signals (McGraw-Hill 
Book Company, Inc., New York, 1950), Chap. 3, p. 55. 
+ 5 Kullback, Annals Math. Stat. 23, 88 (1952). 
P. Elias, Proc. Inst. Radio pas 39, 839 (1951). 
ant M. Woodward and I. L. Davies, Proc. Inst. Elec. Engrs. 99, 37 
11C, E. Shannon, Proc. Inst. Radio Engrs. 37, a... (1949). 
12]. L. Davies, Proc. Inst. Elec. Engrs. 99, 45 (1952). 





Emission Decay Phenomena due to the 
Contaminated Anode 


K. AMAKASU AND T. IMAI 
The Electrical Communication Laboratory, Tokyo, Japan 
(Received April 24, 1952) 


HE slow decay of emission, which had been found by Becker 

and others, was further investigated by Blewett,? and 
recently by Kawamura,’ quantitatively. They concluded that 
this decay might be caused by the transport of barium ions 
towards the base metal. 

However, electrodes of the vacuum tubes with oxide-coated 
cathodes must be contaminated because of vaporization of the 
cathode coating materials during usual processing, and there are 
many possibilities that these contaminated electrodes may affect 
cathode emission when bombarded by electrons. Thus, we have 
investigated the effect of the contaminated anode on cathode 
emission and found that the greater part of the slow decay of 
emission might be caused by evolution of oxygen from the con- 
taminated anode under electron bombardment. 

Recently attention has been paid to the contaminated anode, 
though not to contamination by vaporized materials as in our 
experiments, but mostly for slow decay by workers*® in our 
country and for initial decay by those*’ abroad. After the 
completion of our experiments we found the same idea was 
described briefly in the paper® referred to by Jacobs,® although the 
detail could not be known. 

The first part of these experiments was done for the anode con- 
taminated with cathode materials. The test tube has two oxide- 
coated cathodes and two test nickel anodes. One of the cathodes 
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Fic. 1. Equilibrium emission for clean and contaminated anode. (A) 
Emission for clean anode. (B) Emission for contaminated anode. 
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Fic. 2a. Effect of anode voltage upon decay characteristics. 
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Time in minutes 


Fic. 2b. Cleaning action of electron bombardment for contaminated 
anode. No bombardment. @, @, ©, and © are the decay curves after 
bombardment by electron at anode voltage of 220 v for 20, 50, 120, and 170 
minutes, respectively. 


is used for emission test and the other for vaporization. The anodes 
can be moved by sliding to face just above any cathode of the two. 
Thus, the emission from the test cathode was drawn by the two 
plates successively, one of which was contaminated by vaporized 
materials from the oxide-coated cathode, while the other was 
clean. Figure 1 shows the results of emission measurements by 
these two interchangeable anodes. It is clearly seen that the 
equilibrium emissions are considerably different for the two 
anodes, that is, the emission decay for the contaminated anode 
is larger than for the noncontaminated. That the origin of this 
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Fic. 3. Decay in terms of thickness of evaporated materials at anode 
voltage of 220 v. Curves ©, @, ®, and © are decay curves after evapora- 
tion for 15, 30, 45, and 60 minutes, respectively, the temperature of evapora- 
tion cathode being about 1140°K. 
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decay of emission is in the contaminated anode and not in the 
cathode itself was ascertained by another experiment. 

When the emission is drawn by the contaminated anode keeping 
it just above the cathode, the decay of emission is considerably 
large. But when the anode is far apart from the cathode, the decay 
becomes negligible notwithstanding the initial emission being 
the same. The point that we persist in is that under usual condi- 
tions most of the decay must be attributed to the poisoning by 
the contaminated anode, and there are possibilities of obtaining 
vacuum tubes without decay by appropriate processing methods. 

Further detailed behavior of the emission decay for the con- 
taminated anode was examined and the following results were 
obtained. 

(1) The degree of emission decay is strongly dependent upon 
the applied anode voltage which is in contradiction to the results 
given by the barium ions transport theory (Fig. 2a). 

(2) As the contaminated anode is bombarded by electrons at 
constant anode voltage, the emission decay becomes smaller and 
eventually reaches a final equilibrium state (Fig. 2b). This shows 
the cleaning action of the electron bombardment for the con- 
taminated anode. The final state means the completion of cleaning 
to the depth to which the bombarding electron reaches. 

(3) Emission decay becomes larger, as the evaporation proceeds, 
until, finally, further growth of thickness of the evaporation film 
does not increase the emission decay. This final state can be also 
interpreted by the concept of maximum penetration depth of the 
electron (Fig. 3). 

(4) Critical dissociation energy for the evaporated materials 
was found to be about 5.0 ev. For this purpose a test tube was 
constructed which contained an oxide-coated cathode and an 
uncoated sleeve. By overheating the oxide-coated cathode, the 
uncoated sleeve was covered by evaporated materials. Emission 
was drawn by the uncoated sleeve at low temperatures, so that 
temperature-limited emission may be measured increasing the 
anode (uncoated sleeve) voltage step by step (Fig. 4). It is note- 
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Fic. 4. Threshold of dissociation for the contaminated anode. 


worthy that there is an activation process in the initial stages, and 
this activation process occurs at the anode voltage of about 6.0 ev. 
It was also found that the higher the anode voltage, the more 
rapidly emission decays and the more it shortens the activation 
process. 

This activation process is a particular phenomenon which 
occurs when the anode is contaminated by vaporized materials 
from oxide-coated cathodes. This can be seen in Figs. 2a—b by the 
hump in the decay curves. 

When the anode is flashed and cleaned or bombarded at high 
anode voltage, the activation process at 6.0 ev disappears com- 
pletely. When we consider the contact potential difference between 
cathode and anode, this critical energy corresponds to about 5.0 ev, 
and this value agrees fairly well with the energy gap between the 
upper limit of full band and vacuum level for the single crystal of 
barium-oxide” or the dissociation energy" of the barium-oxide 
molecule. 
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Fic. 5. Equilibrium emissions for Ta and Ni anodes. 


It is generally conceived that barium-oxide molecules are 
predominant in the evaporated materials from the oxide-coated 
cathodes. Estimating the thickness of the evaporated barium- 
oxide from its evaporation speed, it is natural to conceive that the 
barium-oxide on anode surface is adsorbed as molecules and not 
as crystals for our experimental conditions. Accordingly, we 
consider the critical energy of 5.0 ev to be the dissociation energy 
of the oxygen ion of the barium-oxide crystal. 

The origin of the rise of emission by dissociation of barium- 
oxide on anode surface is not clear at present, although there is a 
possibility that the oxide-coated cathode may be activated by 
adsorbing barium atoms dissociated and liberated under electron 
bombardment. 

(5) Emission decays for the nickel anode oxidized before 
evacuation were compared for ordinary treated nickel using a 
rotating anode, one side of which was oxidized nickel the other 
clean. Equilibrium emission for oxidized nickel was much smaller 
than for ordinary treated nickel. Vacuum treated tantalum and 
ordinary hydrogen-fired nickel were also compared by rotating 
anode method (Fig. 5). It is interesting that the equilibrium 
emissions or emission decay differ for different anode materials; 
this may be due to different degrees of contamination, for example, 
by oxidation. 

Furthermore, it was found that the emission decay for clean 
nickel could be improved by electron bombardment. This shows 
that even for the ordinary treated nickel, the surface is more or less 
contaminated, and it is necessary that the anode surface should 
be cleaned completely by appropriate methods. 

Experiments on the emission decay for anode materials pro- 
cessed by various treatments are in progress, and the results will 
be reported later. 


1J. A. Becker and R. W. Sears, Phys. Rew. 38, 2193 (1931). 
2J. P. Blewett, Phys. Rev. 55, 713 (1939 
soi eawamure and A. Shinohara, » Phys. Math. Soc. (Japan) 17, 
43). 
<< and M. Hiraoka, J. Elec. Comm. Eng. (Japan) 34, No. 6 
5S. Narita, Kobe Kogyo Tech. Rept. (Dec. 1951). 
6G. R. Feaster, J. Appl. Phys. 20, 415 (1949). 
7D. A. Wright, Brit. J. Appl. Phys. 1, 150 (1950). 
8L. B. Headick and E. A. Lederer, Phys. Rev. 50, 1094 (1936). 
*H. Jacobs, J. Appl. Phys. 17, 596 (1946). 
1° Sproull, Kramhansl, Jyler, and Kane, Cornell Univ. Dept. of Physics, 
Technical Report No. 3. 
11 A. G. Gaydon, Dissociation Energies (John Wiley and Sons, Inc., New 
York, 1947). 





Reduction of the Loss in Ferrite Materials in the 
Microwave Region 
H. N. Cuart, N. G. Sakiotis, AND R. E. MARTIN 


Naval Research Laboratory, Washington, D. C. 
(Received September 9, 1952) 


ECENT papers! have indicated that the use of ferrites will 
provide the microwave engineer with many new and novel 
components, such as the gyrator, an electronic phase shifter, 
switches, etc. Figure 1 illustrates a typical cross section through 
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Fic. 1. Typical ferrite gyrator in a transverse field. 
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a microwave gyrator. A cylindrical ferrite rod is axially located 
within a section of circular wave guide. A solenoid is wrapped 
around this circular wave guide to provide an axial magnetic 
field. When this device is fed by circularly polarized electro- 
magnetic energy, a differential phase shift can be introduced 
between the input and output ends by varying the strength of 
the magnetic field produced by the solenoid. Figure 2 shows the 
variation of phase and insertion loss as a function of the strength 
of the axial magnetic field. Notice that the peak loss occurs near 
zero axial magnetic field. 

It is evident that the loss in the ferrite materials utilized will 
have to be reduced before such devices are acceptable for all the 
intended microwave applications. It has been found at the Naval 
Research Laboratory, that in certain cases this can be done by 
adding a static magnetic field of the proper strength transverse to 

































H 20 

a 

S 9 

3-20 “| 

=-40- ~x- WITH TRANSVERSE — 

= FIELD 

a ~o- WITH NO TRANSVERSE 

= 60 - FIELD 4 
-80 | | 

= 4 T T T T 

S 2b ™ “ 

S ti 2 

= -450 -300 -I50 0 150 300 450 


AXIAL MAGNETIC FIELD (OERSTEDS) 


Fic. 2. Reduction in loss of gyrator by the use of a transverse field. 
Ferramic D: length =1.50in.; diameter =0.200 in.: F =9375 mc; trans- 
verse field = 1350 oersteds. 
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the direction of propagation. The reduction in the loss and the 
resultant phase shift curve for this same ferrite sample are shown 
on Fig. 2. Both input and output powers were carefully monitored 
while these measurements were taken to insure that the measured 
losses were actually due to dissipation in the ferrite. 

The reason for the decrease in loss when the transverse field is 
applied is not understood. In fact, with some ferrite materials the 
loss was found to increase. The use of transverse fields, however, 
may permit the development of many microwave devices using 
ferrite materials available at present. 


1C. L. Hogan, Bell System Tech. J. 31, 1 (1952). 
? Sakiotis, Simmons, and Chait, Electronics, p. 156, (June, 1952). 





Equipotential Plotting, Using Untreated 
Writing Paper 
C. T. Murray, Electrical Engineering Department, 
University of Sydney, Sydney, Australia 
AND 


D. L. Hottway, Division of Electrotechnology, Commonwealth Scientific 
and Industrial Research Organization, Melbourne, Australia 


(Received October 15, 1952) 


HE electrolytic tank is commonly used as an analog for 

the investigation of electrostatic fields. Recently a sheet of 

paper with high surface conductivity, in place of the electrolyte, 

has been used. This method avoids the need for making a metallic 

model of the electrode system, but still requires that the system 

should be represented on the paper by means of metal foil or 
metallic paint. 

The authors have now developed a method whereby the 
electrode system may be drawn in soft pencil on a sheet of ordinary 
writing paper, and the field investigated by means of a simple 
probe. A medium quality paper, free of watermarks and having 
fairly short fibers, consistently gives results accurate to within 
about two percent. 

As the resistance of a typical paper sample is of the order of 
1000 megohms per square, the input impedance of the potential 
measuring device must be very high. This is achieved by using an 
electrometer tube, with floating grid, as the potential probe, 
together with a closed loop amplifier system (Fig. 1). This am- 
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Fic. 1. Diagram of basic circuit functions: (A) paper sheet, (B) pencilled 
electrodes, (C) probe, (D) electrometer tube (Mullard ME 1401), (E) de 
amplifier, (F) cathode follower and potential source. 
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plifier is simple, being a single stage with cathode follower output, 
the internal gain being adjusted to approach infinity by the use 
of positive feedback. As the potentials for the drawn electrode 
system are supplied by the cathode follower stage, the placing of 
the probe on the paper surface closes the external negative feed- 
back loop and insures stable operation. Also, the action is such 
that the point at which the probe is placed is brought to zero 
potential, that is, the open grid floating potential of the electro- 
meter tube. Hence, the potential applied to the grid of the tube is 
never more than a few millivolts, and the probe draws negligible 
current from the paper. The complete system is direct coupled 
in order to prevent nonlinearity due to unavoidable capacitive 
reactance associated with the paper and surroundings. 

The paper itself appears to be merely a carrier for absorbed 
water, which, with dissolved salts, forms an electrolyte of uniform 
characteristics. The reason for this uniformity is under investiga- 
tion, but it has been shown that the conductivity is a bulk effect, 
so that, by placing media of different conductivity beneath the 
sheet of paper carrying the electrode system, discontinuities in 
electrolyte may readily be obtained. The equivalent of a wedge 
tank for examining axially symmetrical systems presents obvious 
difficulties, and this extension is now being considered. 

This method of measurement appears to have a number of 
other possible used requiring high input impedance, such as 
measurements of radioactivity. Fundamentally, the operation is 
that of an automatic dc potentiometer. A more complete descrip- 
tion will be published elsewhere. 





Dielectric Constant of Argon at 9700 Mc 
CLAYTON M. ZIEMAN 


Wabash College, Crawfordsville, Indiana 
(Received October 6, 1952) 


QUIPMENT previously described,! save for a replacement 

of the oscillator tube and simplification of the drying sys- 

tem, was used to measure the dielectric constant of argon. The 

gas obtained from the Matheson Company, Joliet, Illinois, though 

not of their research quality, was stated to be about 99 percent 

pure. The gas, before entering the test cavity, was passed through 
a drying tube filled with anhydrous calcium chloride. 

Results of 33 measurements, when reduced to STP give the 

average value 
(eo—1) X 10*=5.549+0.019. 


The extent to which residual water vapor affected this result was 
not determined. Although each run gave two readings, only the 
data obtained when the cavity was filled with argon were utilized. 

The author is grateful to Roland Hultsch, then a senior physics 
student at Wabash College, for his help in making the measure- 
ments, and to the Research Corporation for continued support 
of this project. 


1 Clayton M. Zieman, J. Appl. Phys. 23, 154 (1952). 





The Electromagnetic Field in the Plane of a 
Circular Aperture Due to Incident 
Spherical Waves 


D. C. Hocc 


The Eaton Electronics Research Laboratory, 
McGill University, Montreal, Canada 


(Received October 10, 1952) 


T was shown by Andrews? that when a plane wave illuminated 
an aperture cut in a plane metallic screen, the field in the plane 

of the aperture exhibited large variations in amplitude. Andrews 
devised an empirical equation which has been successful in pre- 
dicting these variations. Theories to explain these effects and to 
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Fic. 1. Aperture fields. Radius =20A. H plane. Source distance—Ro = 100X. 


relate them to the field behind the aperture have been published 
by Woonton,? Neugebauer,‘ Bekefi,5 and Silver.® 


The author has made measurements on the field in the plane of 
a circular aperture 50 cm in diameter when irradiated by 1.25-cm 
waves from small radiators placed at various distances in front of 
the aperture. The measured H plane field in the aperture with 
these arrangements is shown by the solid line on the accompanying 
graphs. Instead of oscillations of more or less constant amplitude 
as in the case of Andrews, the amplitude of the oscillations follows 
an envelope which is itself a function of position along the magnetic 
diameter. Recently, Silver’ has reported fields of this type under 
similar circumstances. 

It has been found that these fields can be predicted with con- 
siderable accuracy by the following modified Andrews equation: 

—18( Rat+r) 

E= F(x)e~#R_ 1 - Piece cos6 cosydl. 
2x Jo r 


Points predicted by this equation have been plotted as solid dots 
on the graphs. 

In this equation the symbols 8, 6, y, and / have the same 
significance given them by Andrews. The incident field was 
spherical and exhibited a taper in amplitude represented by 
F(x)e~#®®, where R is the distance from the source to the point 
x on the magnetic diameter; the field at the rim of the aperture 
is F(a)e~®%«, where a is the aperture radius. 

In Figs. 1a, 1b, and 1c, the incident field tapered from the axis 
to a measured value F(a)/F(o) of —3 decibels, with corresponding 
source distances of 100A, 89A, and 80d. Figure 1d, in which the 
incident field tapered to F(a)/F(o)=—0.5 decibel, is to be com- 
pared to c. This comparison indicates the effect of the amplitude 
of the incident field at the rim of the aperture when the phase 
distribution is kept constant. 

1C. L. Andrews, Phys. Rev. 71, 11 (1947). 

2C. L. Andrews, J. Appl. Phys. 21, 761 (1950). 

3G. A. Woonton, J. Appl. Phys. 23, 1405 (1952). 

4H. E. J. Neugebauer, J. Appl. Phys. 23, 1406 (1952). 

5G. Bekefi, J. Appl. Phys. 23, 1403 (1952). 

*S. Silver, Antenna Laboratory Reports No. 181 (1951), University of 
California, Department of Engineering. 


7S. Silver, Antenna Laboratory Report No. 185 (1952), University of 
University of California, Department of Engineering. 
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Proceedings of the Electron Microscope Society of America 


HE annual meeting of the Electron Microscope 
Society of America was held at the Hotel Statler 

in Cleveland, Ohio, November 6, 7, and 8, 1952. Titles 
and abstracts of the papers presented are given below. 


Photographic Emulsions; Electron Diffraction 
Photographic Emulsions 


1. Electron Microscopical Studies of Photographic Grains; 
Specimen Preparation Techniques. F. A. Hamm* Anp J. J. 
ComerR,t General Aniline and Film Corporation, Easton, 
Pennsylvania.—This paper describes several preparation 
techniques which yield specimens useful in the study of latent 
image theory. Examination of the grains per se or of various 


types of replicas furnishes only a limited amount of important 
information. Fortunately, the silver halide grains in many 
photographic emulsions are encapsulated by a thin film of 
gelatin complexed with silver ions. Advantage of this rela- 
tively insoluble capsule is taken in studying the partially 
developed latent image. Two general types of development 
are described; (1) ‘‘arrested organic’’ development, and (2) 
gold development. The important results of the electron 
microscopical study depend, in the final analysis, upon the 
utilization of the silver gelatinate capsule during the specimen 
preparation. Some emphasis is placed on demonstrating the 
identity of this capsule. A few independent experiments are 
described. 


* Now with the Burroughs Adding Machine Company, Research Divi- 
sion, 511 N. Broad Street, Philadelphia, Pennsylvania. Paper presented by 
this author. 

t+ Now with the School of Mineral Industries, Pennsylvania State College, 
State College, Pennsylvania. 
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2. Contrast and Grain of Electron Micrograph Negatives. 
A. M. Cravatn, Shell Development Company, Emeryville, 
California.—The density and grain of electron micrograph 
negatives were measured over the practical range of exposure 
and development times for Lantern Slide Medium Plates in 
Dektol, DK-50, D-19, and D-11, and at a few points for other 
emulsions and developers. Both contrast and grain behave 
differently from expectations derived from light photography. 
The contrast, or slope of the H and D curve, increases with 
increasing density, instead of approximating a constant, y, 
in one negative. It is nearly the same function of density, 
however, for different emulsions, developer formulas, and 
development times, provided that exposure is not too great. 
Grain differs greatly between emulsions. For Lantern Slide 
Medium Plates, which were as fine as any tried, the grain at 
given density and exposure was about the same for different 
developers, but the optimum exposures differed. Applications 
of the data to practical problems will be shown. The new 
sensitometric procedure used will be described. 


3. Evacuating Plates and Films for Use in Electron Micros- 
copy. J. H. REISNER* AND E. G. DoRNFELD, Radio Corpora- 
tion of America, RCA Victor Division, Camden, New Jersey.— 
Pump down speeds are compared for plates and films com- 
monly used in electron microscopy. A comparison is made for 
acetate backed and nitrate backed film. The relative contribu- 
tion of emulsion and backing to pumping times is discussed. 
Means of improving pumping speeds for photographic ma- 
terials in the microscope by prepumping, temperature eleva- 
tion, and desiccation are discussed and evaluated along with 
the physical changes produced in the photographic material. 
Experiments are described as carried out on both the type 
EMU and type EMT microscopes. A roll film camera for use 
with the EMT microscope is described and its pumping 
characteristics are given. 


Electron Diffraction 


4. Some Factors Affecting the Precision Attainable in 
Electron Diffraction Studies. S. G. Ettis, RCA Laboratories 
Division, Princeton, New Jersey.—The precision of measure- 
ment when using the RCA Model EMU electron microscope 
as an electron diffraction camera is discussed and illustrated. 
In most cases an error less than 1 percent can be attained. 
Where the rings are sharp, the error can be made less than 
0.1 percent. 


5. Effect of Some Factors on the Quality of Powder Pat- 
terns by Electron Diffraction. N. R. MUKHERJEE AND OLIVER 
Row,* Engineering Experiment Station, University of Washing- 
ton, Seattle 5, Washington.—In an attempt to determine the 
critical thickness of any substance for an optimum quality 
transmission electron diffraction pattern,' the influence of the 
following factors was studied. Films were prepared by high 
vacuum evaporation on Elvanol and the diffraction samples 
were made from the substrateless film. The position of the 
film of critical thickness was varied with respect to the source 
of evaporation, but the critical thickness for a substance was 
the same in all cases. No change in critical thickness was ob- 
served when the film was exposed to either maximum or 
minimum heat. Neither age nor electron bombardment had 
any effect in changing the critical thickness, though, in some 
cases, poorer quality pictures were obtained. Several other 
plastics were used as substrates and dissolved from the film 
in their respective solvents, after evaporation, with no change 
in the.critical thickness, but with some mechanical difficulty 
in making the diffraction sample. Increase of the accelerating 
voltage by a small amount broadens the range of critical 
thickness of the sample and improves the quality of the 
optimum picture, while decreasing the accelerating voltage 


reverses the effect. The critical thickness of the film appears 
to be an inverse function of density of the substance. 


1N. R. Mukherjee and O. Row, J. Appl. Phys. 22, 681 (1951). 


6. A Specimen Heater for Electron Diffraction. R. G. 
PICARD* AND E. G. DorNFELD, Radio Corporation of America, 
RCA Victor Division, Camden, New Jersey.—An electric speci- 
men heater for diffraction studies at temperatures up to 600°C 
is described. Specimens up to } inch square may be heated by 
the element which fits in the vacuum chamber upon the 
regular stage of an EMD-2 diffraction camera. The principal 
problem is the reduction of stray magnetic fields from heater 
wires to a negligible value. This is achieved by using low cur- 
rent in high resistance wire and reverse winding the heater 
coils. Radiation and conduction losses are cut to a minimum 
by enclosing the heater element in Maronite or Electro-bestos 
except for a window over which the specimen is mounted. 
De power is taken from the power supply for the valving sys- 
tem. During the initial heating cycle a period of from 30 
minutes to an hour is required to outgas the heater. Subsequent 
pumping times are very much shorter. 


7. A High Temperature Chamber for Electron Diffraction 
Studies. MAYNARD J. CoLUMBE, General Engineering Labora- 
tory, General Electric Company, Schenectady, New York.—A 
high temperature specimen heating chamber for use with 
electron diffraction instruments is described, provisions being 
made for accommodating both transmission and reflection 
samples. It is capable of being adjusted to temperatures 
ranging from ambient to 1000°C. The chamber is adapted to 
the manipulator of the diffraction instrument to permit 
alignment of the sample with the electron beam, being a com- 
plete plug-in unit. Samples may easily be changed without 
removal of the chamber from the manipulator. A thermocouple 
for measuring the sample at any desired level is included. 


8. A Diffraction Study of Micro-Crystals by Use of the Le 
Poole Lens Arrangement. NorMAN M. WALTER, General 
Electric Research Laboratory, The Knolls, Schenectady, New 
York.—An RCA EMB electron microscope equipped with an 
intermediate lens with adjustable aperture and independent 
power supply is used to investigate the diffraction patterns of 
single micro-crystals. A suitable crystal is selected in the field 
of view of the microscope and then its diffraction pattern 
recorded after suitable adjustment of the aperture and lens 
current. Specimens are dispersed in nitrocellulose and draw- 
downs made on glass. In this way a fairly random distribution 
of orientations is achieved. The method of investigation has 
particular merit in its application to x-ray diffraction powder 
specimens which have given poor results because of particle 
size. Other results will be cited. 


Special Techniques; Applications 
Microtomes 


9. Some Developments in Ultra-Thin Sectioning Tech- 
niques. JAMES HILLIER* AND GEORGE CHAPMAN, RCA 
Laboratories Division and Princeton University, Princeton, 
New Jersey. (15 min.)—A simple microtome of the “single 
pass” thermally controlled advance type has been developed. 
The thickness of the sections can be controlled accurately so 
that precise serial sectioning can be done. A comparison be- 
tween glass and steel knives has been made which has shown 
them to have equal cutting abilities. The steel knife is pre- 
ferred because of the technical conveniences afforded by its 
long straight edge. Hardness of the blocks is shown to be of 
secondary importance and hence may permit adjustment to 
the cutting properties of the tissue. Failure to dry thoroughly 
the gelatin capsules commonly used has been identified as one 
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cause of irregularities of polymerization. A number of ex- 
amples will be shown. 


10. Development and Use of a Simple Ultramicrotome in 
Cancer Research. CLIrFrorD E. GREY* AND JOHN J. BIESELE, 
Sloan-Kettering Institute for Cancer Research, 444 East 68th 
Street, New York 21, New York.—A simple ultramicrotome has 
been built around the inexpensive, direct-drive Spencer micro- 
tome. This incorporates advantages of recent developments, 
has a magnetic drive and a modified specimen support, and 
eliminates contact of the specimen with the knife except 
during actual cutting. Initial phase- and electron-microscopic 
studies of ascites tumor cells and other cancer tissues illustrate 
the utility and great promise of this instrument. 


11. New Ultramicrotome for Thin-Sections of Tissue.t 
MarRK E, GETTNER* AND LEONARD ORNSTEIN, Department of 
Zoology, Columbia University, New York, New York.—An 
entirely new ultramicrotome is described incorporating many 
novel features. The specimen is mounted in a rotating head. 
The advance is accomplished by a rotating inclined plane 
bearing against a traveling nut. The screw which leads the nut 
is driven at constant speed. The rate of specimen advance and 
thus the change of section thickness is obtained by varying the 
angle of the rotating inclined plane. The section advance can 
also be changed from 0.1 to 1.0 micron by a simple gear 
change. The instrument has two feed ranges, 0.05 to 1.0 
micron in the lower range, and 1.0 to 10.0 microns in the higher 
range. It can thus provide the cytologist with phase micro- 
scope sections for comparison with electron microscope 
sections. 


t Made through the courtesy of Process and Instruments, Inc., Brooklyn, 
New York. 


Replica Techniques 


12. A Replica Technique in the Study of Chemical Precipita- 
tion Processes. RoBERT B. FISCHER* AND JOSEPH E. ELLINGER, 
Chemistry Department, Indiana University, Bloomington, 
Indiana.—A modified replica technique is described for the 
replication of particles of precipitates formed by mixing 
chemical reagent solutions. The replica is formed while the 
particles are still suspended in the mother liquid. The inter- 
pretation of the resulting micrographs is discussed. The 
technique is applied to several types of precipitates, and its 
realm of useful applicability is assessed. 


13. “Extraction Replica” Technique for Electron Metal- 
lography. R. M. FisHer, United States Steel Company Re- 
search Laboratory, Kearny, New Jersey.—This paper will 
describe and illustrate a new technique for studying and 
identifying fine precipitates in metals. It has been found 
possible to free from the metal the precipitate particles that 
are partially embedded in the replica plastic by etching the 
sample a second time through the plastic. Thus the replica 
contains the actual precipitate particles, avoiding the loss in 
resolution inherent in any replica technique. These replicas 
can be shadow-cast, resulting in one-step positive replicas. 
Modifications of the RCA EMU will also be described that 
permit electron diffraction examination of small areas of the 
replica so that unknown precipitates can be identified by 
diffraction means. A number of examples of applications to 
ferrous metallurgy will be illustrated, including identification 
of the boron phase in boron steels and of the precipitate causing 
embrittlement of high chromium steels during service at 885 °F. 


14. Pre-Shadowed Replicas for Electron Metallography. 
W. L. Gruse* anv S. R. RovuzeE, Research Laboratories Divi- 
sion, General Motors Corporation, Detroit, Michigan.—Direct- 
stripped, pre-shadowed replicas of metallographic surfaces 





can be prepared when a surface-active, parting layer is used as 
suggested by Kaye.' These replicas may be either plastic or 
all metal and are free from strain marks when wet-stripped. 
Since plastic structure is not visible in them, resolution is not 
limited by this factor. The technique used for the preparation 
of pre-shadowed replicas is described, and the differences in 
interpretation between this type and the usual shadowed- 
plastic replica are discussed. Applications of pre-shadowed 
replicas to the study of microstructures of steel are presented. 


1W. Kaye, J. Appl. Phys. 20, 1209 (1949). 


15. Metallic, Direct-Stripped Grating-Replicas as Internal 
Calibration Standards for the Electron Microscope. S. R. 
RovuzE,* Research Laboratories Division, General Motors Cor- 
poration, Detroit 2, Michigan, AND JoHN H. L. Watson, 
Edsel B. Ford Institute for Medical Research, Henry Ford 
Hospital, Detroit 2, Michigan.—It was shown earlier! that 
plastic grating-replicas mounted upon eighth-inch specimen 
screens were practical, internal standards and that they could 
be accurately calibrated independently by spectroscopic 
means. Metallic replicas of diffraction gratings have been made 
by a direct-stripped method. These can still be direct-stripped 
easily and without damage to the original grating, and the 
optical quality of these pre-shadowed, all metal replicas is 
better than that of the plastic replicas. Because of their su- 
perior optical properties, the spacing can be determined 
spectroscopically more conveniently and with greater ac- 
curacy. In addition, the metal replicas are more stable than 
the plastic ones. A report will also be given on the electron 
microscopy of the metallic replicas and the accuracy and 
constancy of their magnification measurement. 


ass H. L. Watson and William L. Grube, J. Appl. Phys. 23, 793 


A pplications 


16. Electron Microscopy of Synthetic Elastomer Latices. 
RoBerT R. STROMBERG AND Max SwerpLow,* National 
Bureau of Standards, Washington, D. C.—Particle size dis- 
tributions, ranging from approximately 100 to 2100A, are 
determined for four synthetic elastomer latices by means of 
electron microscopy. These latices are copolymers of buta- 
diene-styrene, butadiene-acrylonitrile, and butadiene-styrene- 
acrylonitrile. The effect on the apparent size and distribution 
arising from the method of specimen preparation, shadow- 
casting, distortion of the shape of the elastomer particle, and 
other artifacts are described. The use of a single, accurate, and 
reproducible method of examination for all four latices is 
statistically evaluated. Qualitative and semiquantitative 
information is provided by the results. 


17. An Electron Microscope Study of the Skin on Cellulose 
Acetate Fibers. Vinci. PEck* AND WILBUR Kaye, Research 
Laboratories, Tennessee Eastman Company, Division of East- 
man Kodak Company, Kingsport, Tennessee.—The nature of 
the surface layer of cellulose acetate fibers has been studied in 
the electron microscope by the use of high resolution alumi- 
num-beryllium alloy replicas. Chemical etching of the surfaces 
showed the nonuniformity of the surface layer. Breaking of the 
fibers in tension showed the effects of draft and spinning tem- 
peratures. The skin consists of a highly oriented layer which is 
caused by drafting while solvent is still within the core of the 
fiber. It is nonuniform around the circumference of the fiber 
and is less extensible than the core. In general, higher draft 
causes formation of a thicker skin which is made up of layers. 
Yarns broken in tension show very jagged cracks and hair- 
like protuberances. 
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18. Particle Size Studies of Ultrafine Ferromagnetic 
Powders.t A. D. FRANKLIN,* R. B. CAMPBELL, AND J. A. 
WEINMAN, The Franklin Institute, Laboratories for Research 
and Development, Philadelphia, Pennsylvania.—Particle size 
distributions have been measured for several ferromagnetic 
powders with particles in the diameter range from 200 ang- 
stroms to 2 microns. The complete distributions were obtained 
with the electron microscope. They were compared with the 
average sizes determined from: (1) the broadening of x-ray 
diffraction lines; and (2) the surface area per gram measured 
by nitrogen adsorption. In all cases, the electron microscope 
data gave average particle sizes somewhat greater than those 
obtained from the x-ray data, and somewhat less than those 
from the nitrogen adsorption experiments. The over-all agree- 
ment was reasonable. 


t+ This work was sponsored by the ONR. 


19. The Morphology of Kaolinite Clay. L. A. Woopwarp, 
State Engineering Experiment Station, Georgia Institute of 
Technology, Atlanta, Georgia.—The general description of the 
particle shape of kaolinite is that it occurs in small, flat, 
hexagonal plates. Electron micrographs will be shown to 
indicate that, while this is the basic form in the smaller pieces, 
there is a composite form that exists in the larger pieces. 
Evidence that this change in form is related to particle size 
and other physical properties will also be presented. A further 
series of electron micrographs will be shown to illustrate the 
physical effects of calcination of the clay. This will in addition 
show the use of the heating effects of the electron beam as a 
tool for investigation. 


X-Ray Microscopy; General Subjects 


X-Ray Microscopy 


20. The X-Ray Shadow Microscope. V. E. CossLETT AND 
W. C. Nixon.* Cavendish Laboratory, Cambridge, England. 
(15 min.)—The shadow projection method of x-ray image 
formation has been developed using a point source of x-rays 
produced by a two-lens electron optical system that reduces 
the electron source to a fine beam 0.5 micron in diameter. 
This electron spot strikes a one-micron tungsten foil target 
that also forms the vacuum wall of the x-ray tube. A specimen 
placed close to this target casts an enlarged shadow image 
on a distant photographic plate with a resolution in the image 
equal to the x-ray spot size. Fresnel diffraction of the x-rays 
is reduced below the geometrical resolution if the spot- 
specimen distance is less than 0.1 mm. All of the specimen is in 


focus at once and stereographic presentation of the micro-| 


graphs reconstructs the three-dimensional form of the speci- 
men. Magnetic electron lens aberrations are avoided by using 
a small angular aperture in the final reducing lens and by 
stabilizing the high voltage used for accelerating the electrons. 
The energy balance in the foil target is very favorable and no 
forced cooling is needed. The emission current density of the 
filament and not the heat dissipation of the target limits the 
total x-ray intensity. Living and dried specimens have been 
imaged as well as specimens stained with heavy metals. The 
best results were obtained by freeze drying various insects; 
no distortion occurs and the internal detail shows up very 
clearly, especially in stereographic presentation. An improve- 
ment in the 0.5-micron resolution is possible at the expense of 
increasing the exposure time from the 5 minutes used at 
present. 


21. Microradiography as an Approach to X-Ray Microscopy. 
STERLING P. NEWBERRY, General Engineering Laboratory, 
General Electric Company, Schenectady, New York.—Recent 
improvements in photographic emulsions and x-ray sources 
warrant a re-examination of our approach to x-ray micros- 


copy. Advantages of microradiography over other methods 
include large field of view, short exposures, reliable operation, 
and simple equipment. Relative merits of direct contact and 
shadow projection microradiography are explained. X-ray 
micrographs will be shown. 


General Subjects 


22. A Study of the Propagation of Metallic Vapors in Shadow 
Casting by Vacuum Evaporation of Au’* and Cr. LE. 
Preuss, Edsel B. Ford Institute for Medical Research, Henry 
Ford Hospital, Detroit 2, Michigan—A special method is 
introduced for quantitatively determining the mechanism of 
metal evaporations using metallic gold and chromium tagged 
with pile produced Au! and Cr*'. This tracer method pro- 
vides a powerful tool in the study of the distribution of the 
evaporated metal. The deposition and propagation of the 
evaporated metal is analyzed under a variety of conditions 
both in the normal process of evaporation and under simu- 
lated shadow-casting conditions. Autoradiographic studies 
are made of the deposited film structure and quantitative 
radioactive tracer techniques are applied. The methods allow 
an analysis of the deposition with measurement errors of 
approximately +2 percent. 


23. “Athene” Specimen Screens. Ernest F. FUuLvam, 
General Electric Research Laboratory, The Knolls, Schenectady, 
New York.—A very useful type of electron microscope speci- 
men screen, designated as ‘‘Athene” electron microscope 
specimen grids, new type, in tubes of 100 each, have been 
obtained from England. The screens, made individually of 
electrolytically deposited copper, are highly polished on one 
side and have a marked center as an aid in locating any par- 
ticular screen opening. A relatively wide border provides 
support to the 20-micron thick screening. Necessary modifica- 
tions of conventional techniques are given for using these 
specimen screens in electron microscopy. 


24. A Device for the Automatic Recording of Magnification 
Settings. H. FrouLta* anp E. Bower, Department of Engi- 
neering, University of California, Los Angeles 24, California.— 
To an RCA EMU electron microscope a device was added 
which automatically records on each individual micrograph 
the settings (1 to 10) of the magnification-control. This is 
accomplished by means of a mechanical linkage between the 
magnification-control knob and a small pointer which slides 
along one margin of the photographic plate. A shadow cast by 
this pointer can be seen in the processed micrograph, the 
position of the shadow indicating the setting of the magnifica- 
tion-control. 


25. A Method of Preparing Tungsten Points for the Field 
Emission Microscope. SELBy E. SUMMERS, General Engineer- 
ing Laboratory, General Electric Company, Schenectady, New 
York.—Points were made by electrolytically etching 0.005-in. 
tungsten wire. It was found that a 110-volt Variac and a 
suitable electrolyte produced points with radii approximately 
10-5 cm. The 0.005-in. tungsten wire was first etched at about 
25 volts and finished off with 1.5 volts. These points were 
mounted in a special holder and placed in our electron micro- 
scope to be checked. The same points were used in the field 
emission microscope. This gives a simple method for producing 
points. 


26. Bibliographies of Electron Microscopy. DAN H. Moore, 
Columbia University College of Physicians and Surgeons, 
New York, New York; KENNETH T. MorseE,* New York Society 
of Electron Microscopists, c/o New York Academy of Sciences; 
AND A. R. T. DENvES, Sloan-Kettering Institute for Cancer 
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Research, New York, New York. (15 min.)—A survey of bib- 
liographies of electron microscopy will be presented, together 
with a report of the organization and function of the bib- 
liographic service of the New York Society of Electron 
Microscopists. 


27. College Instruction in Electron Microscopy. RoBert L. 
WEBER, The Pennsylvania State College, State College, Penn- 
syluania.—Instruction in electron microscopy in fifteen 
representative universities is described briefly. Recommenda- 
tions are presented regarding principal instrumental tech- 
niques (in order of importance), specimen techniques, labora- 
tory equipment, and student supplies. A brief list of books and 
manuals is suggested as helpful in setting up a syllabus suited 
to local facilities and student interests. These recommenda- 
tions evolved from seven semesters of a course in electron 
microscopy at Penn State, and from an inquiry! among those 
practicing electron microscopy in academic and industrial 
laboratories. 


1 Robert L. Weber, Am. J. Phys. 20, 301 (1952). 


Techniques 


28. A Freeze-Drying Technique for Electron Microscopy. 
Rosey C. WiLiiams, Virus Laboratory, University of Cali- 
fornia, Berkeley, California.—A new technique has been de- 
veloped for rapid freeze-drying of biological specimens in 
order to preserve their three-dimensional structure. Quick 
freezing is accomplished by spraying minute droplets of ma- 
terial upon the surface of a cold, collodion-filmed metal block. 
The freezing time of the droplets is estimated to be 10-4 
second. Vacuum sublimation is completed in about 20 min- 
utes at a temperature of —50°C. The filmed surface of the 
block is then shadowed, and the collodion transferred to 
microscope grids. The suspending medium for the biological 
objects must be completely volatile and must have a eutectic 
point well above —50°C. Distilled water (if biologically 
tolerable) and ammonium benzoate are satisfactory suspend- 
ing media. This method of freeze-drying appears to preserve 
three-dimensional structure about as completely as does the 
critical-point method developed by Anderson. Its primary 
merit resides in the rapidity with which biological materials 
and reactions can be physically “fixed” and effectively ex- 
amined in the fixed state. Examples will be shown of frozen- 
dried cells, fibers, and virus particles. 


Viruses 


29. Quantitative Results with Sedimentation Microscopy 
of Viruses in Crude Animal Fluids. D. Gorpon SuHarp, Duke 
University, Durham, North Carolina.—Last year we reported 
some early results obtained in the electron microscopy of 
viruses in crude animal fluids. The quantitative value of this 
method of sedimenting virus from these fluids upon an agar 
surface to produce pseudoreplicas for microscope study is now 
further demonstrated by two lines of work. 1. The number and 
mass of influenza virus particles and filamentous forms present 
in chorioallantoic fluid of chick embryos have been measured 
in such micrographs and the results will be presented which 
show their relationship to the infectious titer of the fluids. 
2. In the plasma of chickens diseased with erythromyeloblastic 
leukosis is an agent which dephosphorylates ATP. This 
enzymatic activity is shown to be, in various plasmas, closely 
related to the number of virus particles present. Representa- 
tive electron micrographs will be shown. 


30. Electron Microscopy of Coxsackie Virus. Sypney S. 
BREESE, JR.,* Department of Virus and Rickettsial Diseases, 
Army Medical Service Graduate School, Washington, D. C., 
AND ANGELA Briers, National Microbiological Institute, 


National Institutes of Health, Bethesda, Maryland.—The 
pseudo-replica method has been applied to the problem of 
resolving virus particles of small diameter (20-40 millimicra). 
The agents utilized were two strains of Coxsackie virus, one 
from Group A (Herpangina) and one from Group B (Pleuro- 
dynia) which have been propagated in suckling mice and 
separated from extraneous tissue components by ether ex- 
traction, freezing and thawing, and cycles of centrifugation, 
followed by digestion with trypsin. The resultant suspensions 
have been examined with the electron microscope and both 
agents reveal particles of similar size and morphology. Elec- 
tron micrographs made of suspensions placed directly on 
parlodion coated screens show individual particles. However, 
when pseudo-replicas are stripped from 2 percent agar blocks, 
clusters of particles are seen which indicate a high degree of 
uniformity of the virus. The close packed spheres form a 
hexagonal array in a pseudo-crystal. 


31. Electron Microscopy of Thin Sections in the Infectious 
Myxomatosis of Rabbits. B. Epstein, MAGDALENA REISSIG, 
AND E. DE Rosertis, Instituto de Investigacién de Ciencias 
Biolégicas, Departamento de Ultraestructura Celular, Monte- 
video, and Instituto de Biologia Animal, Ministerio de Ganaderia 
y Agricultura, Pando, Uruguay.—Rabbits were inoculated 
with the C.P.M. strain of myxoma virus and the subcutaneous 
tumors produced were fixed, embedded, and sectioned for 
observation with the electron microscope. Both round cells 
and the typical stellate myxomatous cells were observed in 
addition to changes in the collagen pattern in the intercellular 
spaces. The cytoplasm of the cells showed a great number of 
bodies of varying size and density, the largest of them having 
the size and other characteristics of the elementary bodies of 
the virus. Some of the bodies showed an internal constitution, 
being formed by the tight clumping of small dense particles. 
Distribution curves of the diameter of the elementary bodies 
and of the smaller internal particles are presented. The 
morphological problems involved in the virus-host cell rela- 
tionship are discussed for the myxoma virus. 


32. Visualization in Time Sequence of Intracellular Events 
Following Bacteriophage Infection. E. H. BEUTNER, PHILIP 
E. HARTMAN, JAMES HILLIER, AND STUART Mupp,* Department 
of Microbiology, School of Medicine, University of Pennsyl- 
vania, and RCA Laboratories Division, Princeton, New Jersey. 
—An adaptation of the preparative method of Hillier, Knaysi, 
and Baker is described by which young colonies of E. coli B are 
infected with coliphage, fixed at successive intervals following 
infection, dialyzed to remove impurities and studied electron 
microscopically. A high contrast lens system! was used with 
shadowed and unshadowed preparations in parallel. Events 
involved in the intracellular replication of bacteriophage were 
thus visualized in time sequence with considerable success, 
particularly during the second half of the latent period. By 
special photographic processing the information on the plates 
was reproduced in lantern slides and prints. In agreement 
with the findings of Levinthal and Fisher with broken-open 
cells, we have observed rather dense, characteristic, intra- 
cellular areas or particles in the early part of the second half 
of the latent period; it seems likely that these mature to 
phage particles of definitive morphology by the time of 
phage lysis. 


1J. Appl. Phys. 22, 135 (1951). 


Fibers 


33. A New Type of Periodic Structure Obtained by Pre- 
cipitation of Paramyosin from Acid Solutions. A. J. HopGe, 
Department of Biology, Massachusetts Institute of Technology, 
Cambridge, Massachusetts.—Thin fibrils possessing the type of 
periodic structure characteristic of paramyosin' are obtained 
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on fragmentation of the adductor muscles of the clam, 
Venus mercenaria, in dilute salt solutions using a Waring 
Blendor. The fibrils may be freed from contaminants by re- 
peated centrifugation. Clear solutions, which can be shown to 
be free of fibrillar material, are obtained by dissolving the 
fibrils in dilute acid. Dialysis of such solutions against dilute 
salt solutions (0.3-0.5 N) at pH about 3.5 yields a fibrous 
precipitate, which is seen in the electron microscope to con- 
sist of thin ribbon-like fibrils, having periodic structure of a 
hitherto unobserved type. The axial repeat period is about 
1400A, and the intraperiod banding is such that the fibrils 
are “unpolarized” with respect to the fiber axis. This is in 
contrast to the “‘polarized”’ type of structure characteristic of 
the native paramyosin fibril. Preliminary physical chemical 
investigation of the acid solutions by ultracentrifugal, electro- 
phoretic, diffusion, viscosimetric, and light scattering analysis 
suggests that formation of the new type fibrils involves 
lateral aggregation of very thin, highly elongated particles, 
possibly of a complex nature. 


1 Hall, Jakus, and Schmitt, J. Appl. Phys. 16, 459 (1945). 


34. Intermediate Polymers in the Conversion of Fibrinogen 
to Fibrin. Paut KAEsBERG,* Department of Biometry and 
Physics, AND SIDNEY SHULMAN, Department of Chemistry, 
University of Wisconsin, Madison, Wisconsin.—Direct ob- 
servation by means of the electron microscope has confirmed 
the previous deduction from light scattering and other studies 
by Ferry, Shulman, and Katz that an intermediate polymer 
is formed in hexamethylene glycol-inhibited mixtures of 
fibrinogen and thrombin. Pictures of samples of the inhibited 
mixture that were diluted, placed on specimen screens, and 
immediately stained show numerous fibrils of the order of 
100A thick and 3000-4000A long. These are believed to be the 
intermediate polymer. Less frequently one finds long, thin, 
pointed fibers and an occasional reticulate structure of thicker 
strands. The latter structures are similar to those found in 
normal clots and lead us to the conclusion that the clotting 
mechanism in inhibited and uninhibited clotting mixtures is 
similar. 


35. Correlation between Electron Microscope and Flow 
Birefringence Observations on Native and Partially Poly- 
merized Fibrinogen. BENJAMIN M. SIEGEL, Department of 
Engineering Physics, AND JOHN P. MERNAN AND HAROLD A. 
ScHERAGA, Department of Chemistry, Cornell University, 
Ithaca, New York.—The electron microscope has been used 
to observe the “intermediate polymers” which form in systems 
containing fibrinogen and thrombin. The interpretation of flow 
briefringence experiments at the early stages of the clotting 
reaction (before gelation) is based on the formation of elongated 
polymers ranging up to several thousand angstroms in length. 
Certain limitations in the theory of flow birefringence make it 
desirable to have the direct electron microscope observations 
on these highly asymmetrical particles. By using the spray 
technique, the presence of polydispersed intermediate particles 
varying in length up to the micron range was established. 
Observations were also made on the unpolymerized fibrinogen. 


1R. C, Backus and R. C. Williams, J. Appl. Phys. 21, 11 (1950). 


Cells, General 


36. Reticulocytes.t C. WoLtprers, Johnson Foundation, 
University of Pennsylvania, Philadelphia 4, Pennsylvania.— 
After a large loss of blood or accompanying certain illnesses, a 
marked number of unusual red cells is to be found in the 
blood. In contrast to normal red blood cells these cells, when 
stained, are seen with the light microscope to contain a net- 
like structure with granules and filaments. These so-called 
reticulocytes were studied with the electron microscope. The 


former findings of Jung, Braunsteiner, Peters, Bessis, and Hug 
could be confirmed in a certain degree. The advantages of the 
critical point method! in hematology will be demonstrated. 
The meaning of the granulo-filamentary substance of the red 
cells will be discussed. 


t This work was supported by a contract between the ONR, Department 
of the Navy, and the University of Pennsylvania (NR110-187), “Studies on 
the biophysics and physiology of the blood.” 

1T. F. Anderson, Trans. N. Y. Acad. Sci., Series II, 13, 130 (1951). 


37. The Fine Structure of Rat Cornea. Marie A. JAKus, 
Retina Foundation, Massachusetts Eye and Ear Infirmary, 
Boston 14, Massachusetts.—The structure of normal, untreated 
cornea is being studied currently in sections of rat tissue. 
Electron micrographs will be presented and the different 
layers of the cornea described, in particular the stroma, 
Descemet’s membrane, and the cells of the epithelium. 


38. The Organization of the Cytoplasm of the Excretory 
Cells of the Mouse Pancreas. Fritior S. Sj6stRAND, Depart- 
ment of Anatomy, Karolinska Institutet, Stockholm.—In frozen- 
dried as well as osmium-fixed mouse pancreas a complex 
system of intracellular cytoplasmic double membranes has 
been revealed. These double membranes are oriented mainly 
parallel to the cell membrane and up to 40 double membranes 
may be observed in the space between the cell membrane and 
the nucleus. A polarization optical analysis of the living 
pancreas cells in the living mouse has revealed an anisotropy 
of the cytoplasm, the character of which is consistent with the 
electron microscopic observations. The demonstration of these 
membranes after fixation with techniques acting upon the 
cytoplasm in such a different way as freezing-drying and os- 
mium and the intravital demonstration of an ultrastructural 
organization through polarization optical analysis seem to 
prove that these intracellular double membranes exist in the 
living cells and are not produced during the fixation as arti- 
facts. The mean total thickness of the double membranes is 
530A when measured on frozen-dried material. 


39. The Ultrastructure of the Proximal Convoluted Tubules 
of the Mouse Kidney. Fritior S. SJOsTRAND AND JOHANNES 
Ruopin, Department of Anatomy, Karolinska Institutet, 
Stockholm.—The cytoplasm of the tubular cells is divided in 
compartments by means of intracellular cytoplasmic double 
membranes. The mitochondria are located within these com- 
partments, An outer double membrane covers the surface of 
each mitochondrion and a system of transversally oriented 
double membranes represents its main internal structure. The 
brush border is composed of closed “tubes” lined by more 
opaque walls. In cross sections, the brush border appears 
similar to a honeycomb. From the brush border, curved rods 
extend into the adjacent cytoplasm. Vacuoles and granules 
corresponding to fluorescent granules' show a characteristic 
structural organization. The granules represent the Golgi 
apparatus. The dimensions of the double membranes observed 
as intracellular cytoplasmic membranes, mitochondria outer 
and inner membranes, and nuclear membranes have been 
measured. The total thickness of the outer and inner mito- 
chondria double membranes is 160A (1200 measurements). 
It consists of two single membranes about 45A thick separated 
by a 70A wide space. 


1F. S, Sjéstrand, Acta Anatomica (1944), Suppl. 1. 


40. Electron-Optical Comparisons of the Cytoplasm of . 
Normal and Neoplastic Cells. CeciLy CANNAN SELBY, 
Sloan-Kettering Institute for Cancer Research, New York, 
New York.—Earlier investigations, not yet presented to this 
society, demonstrated a difference in the size, shape, and quan- 
tity of certain cytoplasmic particles in cells cultured from 
human and mouse normal and neoplastic tissues. These 
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studies of cytoplasmic ultrastructure havé now been extended 
to ultra-thin sections of similar tissues. Preliminary studies 
have revealed certain granules, similar to those observed in 
neoplastic tissue cultures, in cells of mouse hepatoma and 
Ehrlich ascites, and not in normal liver. Other cell types are 
currently being studied. The variety of other structures also 
revealed in these sections will be pointed out for comparison 
with those observed by other investigators: internal structure 
of mitochondria, endoplasmic reticulum, ‘‘coiled” nucleoli, 
double nuclear membranes, mitotic figures, surface configura- 
tions of free cells, etc. 


41. Effects of Brownian Motion on the Structure of a 
Three-Dimensional Specimen.t THomas F. ANDERSON, 
Johnson Foundation, University of Pennsylvania, Philadelphia 
4, Pennsylvania.—Most flagellae of bacteria prepared by the 
critical point method! are seen extending in space from a 
bacterium to the supporting membrane. Since they are 
straight they must be under tension. From the work of Barnes 
and Silverman? we can place a lower limit of about 10-* dyne 
on this tension to account for the fact that Brownian motion 
is not seen in such flagellae. It is thought that this tension 
arises from a tendency of a flagellum to “‘zipper’’ by Brownian 
motion onto the membrane until the tension becomes great 
enough to prohibit new points from coming into contact. 
This force would be a function of the angle the flagellum 
makes with the membrane, its weight per unit length, and the 
roughness of the surfaces. A statistical-mechanical treatment 
of this system by Mr. Marvin A. Weinstein gives a relation 
between these parameters and leads to a calculated tension of 
the proper magnitude. 

t This work was supported by a contract between the ONR, Department 
of the Navy, and the University of Pennsylvania (NR-135-197), “ Physical, 
chemical, and biophysical characterization of viruses and virus systems.” 


1T. F. Anderson, Am. Naturalist 86, 91 (1952). 
? R. B. Barnes and S. Silverman, Revs. Modern Phys. 6, 162 (1934). 


42. The Poison Setae of Carpet Beetle Larvae. JENNIE E. 
SHAPIRO* AND GEORGE S. TuLLocn, Research Laboratory, 
Brooklyn College, Brooklyn, New York.—The electron micros- 
copy of carpet beetle hairs, recently reported as allergenic 
agents, reveals a possible physical basis for this role. The 
particular setae responsible for the urticarial dermatitis 
reported are found in three pairs of tufts, 150-200 setae to 
each tuft. These hairs, when dissected out and applied to the 
skin of a sensitized subject, give rise to an inflammatory reac- 
tion followed by the appearance of a typical urticarial wheal. 
Observation with the electron microscope shows the hair to 
be made up of crocus-shaped units, nesting one within the 
other, and terminated in an enlarged cap which has finger-like 
projections. The projections of the cap and the terminal unit 
of the hair show evidence of sac-like structures which may be a 
source of the allergenic agent. 


Nucleus 


43. The Electron Microscopy of Sodium Desoxyribonucleate. 
H. KAHLER AND B. J. Lioyp, Jr., Federal Security Agency, 
U. S. Public Health Service, National Institutes of Health, 
National Cancer Institute, Bethesda, Maryland.—Electron 
micrographs of sodium desoxyribonucleate have been obtained 
from which a diameter of the fiber of 155A has been deduced. 
Similar measurements on nucleoprotein from calf thymus were 
made from which a diameter of 25A was deduced. The nucleate 
fibers are intermediate in shape between a random coil and a 
stiff rod. 


44. Isolated Chromosomes: Identity and Use in Cancer 
Research. A. R. T. DeNvEs, Sloan-Kettering Institute for 
Cancer Research, 444 East 68th St., New York 21, New York.— 
Serious criticisms of the identification of isolated chromatin 
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threads with interphase chromosomes have now been found 
invalid on two additional counts: The conclusion that such 
isolates are but random bits of ‘‘drawn”’ nuclei is opposed by 
our finding that the “drawn” appearance is virtually unique 
to dried preparations and reproducible with whole cells with- 
out mechanical treatment. Moreover, the lengths of isolated 
chicken macrochromosomes were found characteristic and 
independent of wide ranges in speed and time of treatment by 
the Waring Blendor. Possible confusion of bacteria with iso- 
lated chromosomes is a recently emphasized hazard that calls 
for more controls, for care in characterizing materials, and for 
a survey of bacterial cytology with the electron microscope. 
On the basis of a positive conclusion that “isolated chromo- 
somes” indeed represent interphase chromosomes, normal and 
neoplastic human chromosomes isolated from leukocytes are 
being examined. Preliminary results indicate the promise of 
such electron microscopy. 


Nerve 


45. The Ultrastructural Organization of Retinal Rods and 
Cones. Fritior S. Sjéstranp, Department of Anatomy, 
Karolinska Institutet, Stockholm—The outer segment of 
guinea pig rods consists of a pile of about 700 double membrane 
disks 140A thick that are composed of two membranes 30A 
thick connected all around the edge and surrounding a 70-80A 
compartment. All double membrane disks are connected in 
series by means of short stalk-like extensions. This analysis 
on sections confirms and adds several new facts to the pre- 
vious analysis on fragmented material.! The outer segments 
of perch rods exhibit an identical organization, the dimensions 
being slightly different. The outer segment of the perch cones 
is composed of a pile of 170A thick single membrane disks 
separated by 130A spaces. Most of the volume of rod and cone 
inner segments consists of mitochondria aggregated to the 
so-called ellipsoid. A characteristic internal structure of the 
mitochondria has been revealed. The outer and inner seg- 
ments are completely separated, each part being covered by a 
separate membrane. The only connection is a bundle of thin 
fibrils running from the outer segment into the distal end of the 
inner segment. Here a fiber with characteristic transverse 
periodicity continues along the mitochondria. The rest of the 
rods except for the synapse structure shows a structural 
organization similar to an unmyelinated nerve fiber. The 
synapse shows a rather specialized organization. 


1F, S.’Sjéstrand, J. Cell. Comp. Physiol. 33, 383 (1948). 


46. The Ultrastructure of Two Invertebrate Synapses. 
J. Davip RoBERTSON, University of Kansas Medical Center, 
Kansas City, Kansas.—The synapse between the median 
giant fibers and the third motor root fibers of the abdominal 
ganglia of the crayfish and the synapse between the second- 
and third-order giant fibers in the squid stellate ganglion have 
been studied by parallel light microscope and electron micro- 
scope observations of successive sections. No evidence for 
axoplasmic continuity has been found, and it will be shown 
that the order of magnitude of the minimal distance separating 
pre- and postsynaptic axoplasm may be as little as 600A. 
The postsynaptic fibers are characterized by the extension 
of numerous axoplasmic processes toward presynaptic axo- 
plasm and by an increased number of axoplasmic filaments per 
unit volume. The latter may relate to the observation of an 
increased osmiophilia of postsynaptic axoplasm. Thus, these 
synapses are morphologically polarized in two respects. This 
may relate in some way to their physiological polarization. 


47. The Ultrastructure of the Nerve Myelin Sheaths. 
FritioF S. SJOsTRAND, Department of Anatomy, Karolinska 
Institutet, Stockholm.—The ultrastructure of the myelin sheath 
of the sciatic nerve of the mouse has been analyzed on ultra- 
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thin sections as well as on fragmented nerve tissue. The mem- 
branes that can be isolated from nerve tissue through frag- 
mentation and differential centrifugation’? have been studied 
at a high resolution. No regular structural pattern has been 
observed that might indicate the structural organization of 
these membranes. On ultrathin sections it has been possible 
to demonstrate the concentric arrangement of thin membranes 
in the whole myelin sheath, thus confirming the observation 
made by Fernandéz-Moran’ in small fragments of myelin 


sheath materjal. Aneinterperiod in the concentric layering of 
the myelin sheath has been observed and the thickness of the 
perpendicularly cut membranes has been measured to about 
20A. The dependence of the apparent thickness of the mem- 
branes on the focusing will be demonstrated by high resolution 
through-focus series. 


1F. S. Sjéstrand, Proc. Conf. Electron Microscopy, Delft, 144 (1949). 

2F. S. Sjéstrand, Nature 165, 482 (1950). 

3 Fernandéz-Mor4n, Exptl. Cell Research 1, 143, 309 (1950); ibid. 2, 673 
1951). 
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Electron Microscope Grids 


Smethurst High-Light Limited sell them at $3.50 a hundred, delivered by letter post anywhere in the 
world, and made up in polythene tubes of a hundred each. This price does not, of course, include local 
customs duties and taxes, and air mail would be extra (about $1.00 on a thousand). If anyone is interested, 
the Smethurst firm will be glad to let them have a couple of dozen samples to try out in their own instrument. 
Address inquiries to: Smethurst High-Light Limited, Sidcot Heaton, Bolton Lancs., England. 





